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Abstract. In this paper, we propose a numerical method to study phononic
and photonic crystal problems. The proposed method is based on topo-
logical optimization tools. In fact, after modeling crystal photonics and
phononic problems, we use topological optimization tools to build a nu-
merical method for getting optimal design. Here the optimal design is the
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1. Introduction and modeling

This paper deals about crystals photonic and phononic problems. The
aims of the works is to use topological optimization tools in order to study
crystal photonic and phononics problems.

Photonic crystals are remarkable structured materials in which light can
not propagate freely. It can be blocked, allowed only in certain directions or
even located in certain areas. These are composite materials which gener-
ally consist of a periodic network of dielectric or metallic inclusions whose
characteristic size of the structuring is of the order of the incident order
length. There are many works related to crystal photonics and phonon-
ics using few approaches Hammari et al. (2010, 2009) and Yablonovitch

(1987). The topological optimization was introduced by Schumacher
(1995), Sokolowski and Zochowski (1999) and Garreau et al. (2001).
Actually, the topological sensitivity was used in various domain Faye et al.
(2008); Guillaume and Sid Idris (2002); Masmoudi (2002); Ngom et al.
(2011).

Throughout this paper, we propose a numerical method so called topologi-
cal optimization which allows us to get optimal design of the structure. The
topological sensitivity analysis aims to provide an asymptotic expansion of
a shape functional on the neighborhood of a small hole created inside the
domain. The reported analysis shall be based on the principle that follows.

For a criterion j(Q) = Jo(ug), 2 C RY, with ug as the solution of a bound-
ary value problem defined over (). The asymptotic expansion of the cost
function j(Q2) can generally be written in the form:

J(Q\ 7o +€w) = j(Q) = fle)g(xo) + o(f(€)).
In this expression, € and x, denote respectively the radius and the center of
the hole, w is a reference domain inside 2 and containing z,. The function
g(zo) is called topological derivative and is used as descent direction in the
optimization process. For more details topological optimization, we refer
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to: Masmoudi (2002), Nazarov and Sokolowski (2003).

The paper is organized as follows: In section two, we recall to the model-
ing of crystal problem (by using acoustic waves for phononic problem and
electromagnetic waves for photonic ones): different cases ares presented.
The section three deals topological optimization principals and so the prin-
cipal result is given and its proof. In section four, we give some numerical
results by using finite element method s.

2. Modeling of crystal problems

2.1. Modeling of crystals photonic problems. The modeling of pho-
tonic crystals is based on electromagnetic waves. We assume, in this work
that the wave is strongly perturbed by the periodicity of the medium, a.e.
the wave length depends substantially to the period of the stack. It is
also assumed that the medium is isotropic and homogeneous. Under
these hypotheses, Maxwell’s equations, in a linear dielectric medium, non-
magnetic without charge and current are written

V- (e(r)E(r,t)) =0

V- -H(r,t)=0
(2.1)

V x E(r,t) = po2H(r,t)

|V x H(r,t) = goe(r) 2 E(r,t)

where ¢(r) and y are the dielectric permittivity and the magnetic constant,
E and H are the electric and magnetic fields, » and ¢ the spacial and time
coordinates.

Maxwell’s equation for a field £ on a domain (2 is given by :

2.2) div(E)=V-B="L,
where p is the charge density. Thanks to Gauss’ theorem, we have the

following equation
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]{EdS:i//pdT.
> €o 1%

and the Maxwell-Thompson’s equation says that the flux of the magnetic
field along a closed surface Y, is zero. Let B be the magnetic induction,

then we have
//lﬁ&ﬂ,
25

since

t/éfﬁ://ﬂvmu

It follows that

divB =VB =0 on .

Since the magnetic field H is proportional to the magnetic indiction B then
we have B = ;o H. The Maxwell-Faraday equation gives:

9B
ot’
The Maxwell - Ampére equation is given by

VX FE=

rotB=V x B = pu(j+ Jp),

where p is the magnetic permittivity, j is the current density J = o, F with
0E

o. being the electric conductivity and Jp = e is the displacement current

density. Then we finally get

SPAS EDITIONS (SPAS-EDS). www.statpas.org/spaseds/. In Euclid
(www.projecteuclid.org). Page - 526




A Collection of Papers in Mathematics and Related Sciences, a festschrift in honour of
the late Galaye Dia. Dia M.B, Faye 1. and Sy A. (2018). Topological Optimization for
Photonic and Phononic crystals problems. Pages 523 — 558.

(
divFE = d
19
divB = 0,
(2.3)
oOH
E = —p—
VX ST
OF
H = e —
| V% (g +e at)’

We will consider several situations for the domain ).

2.1.1. Domain () without charge and without a source presence. We con-
sider an homogeneous medium 2, then p =0, 7 =0, u = ppand € = ¢¢. Then
we obtain the following system

(

diwE = 0,
divH = 0,
(2.4) 3
oH
E = -
V x Ho ot
0*E
\ VxH = (80@),

From the properties of the vector computation, we have rot(rotE) = V(V -
F) — V?E. Since V(V - E) = 0 then rot(rotE) = —V*E.
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Therefore : ) )
oH oV x H 0‘FE
VPE =V x (’MOW) = o, = t(co g5 ).
and it follows that
O’F
(2.5) AFE — No(%w) =

For a monochromatic wave, the electric field is given by

E(z,t) = Re(u(z)e™)
where v is plane wave solution to the Helmotz equation:

(2.6) Au(z) + K*u(z) = 0, x € Q.

2.1.2. Domain () without charge (p = 0 ) and with a source presence (j # 0
). This case corresponds to the propagation of a wave in a good conductor
material. Then we have

0*E )
(2.7) AE—é\MW —IUO'CE = 0.

2.1.3. Domain with charge and source. In this case, we have p # 0, ¢ #
g0 and p is not constant.Then we have the following system

4

divE - £
€0
divH = 0,
(2.8)
OH
FE = —
V x 5
OF
H = ' —
| V wi+ezs),
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from which we have, using
(2.9) Vx(VxE)=V(V-E)-—AFE
the following system
oF )

10 v Oy oV WUTT) o) Mg
It follows from this equality that
oF
- O(pe —)
( ) - Vop 5 5 0
Then we have
1 E OF
2.12 AE_ = B e .
o SVP ey T ko =0

2.2. Modeling of phononics problem. The modeling of phononic crys-
tals is based on the acoustic waves. Let us suppose that the force f is
negligible over the inertial force (f = 0). It is also assumed that the fluid is
irrational

(2.13) rot(u) = 0.
From (2.13), there exists a function ¢ such that:
(2.14) u=V .

Then by using the mass conservation, we get

0
(2.15) a—f+pm+pA¢=0,

0 0o v 1P

(2.16) -0

8:1:2-[815 + 2]+pxi
with i =1,2,... u?> = |V ¢|?, P is the pressure and p the density.
P Y.

We shall consider in the following the classic hypotheses for small pertur-
bations
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* The velocity v and it's variations u,; an:

* The variations of the pressure P and the density p are small around
the initials F, and py

Linearizing equations (2.15) and (2.16) leads to

dp
2.17 dp =0,
( ) N +pop =
and
0 0p 1dP 0p
2.1 L
(2.18) axi(at)—{—pdp@xl
e dp .
n and 5 are to be understood in the weak sense, then, we can replace
T
dP
p and - by po is 2. It follows that
p
dp
2.19 dp =0,
( ) B +po0p =
0 Oy 2 P
2.2 L ) =0.
We have to notice that @af + 2= p " is a function of ¢. Then, Z—f +c2 = P _ = k(t).
Po

The function ¢ can be modlﬁed by a time function without changing the
value of the velocity u. Indeed, let & = ¢ — fo s)ds, u=V&and Ap =A,
we have

10°®
2.21 —Ad=0.
( ) 2 o

Equations (2.21) need to be provided with the following initial conditions

: ) ¢(z,00) = 0in
2.22
90,0 _ (inq
ot
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-~ od , 9?d 5 . .
Let & = $pe'“*, then i iw® and oz = v ®. In this way, equation
(2.21) becomes
w2
(2.23) - ®-Ad=0.

Co

Taking also, ky = ﬁ, we have the following system
Co

~A® = k2O inQ
(2.24)

) =0 on 0f),

3. Problem formulation and topological optimization

The goal of the topological optimization problem is to find an optimal de-
sign with an a priori poor information on the optimal shape of the initial
domain. The shape optimization problem consists in minimizing a func-
tional j(Q2) = J(2,un) where the function uq is defined on an open and
bounded subset ) of RY. For € > 0, let Q. = Q\ (7 + cw) be the set obtained
by removing a small part z, + cw from Q, where 7, € Q and w C RY is a
fixed open and bounded subset containing the origin. Then, using general
adjoint method, an asymptotic expansion of the function can be obtained
in the following form

(3.1) 3(Qe) = j(Q) + f(e)g(wo) + o(f(€)), lim f(e) =0, f(e) >0

e—0

The topological sensitivity g(zo)provides information when the creating a
small hole located at z,. Hence, the function ¢ will be used as descent di-
rection in the optimization process.

3.1. A generalized adjoint method. For the definition of the adjoint
method, we refer to Murat and Simon (1976) and Masmoudi (2002). Let
V be a fixed Hilbert space and £L(V) (resp £2(V)) denotes the spaces of liner
(resp. bilinear) forms on V. Let us suppose the following hypotheses
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(1) H-1 : There exists a real function f, a bilinear form ¢, € £,(V) and
a linear form 9; such that

(3.2) fle) — 0, e€—0
(33) ||ae — Qg — f(€> 5a||L2(V) = O(f(E))
(3.4) |le = o — f(€) 0l Levy = o(f(e))-

where a., ag (resp [, ly) are the bilinear (resp linear) form.
(2) H-2 : The bilinear form q, is coercive. There exists a constant oo > 0
such that

(3.5) ao(u,u) > aful|?,Yu € V,

According to (3.3) the bilinear form «. depends continuously on ¢, hence
there exists ¢y and > 0 such that for € € [0, ¢y] the following uniform coer-
civity holds a.(u,u) > fS||u||*,Vu € V. Moreover, according to Lax-Milgram’s
theorem, for ¢ € [0, ¢y], the problem find u. € V, such that

(3.6) ac(Ue,v) =l (V)Vv €V
has a unique solution.

We have the following lemma,

LEmmMmA 55. If hypotheses H-1 and H-2 holds, there exists a unique solu-
tion u* to (3.12). Further more, the following estimate holds:

(3.7) |ug, — ul

a1 = O(f(e).

Proof. Because of the coercitivity of a., we get

o [lue = o )? < ac(ue -, u, — uo)
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Or
ae(Ue — Ug, Ue — Ug) = Ae(Ue, Ue — Ug) — c(Ug, Ue — Up).
= l(ue — ug) — ac(ug, ue — ug)
= lo(ue —up) + (I — lo)(ue — up) — ac(ug, ue — ug)
= ao(ug, ue — ug) — ac(ug, ue — ug) + (le — lo)(ue — ugp)
alluc—uoll* < [=daluo, uc —uo) + 8 U(uc —uo)] f(e) + |uo|[l[u — uol| o(f(€))
+|[ue = uol[ o(f(€))

Thus,
a|lue —uo|[* < (=8 a+d1) f(e) + (1 + [Juc — uo||) o( f(e)). O

We consider also the following hypothesis:

(3) H-3 Consider a functional j such that j(¢) = J(u.) where J is differ-
entiable. For any u € V, there exists a linear and continuous form
DJ(u) € L(V) and §; such that:

(3.8) J(u) — J(v) = DJ(u)(v —u) + f(e)ds(u) + o||lu — v]y).

The lagragian £ is given by

(3.9 L(u,v) = a(u,v) —1l(v) + J(u), Yu, v € V.

It's variation is given by
(3.10) Lc(u,v) = ac(u,v) —l(v) + J(u), Yu, ve.

We have also the following generic theorem

THEOREM 74. Under hypotheses H-1, H-2 and H-3, we have the following
expansion of j.

(8.11) J(€) = 3(0) = f(€)dL(uo, vo) + o(p(€)),

where v is the solution of (3.12) with e = 0, vy solution to the adjoint problem,
find vy such that:

(3.12) ag(w,vg) = —DJ(up)w, Yw € V,I.(v)Vv € V

and
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(3.13) OL(u,v) = 6a(u,v) — o (v) + 05(u).

Proor. For the proof of this theorem, see Masmoudi (2002) O

4. Application to photonics crystals problems and main result

In this section, we are going to use the previous theory in oder to study
the photonic crystals problem. We will in the sequel, consider, an R valued
application J differentiable defined in H'(Q2) by a function J in the form

(4.1) J(Q) = J(Quq) = a/ lug — uo|*dz + 5/ |Vug|*dz
0 0

where uq is solution of

Aug + k*ugq =01in Q
4.2)

with Bg a boundary operator defined in 0f2, and « and /5 constants.

Let
V ={u e H'(Q) such that Bou =0 on 0Q}
The variational form of (4.2) is

(4.3) Find ug € V such that / VuoVudr = k? / uqudzr Yv € V.
Q Q
Let us denote by ¢, the bilinear form defined by
(4.4) ap(u,v) = / VuqVudr — k? / uqudr Yv € H'().
0 Q

In the perforated domain (2., for all ¢ > 0 we consider the functional J.
defined by
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2dx

(4.5) jle) = J(Qe,ug,) = a/ luq, — uo|*dw + ﬁ/ |Vug,
Qe Qe

where ug, is solution to

Aug, + k?uq, = 0 in Q,
BQUQ€ =0 in 092
(4.6) S

ug, = 0 on Ow,,

B, = or

Jug,

| on 0 on Ow,.

We seek the asymptotic behavior of the difference j(¢) — j(0) when ¢ tends
to zero. In the boundary of w. we will consider two cases: a Neumann con-
dition and a Dirichlet one.

Let us defined the following spaces:
H.={ue H'(Q.), Bg =0}

and
H, = {ue H,, Byu=0on dw,}.

The variational formula of the problem (4.6) writes: Find ug, € H. such
that

4.7) ac(u,v) = l.(v) Yv € H.. Vv e H,

with

(4.8) ac(u,v) = / (VuVv — E2uv)dx Vu, v € H,
Qe

(4.9) l(v) =0 VYo € H..
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We have to notice that the boundary condition 02 has no influence on the
calculation of the topological sensitivity. What is most important for us is
the condition at the boundary of the hole.

4.1. Topological derivative.

THEOREM 75 (Main result for Neumann Boundary condition). Let J (€, ug,)
be the objective function defined by (4.5) and uq,_ be the solution of (4.6) with
Neumann boundary conditions on dw.. The function j has the following as-
ymptotic expansion

(4.10) j(2)—j(0) = 62<—Vu(xo)AwVvo(a:0) + K2meas(S)u(wo)vo (o) +5J) +o(e?)

where A“ denotes the polarization matrix and v, denotes the adjoint state,
solution to

Vg € V,
(4.11)

a(u,vy) = —DJ(vo)v, Yu € H(2)

In the case where w is the units ball, then the polarization matrix takes the
Jorm A¥ = 2x1, where [ is the identity matrix.

Proor. Due to Theorem 74, the proof of this theorem amounts simply
to calculating the forms 4,, 6/ and §; and to determinate the value of f(¢).
We begin by calculating, the variational of the bilinear form.

Taking the difference between a. given by (4.11) and q, given by (4.4) we
have

ac(uq,,v) — alug,v) = / (V (uq, — uq)) Vodr—

)\/ (UQE—UQ)Ud$—/ VUQVUdaH—)\/ uq vdx
Qe We

From lemma 55, we have ug, = ug Vz € €),; then we get

ac(uq,,v) — alug,v) = —/ V uqgVudr + )\/ uq vdx.
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Therefore, we have

ac(ug,,v) — a(ug,v) = _/

We

V uqVudr + )\/ uq vdx

We

Let vy be a solution to the following adjoint problem
(4.12) A vy + Avg = DJ(ugq) v,

Taking v = v, we have:

ac(ugq,,v) — a(ug, v) :—/ VUQVvoda:+)\/ uq Vo.dx

Using Green’s formula and because of hypotheses (3.3) yields

fle)oa(ug,vg) = —/ V ugVug dx + )x/ ug vode,

= —/ 8nv0quS+/ )\vodaz+/ A vguq dx,
Owe We We

= — 8nv0quS+/()\vo—|—Avg)qux,

Owe We
= — OnUo Ugy dS—i—/ D J(ug)vp.
Owe We
Let w, = u. — ug, where uy, = ug, then we have

ae(uQmwG) = ae(uq,, V) — ae(uQE>U0)
w, is the solution of:

(

Aw, + kK*w., = 0in Q.,

(4.13) w. — 0, p, 99,
ow, B vy
| Bn = o M

Let us defined, Ve > 0 and ¢ € Hz(dw,) the function /¢ as the solution in
H'(w) to

Al = 0in w,,
(4.14)
I =¢ , on Jdw,

€
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In the following, we will approximate w. by P € W'(R?\ &) defined byP. =
¢ P(%) where P, is solution to to the exterior problem

(

AP = 0dansR?)\w,
(4.15) { P = 0})alw
opr
\ On
For the existence of (4.15 ) we refer to Guillaume and Sid Idris (2002).
Therefore, P can be written by potential theory as

(4.16) P(z) = / n(y) E(x — y)dS(y). ¥z € R\ @,

= —Vu(0).n, sur dw.

where 7 is the unique solution of the integral equation

(4.17) @ +/ n(y) On, E(x —y)dS(y) = =V v(0)n, Vo € w
Ow

and F the fundamental solution of the laplacian

(4.18)

(ae — ag)(uq,ve) = — Onvo (ug(z) — ug(x)) dS + / DJ(ug(x) — ug(xo))vo.
Owe wWe

Thus,

(ac — ag)(uq(x) — ug(xg),ve) = _/a On o (uq(x) — uq(xo)) ds+

w

/we DJ (ug(x) — ug(wo))ve. + k* ug (o) / vodr — /&JE O 1" ug () — ug(x0)ds

(4.19) e / uq 1" dz,

Then, we have

(ac — ag)(uq(x) — uq(xg),ve) = _/a Onvo (ug(x) — uq(xo)) ds+
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(4.20) € k*meas(w) ug(zo) vo(re) — Op 12 ug(x) — uq(xo)ds + Z Xi(€)
Owe i=1
with
X1 = —/ (O 17 — (0, 15 (uq(x) — ug)(z0)ds
Owe
X3 = k* ug (o) / va(xo)dz
X4 = k2 / qufﬁdx
P, px
Vo € Owe, l.*(z) = el (—)
€
(ac — ap)(ug,v) = — Onvg [uq — ua(70)] ds + k* €meas(w)ug(xo)va(zo)
Owe

4
— Onl? (ug — uq (o)) ds + Z Xi(€)
Owe i=1

with 7<(z) = el?(Z) and 9,17 (z) = 9,17(Z).
€ €

According to the jumps relation, we have 7(y) = —Vuvg(z¢).n—0,"(y), y € Ow.

(ac — ag)(ug,v.) = /a 'r](%)(uQ(x) — ug(z0))ds + k*¢® meas(w)ugug

_/(9 [Onva — Vua(xe)n] (ug(x) — ua(xo))ds + Z Xi

i=1

Let

X4 = E/a [Onva — Vgn| [ug(ex) — ug(xo)] ds
N /a n(y) (u(ey) — u(zo) — Vug(zo) ey) dS(y)

(ac — a0)(ua, v.) = —e /

5
n(y)yVua(zo)eds(y) + k*e* meas(w)uqug Z Xi
Ow i=1

(ac — ao)(uq,ve) = —€ Vug(xo)/

5
n(y)yds(y) + k2e? meas(w)uqvg + Z Xi
0w i=1
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= (a. — ap)(ug,ve) = 62Vu9(a:0)/

5
n(x)xds(x) + k**meas(w)uqug + Z Xi
ow i=1

It is know that [, 7(y)yds(y) = —AVuva(zo) and [, n(z)rds(z) = —AVug(z),
where A is the polarization matrix and » is the unique solution of the
integral equation

@ + /aw N(Y)Ona E(x — y)ds(y) = V.nVz € Ow.

Taking f(¢) = €2, we have
6
(ac — ap) (ug,v.) = €Vug(re)ALVug(zo) + k* €meas(w)uqug) + Z Xi
i=1

5
= f(6)(VugA,Vuva(zo) + k? meas(w))uqug + Z Xi
=1

= f(e)(VuqA,Vvg(zg) + k? meas(w)ug(xo)vg(;:o)) +o(f(e€))

giving 6, = Vuq (o) Au(y) Va(ro) + k*meas(w)ua(zo)va(zo).
When w = B(xg, 1), then the solution of the integral equation is equal to

n = 2vx Vzxdw and Vv € R? A, = 2rI, where I is the identity matrix. Thus,
the following result holds

J(ug,) — J(ug) = a / (lug. — uol?® — Jug — wol?) da + / (IV ua * — |V ugl?) de
Qe

Qe

—a/ |uQ—u0|2da:—5/ IV ug|? dr.

The First and the second term after the following equality can be written
as follows:

« / (|ug, — uol?® — |uq — uol?) dr = « / (ug, + uq)(uq, — ug)dx
Q. .

—204/ ug (ug, — ug) dr,

and
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8 / (IV w2 — [Vugl?) dz = A / 1V (g, — ug)? da
Q. Qe

+2 Vuq V(ug, — ug) dz.
Qe

Therefore, because of lemma 55, and using theorem 74, we get

J(ug,) = J(ua) = DJ(uq)(uq — uo) + f(e) 6 J(ua) + 0(f(¢))

and

f(e)dJ(uq) +o(f(e)) = —a/ lug — uo|*dr — B/ |Vug|*dx

By a change of variables x = ¢ X, and by applying mean value theorem, we
get

—a / lug — uo|*dz — 5/ |Vug|*dr = —a52/ luq(zo + € x) — uo(zo + € 7)|*dx

—662/ |Vug(zo + e)|*dz.

Then, we have finally

J(uge) — J(ug) = € {—a/w luq (o) — uo|*dz + ﬁ/w ’VUQ(Z’Q)’2d$:| +&i(e) + &(e).

with ¢ = 0(f(¢)) and & = 0(f(¢)), where f(e) = 2. Thus,

=0 J(uq) = —Oz/ lug — uo|*dz — 5/ |Vug|*dz
giving

§ J(ug) = —ameas(w) |ug(wg) — ug |* — B |Vuq(zo)[*meas(w).
U

In the case where the boundary condition on dw, is given by dirichlet con-
dition, we have the following theorem, when the functioonal j is given by
4.1)and =1, a=1
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THEOREM 76 (Main result for Neumann Dirichlet condition). Let J (€, uq,)
be the objective function defined by (4.5) and uq,_ be the solution of (4.6) with
Dirichlet boundary conditions on dw.. The function j has the following as-
ymptotic expansion

4.21)  j(e) —j(0) = —27T(<VUQ($0) - V(o) — k2u9<xo)vo(xo)) +o(f(e))

where v, the solution to the adjoint problem

Vo € ‘/,
(4.22)

a(u,vy) = —DJ(vg)v, Yu € HL(Q)

Proor. It suffices to verify that, in this case, J, is given by 6, = —27( (VUQ(CUO)'
Vug(zg) — kQuQ(:co)vo(xo)) and §; = §; = 0. O

5. Numerical simulations

In this section, we present some numerical simulations related to the prob-
lem studied in the above section by using finite element method and Mat-
lab. The direct state ug is solution of (4.2) and the adjoint state is given by
(4.11). The topological derivative is given by (4.1). In all numerical results,
we plot of the solution of the direct and the adjoint state and the topolog-
ical derivative. At each step, we create a small hole, where the topological
derivative is too small. Before going further, we will present the algorithm
that we use in order to get the optimal design. The algorithm is given as
follows:

(1) Initialisation: Choose (2 the initial domain.
(2) Repeat

e Compute ug,,po, the direct and adjoint solutions in the per-
turbed domain ();.

e Compute the topological gradient g; in {2,
o Set Uy = U\ {zp, gi(zr) >t
ol =1+ 1.
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In all the simulations presented, the set is given by 2 = [-1,1] x [-1,1] and

Uy = %cosx and we consider the solution of the initial (4.2) and adjoint
problem (4.11).

5.1. Application to the photonic problem. In this subsection we present
some simulations of photonics problem. We will consider several cases. In
each case we will present the direct and the adjoint state and at the end we
give the topological derivative. The boundary condition of (4.2) is given by
Bq = g, where g is given. We will consider the eigen-value equal to A = 132

5.1.1. Neumann condition on 02 and Neumann Condition on dw.. One
assumes, in this case that, the boundary condition is given by

o
on

Bq = = g = cos(x) x cos(y) on Of).

FIGURE 1. (B) THE DIRECT SOLUTION, (C) ADJOINT STATE, (D) TOPOLOGICAL DERIVA-
TIVE. (b) the direct solution, (c) Adjoint State, (d) Topological derivative

After creating a small hole where the topological derivative is most negative
and considering the direct problem, the adjoint problem and the topolog-
ical derivative in the perfored domain, we have;
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THHTHHB LI

(d)

FIGURE 2. B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVATIVE . b)Direct
State, cJAdjoint state d)Topological derivative

5.1.2. Dirichlet condition on 0 ) and Neumann condition on 0 w for k = 13.

In this case, we consider equation (4.2) with initial condition given by Bou =
u =0 09.

There is no possibilities to put a hole in the domain (2 given in Figure 7.
The topological derivative is equal to zeros almost every where. Then we
get the optimal design after putting one hole.

5.2. Application to Phononic problem.

In this section we simulate the problem of phononic crystal assuming the
same hypothesis and for various value of k.

5.2.1. Dirichlet Neurmann condition for k = 10. We consider the initial
problem with the boundary condition By = g = 0 on df2 and in the perfored

domain the following boundary condition B, = % = 0 on 0f2. We have the
following numerical results.
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(d)

FIGURE 3. DOMAIN B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVATIVE .
Domain b)Direct State, c)Adjoint state d)Topological derivative

5.2.2. Neumann Neumann condition for k = 15.

If the value of k vary, for the same hypotheses as in the following, we have
the Figures 11-14

Neumann Dirichlet for & = 13. The results areillustrated in Fugures 15-
22
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(d)

FIGURE 4. DoOMAIN B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVATIVE .
Domain b)Direct State, c)Adjoint state d)Topological derivative
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(d)

FIGURE 5. B)DIRECT STATE, C)JADJOINT STATE D)TOPOLOGICAL DERIVATIVE . b)Direct
State, c)Adjoint state d)Topological derivative
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FIGURE 6. SECOND STEP : B)DIRECT STATE, C)JADJOINT STATE D)TOPOLOGICAL DERIV-
ATIVE . Second step : b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 7. SECOND STEP : B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIV-
ATIVE . Second step : b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 8. SECOND STEP : B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIV-
ATIVE .  Second step : b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 9. SECOND STEP : B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIV-
ATIVE . Second step : b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 10.SECOND STEP : B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DE-
RIVATIVE . Second step : b)Direct State, c)Adjoint state d)Topological derivative
The optimal design is given when ther is no possibilities to put a hole.

FIGURE 11. FIRST STEP: B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE . First step: b)Direct State, c)Adjoint state d)Topological derivative
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FiGURE 12. FIRST STEP: B)DIRECT STATE, C)JADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE . First step: b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 13. FIRST STEP: B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE . First step: b)Direct State, c)Adjoint state d)Topological derivative

SPAS EDITIONS (SPAS-EDS). www.statpas.org/spaseds/. In Euclid
(www.projecteuclid.org). Page - 550



A Collection of Papers in Mathematics and Related Sciences, a festschrift in honour of

the late Galaye Dia. Dia M.B, Faye 1. and Sy A. (2018). Topological Optimization for
Photonic and Phononic crystals problems. Pages 523 — 558.

HHTHH BB
SHHHHHTEET

—_—
@)
—

(d)

FIGURE 14. FIRST STEP: B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE . First step: b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 15.FIRST STEP: DOMAIN B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL

DERIVATIVE. First step: Domain b)Direct State, c)Adjoint state d)Topological de-
rivative
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FiGURE 16. FIRST sTEP: DOMAIN B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL

DERIVATIVE. First step: Domain b)Direct State, c)Adjoint state d)Topological
derivative
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FIGURE 17. FIRST STEP: B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE. First step: b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 18. FIRST STEP: B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE. First step: b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 19. FIRST STEP: B)DIRECT STATE, C)JADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE. First step: b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 20. FIRST STEP: B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE. First step: b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 21. FIRST STEP: B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE. First step: b)Direct State, c)Adjoint state d)Topological derivative
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FIGURE 22. FIRST STEP: B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE. First step: b)Direct State, c)Adjoint state d)Topological derivative
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FiIGURE 23. FIRST STEP: B)DIRECT STATE, C) ADJOINT STATE D) TOPOLOGICAL DERIV-

ATIVE K=10A. First step: b)Direct State, c) Adjoint state d) Topological derivative
k=10a
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FIGURE 24. FIRST STEP: B)DIRECT STATE, C)ADJOINT STATE D)TOPOLOGICAL DERIVA-
TIVE. First step: b)Direct State, c)Adjoint state d)Topological derivative

SPAS EDITIONS (SPAS-EDS). www.statpas.org/spaseds/. In Euclid
(www.projecteuclid.org). Page - 556



Bibliography

Ammari H., Bossy E., Jugnon G. and Kang H. (2010). Mathematical Mod-
elling in Photo-Acoustic in Imaging of small absorbers, SIAM Review, 52,
677-695.

Ammari H., Capdeboscq Y., Kang H. and Kozhemyak A.(2009) . Mathemat-
ical Models in Magneto-Acoustic in Imaging, European Journal of Applied
Mathematics, 20 (2009), 303-317.

Cea J. Conception optimale ou identification de formes, calcul rapide de
la déerivée directionnelle de la fonction coat. RAIRO - Modéelisation
mathéematique et analyse numérique, 20, no 3, 371-402.

Faye I., Sy A. and Seck D. (2008). Topological Optimization and pollution in
porous media. in Mathematical Modeling, Simulation, Visialization and
e-Learning, Springer-Verlag Berlin Heidelberg, 209-237.

Garreau S., Guillaume P. and Masmoudi M.(2001). The topological as-
ymptotic for PDE systems: the elastic case. SIAM Control and optim.
39 (6),1756-1778, 2001.

Guillaume P. and Sid Idris S.(2002). The topological expansion for the
Dirichlet problem. SIAM J. Control and optim. 41 (4), 1042-1072.

Masmoudi M. (2002). The topological asymptotic, in computational meth-
ods for control applications. H. Kawarada and J. Periaux, eds, GAKUTO
Internat. Ser. Math. Sci. Appli. Gakkotosho, Tokyo.

Murat F. and Simon J.(1976): Quelques résultats sur le controle par un
domaine géeomeétrique. Publ. Labo. D’Anal. Num de I'Université de Paris
VL.

Murat F. and Simon J.(1976). Sur le controle par un domaine géométrique.
Habilitation de I'Université de Paris.

Nazarov S. A., Sokolowski J.(2003). Asymptotic analysys of Shape Func-
tionnals. J Math. Pures Appl. 82, 125-196.

Ngom M., Sy A., Faye I. and Seck D.(2011). Study of Phononic and Photonic
Crystal Problems by Topological Optimization Method. 5, , no. 15, 723 -
745.

557



A Collection of Papers in Mathematics and Related Sciences, a festschrift in honour of
the late Galaye Dia. Dia M.B, Faye 1. and Sy A. (2018). Topological Optimization for
Photonic and Phononic crystals problems. Pages 523 — 558.

Rayleigh L.(1887). On the maintenance of vibrations by forces of double
frequency, and on the propagation of waves through a medium endowed
with a periodic structure. Philosophical Magazine Series 5, 24 (147),
(1887),145-159.

Scumacher A. (1995). Topologie optimiering von banteilstrukturen unter
verwendung von lopschposition- ierungkieterien, thesis, universitat-
Gesamthochsschule-Siegen.

Sokolowski J. and Zochowski A.(1999). On topological derivative in shape
optimization. Siam J. Control Optim. n° 37, 1251-1272.

Yablonovitch E. Inhibited spontaneous emission in solid-state physics and
electronics. Phys. Rev. Lett., 58, 2059-2062.

SPAS EDITIONS (SPAS-EDS). www.statpas.org/spaseds/. In Euclid
(www.projecteuclid.org). Page - 558



