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1. Introduction and Results

The understanding of sand transportation near the seabed is a challenge
for scientists as all supernatural phenomenon. Many mathematical mod-
els are done by scientists. The challenge is to use a sand transport equa-
tion Balde (2017); Faye et al. (2011); Idier (2002) and an equation
described the movement of the fluid(Navier Stokes equation or Shallow
water). The objective of the this paper is to built a Two-Scale numerical
method to simulate the sand dune in tidal area. The model considered in
this paper is built and studied in Faye et al. (2011).

The concept of two-scale convergence was introduced by Nguetseng (1989)
and Allaire (1992). Numerical method based on two-scale convergence
was used in successfully by many authors. In Aillot et al. (2002), such a
method is use to manage the tide oscillation for long term drift forcast of
objects in coastal ocean water. Frénod et al. (2007) made simulations of
the 1D Euler equation using a Two-scale Numerical Method. In Frénod et
al. (2009), such a method is used to simulate a charge particle beam in
a periodic focusing channel. Mouton (2009) developed a Two-scale Semi-
Lagradian Method for a beam and plasma application. In Faye et al.
(2015), such a method is use to simulate the evolution of sand transport
equation by using Fourier approach.

In this paper, we consider the following model presented in Faye et al.
(2011); Thiam (2018). The system is modeled as follows

(
8225?33) _ %V . (Aevz6) — %V . Ce in ]O,T[XQ

(1.1) 2°(0, x) = z(z) in Q

0z (t,x)
\ on

= g in [0,7) x 09

where z2¢(t,z) is the dimensionless seabed altitude, ¢ € [0,7), for a given T’
and z € Q, Q being a two dimensional domain of class C*of R?. A° and C¢
are given by
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(1.2) A(t, 2) = a(1 — beM(t, Z,x))yu@, E,:z:)|3
u t7£7
(1.3) C(t,z) = (1 — be M(t, z,:c))|2/l|3 : M

for a, b and ¢ are three constants positives and M and U are respectively
the water variation and velocity. z, € L*(Q) and g € L*([0,T), L*(Q)) are
given functions. One can justify the boundary condition of (1.1) by the
fact that if we consider a big domain ) in which the sand does not go out,
what is translated by the fact that the flux ¢ is zero on 012, i.e. ¢-n =0 on
02, where n is the normal exterior vector and ¢ is given by

(1.4) q=qr —|qgr|\Vz,

where ¢; and A are respectively the water velocity induced sand flow on a
flat seabed and the inverse value of the maximum slope of the sediment
surface when the water velocity is 0. From this equation we have, assum-
ing that ¢; # 0 on 02,

:Vz‘nzuzgonaQ.

(1.5)
on lgf|A

The small parameter ¢ involved in the model is the ratio between the main
tide period %=13 hours and and observation time which is about three
months i.e. ¢ = = = o= In Faye et al. (2015), the authors used equation
(1.1) in a domain without boundary: the two dimensional T?. In this paper,
we suppose that the domain T? C 2, which is bounded with boundary 0

and functions U/ and M are regular and satisfy the following hypotheses
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(1.6)

\

0 — (U, M) is periodic of period 1
Ul 15 155) 1V - Ul
M|, |22], %], [V M| are bounded by d,
AUy, such thatV(t,0,2) e R x R x Q, |U(¢,0,x)| < Uy =
<%—Lt’(t,9,x) =0, V-U(t0,z) =0
Wy g 2) =0, VM(L,0,z) = 0>

30, < 0, € [0,1] such that V0 € [0,,0,,]| = |U(t,0,x)| > U,

The precise aim of this paper is to develop a two-scale numerical method
based on finite element method to solve equation (1.1). It is known that in

Faye et al.

(2011) and Thiam (2018), if z; € H(Q), for any ¢ > 0 and any

T €10,7T), the system (1.1) admit a unique solution ¢ € L>([0,7T), H(Q2). In
addition, the sequence of solutions to (1.1) is bounded in L>([0,T), H(Q)).
We have also the following theorem.

THEOREM 83. Under assumption (1.6), for any T, not depending on ¢, the
sequence (z¢) of solutions to (1.1), with coefficients given by (1.2) and (1.3),
Two-Scale converges to the profile U € L>([0,T], LF (R, L*())) solution to

(1.7)

W _ V.- (AVU)=V-Cin(0,T) xR x Q

9 =gon(0,T) xR x 90

where A and C are given by

(1.8)

A(t,0,2) = alU(t,0,2)]° and C(t,0,7) = clu(t,0,2)]° 2

Futhermore, if the supplementary assumption

(1.9)

Uthr = 07

is done, we have
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(1.10) A(t,0,x) > Gy, forany t, 0,2 € [0,T] x R x Q,
and, defining U = U*(t,z) = U(t, ¢, z), the following estimate holds for »* —U*

z¢ —U*
€

<a,
Leo([0,7),L2(Q))

(1.11) ‘

where « is a constant not depending on e.

2. Finite element method for Two scale limit

The aim of this section is to develop a numerical method based on finite
element method which allows us to resolve (1.1) in a precise way and more
expensive. Because of theorem 83, we can approximate the solution (¢, )
of (1.1) by the solution U*(t,z) = U(t, %, z), where U is solution to (1.7).

We first consider a uniform mesh on [0,7]. For the discretization of the
time, we suppose that the time step Af is constant and we use the nota-
tion 0, = nAd. Denoting by U" the approximation of U(-,6,,-), using finite
differences, we can approximate %—g(t, 0,,x) in the form

oU Ut, Ops1,2) — U(t,0p,2) U — "

2 (1 Onn ) ~ Ab AD

Hence, system (1.7) becomes

G =V (AVUm) =V -Con [0,T) x R x ©

(2.1)

W~ gon [0,T) x R x 99.

Let

Vo={we H'(Q): %:gonaQ},

then multiplying (2.1) by v € V; and integrating, we get the following vari-
ational problem: we seek for
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u" eV,
(2.2)

Yo ey, [, g vde + [, AVUVude = [, gvdo + [,V - Codx

Let {T),,h — 0} be a quasi-uniform family of admissible triangulation of
(2. We denote by 2, C , the union of triangles of 7}, and » the maximal
length of the sides of the triangulation 7),. And let V}, C V be the set of
all continuous piecewise linear functions defined on 7). Let {w;}}_, be the
standard basis of V},. Then, using conformal finite element with a finite
element discrete space V;, C V;, the discrete variational problem is to find
Ut € Vv, such that Vo, € V,

urtt —uyr ~
/ [W vp + AVU}?“Vvh}dx = / gupdo
Qn Eol

(2.3) 1+ | V-Cuydx Vv, €V,

Qp,
Let w;,i=1,..., N a basis of V},, then VU]’ € V}, we have

N
(2.4) Up(x) = Zufwl(a:) Vn, YV € Q,
where u]',i = 1,... N are the components of U}’ in the base (w;);=1,. n.

Taking v, = w’, j = 1,... N we get from (2.2) that

Un+1 _ynr ) . )
2.5) / [h—h widz + AVUT 'V | do
a Af
= / gwjda—i- V~C~wjdq:,V1§j§N.
8Qh Qh

Using (2.4), we have

N

1 +1 / i o +1 T i j
ul "t —ul w' w!dx + u;' AVw'Vuw!dx =
> 2 )/, PO
(2.6) / gwdo+ | V-CwidzV1<j<N.
o, o
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From this later equation, we get the following equation

Z (ﬁ /Qh whwide + /Qh .ZVinwj>u?de = Z (ﬁ /Qh w' wj)u?da:

% %

(2.7) +/ gwdo+ | V-Cwidr, V1< j<N.
o0y, Qn

This system can be written as follows

1 1
2.8 — M+ A UM = —MU+ B
( ) (AQ + ) h Af n T D,
where U™ = (uf,...,u%)" is the unknown vector and A a matrix of size N x N
where the coefficients are given by
A= | AVW'Vuidz,

Qp

M a matrix of size N x N where the coefficients are given by
1 o
M;,; = E/Qhw w’dx

and B is a vector given by

Bj:/ gwjd0+/ V- Cuwidz.
8Qh Qh

We have the following theorem of convergence.

THEOREM 84. Let h be the biggest diameter of all the meshes of 2, U be
the solution to (1.7) and U> = U(-,0,,z,) € V) the approximation function of
U. Then, the following estimate holds

2.9) HU —ur

)gC’oh

]

HY(Q Hy
We have also the following stability result.
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-1
THEOREM 85. Let I be the identity matrix and H <I + AOM ‘1A> H be the
-1
spectral norm of the matrix([ + 060M ‘1A> . Then,

VAG >0 and, h>0, lfH (I + AQM‘1A>_1 <1,
we have the stability of the scheme.
[62] 1, = 7+ 20370 2) [ e,
210 o S| ()| (o]

Proof. We get from (2.8)
(M +ApA)Um = MU+ AU
As the matrix M + AfA is invertible, we have
-1 -1
Uptt = (M +204) MU+ (M +204)  A0B™.
Thus, by varying n, the following equalities hold:
—1 —1
U= (M+204) MU+ (M4 204) A0B"
-1 —1
Upt = (M +204) MU™2 4 (M +A0A) AGB™!

Up? = (M o+ 804) MUS 4 (M 1 A04) 6B

-1 -1
Ul = (M + AOA> MZ°+ <M + A@A) AGB'.
This makes possible, to obtain the following generic formula for U”.

B 197 - B k-
U = [(1+ 2001 4) }U%AeMl;[(HA@M VN
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Taking the norm of U", we get

—1n
HU;; < H (1+2004) UO‘
L2(Qy,) L2(Qy,)
n —1k n—k4+1
+A9HM‘1HZH<I+A9M‘1A> HB ,
k=1

giving the desired result. B

Let us know focus on Numerical method:
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3. Numerical method for Reference model

In this section, we develop a two scale numerical method based on finite
element method in order two approximate the solution z¢ of (1.1).

3.1. Finite element method for reference solution. We proceed in
a same way as in the previous section. Considering a time discretization
with time step At and ¢, = nAt, t € [0,7], we obtain from (1.1) the following
time discretization problem

(

S LV (AVE,) - IVAC i 0T[0

(3.1) 2¢(0, ) = z(x) in Q
0z 4
\ —5 = g on [0,7) x 02,

where 2¢(t,,, ) = z¢.

Multiplying (3.1) by a smooth test function v and then integrating over (2
we get:

1 1
A, <z;+1 — zfl> vdz + - /Q ANz, 1 - Vou(z)dx

1 1
(3.2) — | AVz,-nov(r)dr = - / V- C(x)dx
€ Joq €Ja

Now, due to the boundary condition (3.1), it can be rewritten as follows

1 € € 1 € € _
A (an — zn>vd$ + E/QA (x)Vz - Vo(z)dr =
1 1
(8.3) - | Agv(x)dx + - / V- C(x)dx.
€ Joo €Ja

Multiplying (3.1) by ¢, we have
€

E/Q (zn+1 - Zn>vdx -+ /Q.A (x)v,zn+1 . Vv(x)dx _
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(3.4) Acgv(z)dx + / V- C(z)dx.
o0 Q

Using the same discretization of the domain (2 and denoting by z;, =

2(tn, 71), n € 4, we have the following finite element problem: find z;, ;, €
Vi, such that

€

— / (z; ntl — 2 n) vpde + [ AVzp - Vopde =
At Q ’ ’ Qp ’
(3.9) / Aegvhdx + V- Cvpdx Yu, € V).

o, o

For any

€
6, ZTL,]’L G Vh,

then there exists (z7,...,z}) such that
N

(3.6) Zon(t,m) = zjwi(x)
j=1

then from (3.1), we have the following system
. N
Z — (zf“ - zln) / w' w! dr + Z 2 AV V! de =
i=1 ¢ Qp i=1 Qp,

(3.7) / guwdo + [ V- -Cuw'dxV1<j<N.
th Qh

From this later equation, we get the following equation

é(é/g;hwiwj—l—/ghflevinwj)z;“rl:i<é/Qhwiwj>zin

i=1

(3.8) —l—/ gwjda—l—/ V- Cwdx, V1<j<N.
o, o

which can be written a follows
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(3.9) Az =B'Z"+ (',
where A’, B’ are N x N matrix defined respectively by
(3.10) A;j - / whwldr + ANV V! de
At QO Q
€ i
(8.11) B = Y . wwidz

and (' is a vector defined by

(3.12) C’; = / gu’do —I—/ V - Cw’dz.
o, o1
3.2. Convergence Result. In this section, we are going to proof the
result containing in theorem 83.

Proof of theorem 83 Let v<(t,z) = (t,t,z) be a regular function with

compact support on [0,7) x © and periodEiC of period 1. Multiplying the
first equation by (1.1) by ¢ and integrating over [0,7") x Q2 we get :

T 9ze 1 T 1 T
(3.13) Yedtdr — — V- (AGVzE)@Dedtdx = - V - CYdtdx.
aJo Ot € JaJo € JaJo

Using integration by parts over [0,7") in the first term and Green formula
over () in the second integral, we get

T 61/16 1 T
— [ 20(x)9(0,0, x)dx — ——z°dtdr + - ANV 2 Vycdtde
Q aJo Ot €JaJo

1 [T 02 1 T 1 [T
(3.14) —- A —do = —— C -V dt de + - CY°.ndo.
€Jo Joq on €JaJo € Jo Jon

But 2" writes

319 o= (3 + ()

where
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(3.16) (%—f)e(t,x) _ %—f(t,é,x) and (‘Z—?)E(t,x) ‘?g( o),
Thus, we get
T . T
/Q/O ,26(((‘;—7’:) (?;g) V- (AVy© )) dt dx — %/0 ., Acgido
(3.17) = —% /Q /OTC'6 - Vdtdr — /on(x)w((),o,x)dx.

Multiplying by e

// 3¢ dtdz + // @9 6dtd:v + // AGV@/J 2dtdx
T T
(3.18) —/ Afgydo = —/ / C* - Vydtdx — e/ 20(x)1(0,0, x)dx.
o Joo aJo Q

As ¢° is regular with compact support on [0,7) x 2, and A is a regular

function, the functions (%—f)e, (g-f)e, V- (AEV¢€)> and V¢* can be consid-

ered as test functions. Then using two-scale convergence we get when ¢

goes to O,
1 T .
/ / / —Udtd@dx+ / / / v-(Aw))Udtdedx
QJO
1 T _ 1 TN
(3.19) - / / Agdodtd) = — / / / C - Vepdtddda.
0 0 o0 0 QJO

Using Green Formula, we get

(3.20) / / / ——v AVU)>wdtd0dasz /0 1 /Q /OTV-detdde>

which is the weak formulation of
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W_v.(AVU =V-C
(3.21) %

ou __
20 — 9

Let us characterize the homogenized equation for AandC. Multiplying (1.2)
by ¢¢ and integrating over (2 we get

T T
€ — _ 0 €
/Q/O Adtde /Q/O a(l —beM(t,0,2)g.(|U(t, 0, 2)|) dtdx

then we have

/Q/OT/;@Q“('U(W’%)DWWQJ=/Q/OT/OlAz/;dedtdx.

Multiplying (1.3) by ¢ and integrating over 2 we get

// d/JGdtd:v—// (1 = beM(t,6,4))gcl1U 1. 0.2)) g g o E Z ;’wfdtda:

we have

/Q/OT/Olcgc(|U(t,9,x)\)%wdtdx:/Q/OT/()lcwdgdt dr.

Then

A = ag,(|U(t,0,z)]) and C = cgc(lu(tﬁ,rc)l)%-

Since the coefficients A°(¢,z) and C*(¢,x) of (1.1) two scale converges to
A(t,0,z) and C(t,0,x), then these coefficients can be set in the form

(3.22) Ac(t, ) = A(t,x) + eAS(t, ) and C(t,z) = C(t, x) + C (L, x)

where
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(3.23) At ) = Alt, =, w), C(t,) = Clt, - )
and

- ~ ot o 5ot
(324) Ai(t? l’) = Al(tv ga .Z‘), Cf(t 33) = Cl(ta g; -CE)

We have also to notice that, under the same assumptions as in Theorem 83,
the coefficients

€

(3.25) .Z, 5, .%Tl, CNl, .ZE, CNE, 7, and CNf are regular and bounded.

Because of (3.22), equation (1.1) becomes

T e

02 _ 1y . (AV2) =LV .C 4+ V. (AV2) + V- (CVa
(326) ot € ( ) ( 1 ) ( )

0z¢ __
on =9

From (1.7) and using the fact that

(3.27)

= (o) ()
where

oU ¢ ou, t oU\ ¢
(57) (t0) =5t ~0) and (55 ) (t.a) = St =)

We have that Uc¢ is solution to

e 1_ -~ 1 = (OUNe
— IV (AVU) ==V - C 4 (—)
ot € € ot
(3.28) -
on 7
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From formulas (3.26) and (3.28) we deduce that == is solution to

(3(”2“) o (T ado(F 20N Lo o
— gV (A ey ()) = (v G
(3.29) +(%) + V- (HVU) in o, T[x0
o)
\ o = 0 on |0, T'[x 052

All the coefficients of (3.29) are regular and bounded, then existence of

%) is a consequence result of Ladyzenskaja et al. (1968). We have to

notice that, as the boundary condition of (3.29) is homogeneous, there is
no the boundary term to be considered. Then using the same argument

as in Faye et al. (2011), we get that (%) solution to (3.29) is bounded
in L*([0,7), L*(©)), and we have

(330) ||Ze — UEHLOO([O’T)’LQ(’]TQ)) S 6“20(-) — Z(O, O, ')HQ’}/
where v is a constant.ll

We have also the following theorem of convergence

THEOREM 86. Let ¢ be a positive real, = be the solution to (1.1), U}’ the
approximation of U solution to (1.7) and U¢ defined by U*(t,z) = U(t, %, x).
Then, under assumptions (1.6), z* — U]’ satisfies the following estimate:

(331) ||Z6 - U,?|’Loo([07T)7L2(T2)) S 6H20<> - Z(O, 0, )Hz + f(h, n)

where f is a_function not depending on ¢ and satisfying lim;,_,o f(h,n) = 0.

Proof. We have

12° = URll oo o,y r2mzy) = 12° = U + U = Uyl [l o), 22(12))
(3.32) < |12 = Uflp (o), 22r2)) + 1U° = Upllzoe 0.1, L2(w2)) -

From (3.30), the first term of (3.2) is bounded by
(333) HZe — U€||Loo([0’T)’L2(’]I‘2)) S €||Zo() — Z(O, O, )Hg
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For the second term, as U}’ is the approximation of U¢(t,z) = U(t, t, z) where
U is the solution to (1.7), then there exists a function f(h,n) satisfying
limy, 0 f(h,n) = 0 such that

(334) HUe — U}?HL"O([O,T),L?(’]I‘Q)) S f(h, n)

From (3.33) and (3.34) we get the desired result. [J

4. Comparison Numerical Solution of Two-scale limit and reference
solution

In this paragraph, we consider the two approximations: U’ of the two scale
limits U and zj, ,, of 2(¢, z). The objective here is to compare, for fixed ¢ and
for a given time, the quantity z; (¢, z1, z2) — U;(t, £, ) when the velocity ¢/ and
M are given.

For the numerical simulations, concerning ¢, we take zo(z1, z2) = cos2mz;+

cosdrx; and zy(z1,x2) = Z(0,0,21,22). In what concerns the water velocity
field, we consider the function

4.1) U(t,0,x1,19) = sin 2mx; cos 2wz, sin 270 ey,
where e; and e, are respectively the first and the second vector of the

canonical basis of R? and z,, z, are the first and the second components
of z.

4.1. Numerical simulation of / and .4 when I/ given by (4.1). Let us
recall that the water velocity ¢/ used in the simulations is given by (4.1).
The coefficient A is also given by

(4.2) A(t,0,2) = ald(t,0, )],
where ¢ is a constant.

In Figure 3, the #-evolution of /T(Q) is also given in various points (7, xs) €
R2.
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In Figure 1 , we can see the space distribution of the first component of

the velocity U for a given time ¢ = 1 and for various values of § = ; 2 and ;.

¥’

FIGURE 1.SPACE DISTRIBUTION OF THE FIRST COMPONENT OF U(1,1/4, (z1,22)),
U(1,3/4,(x1,22)) anp U(1,1/6, (x1,22)) WHEN U 1S GIVEN BY (4.1).. Space dis-
tribution of the first component of #(1,1/4, (x1,22)), U(1,3/4, (z1,22)) and
U(1,1/6, (x1,z2)) when U is given by (4.1).

In Figure 2, we see, for a fixed point = = (x1, z2), how the water velocity
U(0) evolves with respect to 6.

4.pdf 5.pdf

FIGURE 2.6-EVOLUTION 0F~L~{(0, (1/2,1/4)) ANDNZI(Q, (1/4,1/4)) WHEN U 1S GIVEN
BY (4.1). 6-evolution of U(0,(1/2,1/4)) and U(¢,(1/4,1/4)) when U is given
by (4.1)
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FIGURE 3.0-EVOLUTION OFN.Z(Q, (1/2,1/4)) AND g(@, (1/4,1/2)) WHEN U 1S GIVEN
BY (4.1). 6-evolution of A(6,(1/2,1/4)) and A(0,(1/4,1/2)) when U is given
by (4.1)

4.2. Numerical result: Comparisons :*(t,z) and U(t, , z). Inthis para-
graph, we present numerical simulations in order to validate the Two-Scale
convergence presented in Theorem 83. For a given ¢, we compare U}'(t, %, z),
where U}’ is the approximation of U(t, £, z), when U is solution to (1.7) and
2, » 18 the approximation of the solution of ¢ to (1.1). For the initial con-
dition of (1.1) we use zy(z) = sin 27z

Before going further, let us show, what the solution z¢ to (1.1) converges to
U solution to (1.7). For this, we compare, for a given time ¢, = 1, 2°(t¢, )
and U(to, 2, z) for e = 0.5, € = 0.1, e = 0,05, € = 0.01 and e = 0.001. The re-
sults is given in figure4 and figure 5. This figure shows that if ¢ is too
small, the solution z¢ to (1.1) is very close to U solution to (1.1).

We remark that, if ¢ is too small, for a fixed time ¢, the solution z¢ is close
to U(t, £, ).

In an other hand, we will compare the two solutions, when ¢ is too small
and for a given time ¢. The results show that the solution U(t, %, z) is very
cloose to 2¢(¢,z). The results are shown in Figures 6, 7 8 and 9.

SPAS EDITIONS (SPAS-EDS). www.statpas.org/spaseds/. In Euclid
(www.projecteuclid.org). Page - 605



A Collection of Papers in Mathematics and Related Sciences, a festschrift in honour of
the late Galaye Dia. Diédhiou C., Thiam B.K. and Faye 1. (2018). Numerical
Simulations of sand transport problems. Pages 587 — 612.

> @

FIGURE 4.¢-EVOLUTION OF z¢(t, ) WHEN U/ IS GIVEN BY (4.1) AND € = 0.1 IN THE
LEFT AND ¢ = (.05 IN THE MIDDLE AND ¢ = (.01 IN THE RIGHT.. e-evolution of
2¢(t,z) when U is given by (4.1) and ¢ = 0.1 in the left and ¢ = 0.05 in the
middle and e = 0.01 in the right.

&

FIGURE 5.6e-EVOLUTION OF 2¢(t,z) WHEN U IS GIVEN BY (4.1): ¢ = 0.001 IN THE
LEFT AND ¢ = 0.0001 IN MIDDLE AND AND U (%, é, x) IN THE THE RIGHT.. e-evolution
of 2¢(t,x) when U is given by (4.1): ¢ = 0.001 in the left and ¢ = 0.0001 in
middle and and U(t, ¢, z) in the the right.

]

In the Figure 10 and Figure 11, we proof also that, the reference solution is
very close to his limit. The initial condition is given by zy(z1, x2) = cos(2mx;)+
cos(4mxy) and U(t, 0, z) = sin(rz,) sin(276)e;.

Besides this, by considering a value of ¢, and by making ¢ vary, we notice
that the errors between 2“(¢,x) and U(t,%, 2 decrease as illustrated in the
following tabular.
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13
ON THE RIGHT Uy, (t, £, 21,%2)) € = 0.001, ¢t = 1.. Comparison 3D of z§ (¢, z1, z2)
and Uy, (t, £, z1,22)). On the left z5, on the right Uy (t, £, z1,22)) € = 0.001, t =

FiGURE 6.COMPARISON 3D OF z§ (¢, 21, x2) AND Uy, (t, £, 21, 22)). ON THE LEFT zJ,

)€

1

12 12

0.8 - 084
06 4 06

04 LER

0.2 024

0.2

0.4
0.4 4

S0.6]
-0.6 -

0.8
-0.8

FiGURE 7.CoMPARISON 2D oF zf(t,21,0) AND U (¢, é,xl,O)). ON THE LEFT z2j,

ON THE RIGHT Uj(t, %, 21,22)) € = 0.001, ¢ = 1.. Comparison 2D of zj (¢, z1,0)

and Uy (¢, £,21,0)). On the left z5, on the right Uy (¢, £, 21, 22)) € = 0.001, ¢ = 1.
The results given in this table show that, at time ¢ = 1, 2°(¢,z) is closer to
Z(t,t,z) when ¢ is very small. These results validate the results obtained
in Theorem 83.
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FIGURE 8.COMPARISON 3D OF zj(t,z1,22) AND Up(t,t,x1,22)). ON THE

LEFT zj(t,z), ON THE RIGHT Uj(t,f,z1,20)) e = 0.001, ¢t = 1072, ¢ =

0.01.. Comparison 3D of z; (¢, 21, z2) and Uy(t, £, z1,22)). On the left z (¢, z),
on the right Uy (¢, L

L@y, aa)) € = 0.001, t =102, € = 0.01.

1000 1000

uuuuu

-1 000 -1 000

00000

FIGURE 9.COMPARISON 2D OF zf(t,#1,0) AND Up(t, %, 21,0)). ON THE LEFT

).
z5(t,x), ON THE RIGHT Up(t,t zq1,22)) € = 0.001, ¢t = 1.. Comparison
2D of zj(t,x1,0) and U(t, %, 21,0)). On the left z;(¢,x), on the right

Uh(t, é,.’tl,xg)) € = 0001, t=1.
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FIGURE 10.COMPARISON OF zf(t,21,72) AND Up(t, L, z1,22), € = 0.001, ¢t =

)€
0.2, zo(xz1,22) = cos2mxy + cosdmry. ON THE LEFT 2°(t,21,%2), ON THE RIGHT
U(t,t,21,2;).. Comparison of zf (¢, x1,22) and Uy (t, £, 21, 22), € = 0.001, ¢t =

s €

0.2, zo(x1,29) = cos2mx; + cosdnx;. On the left z¢(¢,21,22), on the right
U(t, L, 21, 22).

HE ]

REERR R

t
)€

0.001, zo(x1,22) = cos2mxy + cosdnzy. ON THE RIGHT U (i, é,xl,xg), ON THE

FIGURE 11.COMPARISON OF 2¢(t,x1,72) AND U(t, %, z1,22), t = 0.4, =

LEFT 2(t,21,22).. Comparison of z¢(t,z1,22) and U(t, %,!L‘l,xg), t=04,¢c=
0.001, zo(x1,22) = cos 2wy + cos4mxy. On the right U(t, £, z1, x2), on the left
z¢(t, 21, x2).
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value of ¢ | norm L! | norm L? | norm L>
0.1 21.04 24 39.47
0.01 0.22 0.30 0.86

0.001 [6.7.107'2|8.93.10'2 | 2.79.10-!!

0.0001 | 5.7.10"12 | 7.93.107'2 | 1.99. 101!

Errors norm Uy(t, £, x1, x5) — 2°(t, @1, 22), t = 1.
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