CHAPTER 4

M, R AND SOME SCALE ESTIMATORS

41. INTRODUCTION

In the last three decades statistics has seen the emergence and consolidation
of many competitors of the Least Square estimator of A of (1.1.1). The
most prominent are the so-called M- and R- estimators. The class of
M-estimators was introduced by Huber 51973) and its computational aspects
and some robustness properties are available in Huber (1981). The class of
R-estimators is based on the ideas of Hodges and Lehmann (1963) and has

been developed by Adichie (1967), Jureckova (1971) and Jaeckel (1972).

One of the attractive features of these estimators is that they are
robust against certain outliers in errors. All of these estimators are
translation invariant, whereas only R-estimators are scale invariant.

Our purpose here is to illustrate the usefulness of the results of
Chapter 2 in deriving the asymptotic distributions of these estimators under
a fairly general class of heteroscedastic errors. Section 4.2a gives the
asymptotic distributions of M-estimators while those of R-estimators are
given in Section 4.4. Among other things, the results obtained enable one to
study their qualitative robustness against an array of non-identical error
d.f.’s converging to a fixed error d.f. The sufficient conditions given here are
fairly general for the underlying score functions and the design variables.

Efron (1979) introduced a general resampling procedure, called the
bootstrap, for estimating the distribution of a pivotal statistic. Singh (1981)
showed that the bootstrap estimate B, is second order accurate, i.e.,
provides more accurate approximation to the sampling distribution G, of
the standardized sample mean than the usual normal approximation in the
sense that sup{|Gn(x) — Bn(x)|; x€R} tends to zero at a faster rate than
that of the square-root of n. This kind of result holds more generally as
noted by Babu and Singh (1983, 1984).

Section 4.2b discusses similar results pertaining to a class of
M-estimators of # when the errors in (1.1.1) are ii.d.. It is noted that
Shorack’s (1982) modified bootstrap estimator and the one obtained by
resampling the residuals according to a w.e.p. are second order accurate.

In an attempt to make M-estimators scale invariant one often needs a
reliminary robust scale estimator. Two such estimators are the MAD
median of absolute deviations of residuals) and the MASD (median of
absolute symmetrized deviations of residuals). The asymptotic distributions
of these estimators under heteroscedastic errors appear in Section 4.3.

In carrying out the analysis of variance of an experimental design or a
linear model based on ranks one needs an estimator of the asymptotic
variance of certain rank statistics, see, e.g., Hettmansperger (1984). These
variances involve the functional. Q(f) = [f dp(F) where ¢ is a known
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72 M, R AND SOME SCALE ESTIMATORS 4.2a

function, F a common error d.f. having a density f. Some estimators of
Q(f) under (1.1.1) are presented in Section 4.5. Again, the results of
Chapter 2 are found useful in proving their consistency.

42. M-ESTIMATORS
4.2a. First Order Approximations: Asymptotic Normality

This subsection contains the asymptotic distributions of M-estimators of f
when the errors in (1.1.1) are heteroscedastic. The following subsection 4.2b
gives some results on the bootstrap approximations to these distributions.

Let the model (1.1.1) hold. Let ¢ be a nondecreasing function from

R to R. The corresponding M-estimator A of B is defined to be a zero of
the M-score [¢(y) V(dy, t), where V is defined at (1.1.2). Our objective

is to investigate the asymptotic behavior of A YA - f) when the errors in
(1.1.1) are heteroscedastic. Our method is still the usual one, v.i.z., to

obtain the expansion of the M-score uniformly in t € {t; IIA_I(t—ﬂ)” <B},0
< B < o, to observe that there is a zero of the M-score, A, in this set and

then to apply this expansion to obtain the approximation for A—I(A —f) in
terms of the given M-score at the true f. To make all this precise, we need
to standardize the M-score. For that reason we need some more notation.
Let

(1) A (y) := diag(fai(y), -y fan(¥)), y €R,
C = AX [A"(y) dy(y) XA,
(¢, t) :=—C'A [ Y(y)V(dy, 1),

T(9, t) := A"\ (t — f) — T(9, B), t e RP.

An approximation to A is given by the zero A of T(4, t), v.i.z.,

(2) AN(B - ) ="T(4, B).
A basic result needed to make this precise is the a.u.l. of T(%, t) in

A 1(t — f). Often such a result is obtained under some smooth conditions on
% and under i.i.d. errors. Theorem 4.2a.1 below gives such a result for a
general nondecreasing right continuous bounded ¢ and for fairly general
independent heteroscedastic errors.
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Theorem 4.2a.1. Let {(x;,i, Yini), 1<i<n}, B, {Fni, 1 <i<n} be
as in the model (1.1.1) satisfying all conditions of Theorem 2.3.3. In addition,
assume the following:

(3) vYev:={y¥:RtoR, 9 € DI(R), bounded with ||ty < k < w}.
(4) lim supy ||C_1||m < o.
Then, V0 < B < m,
(5) sup,, . IT(%, B+ Au) ~ (%, B+ Au)] = oy(1).
where the supremum is taken over all Y € ¥ and ||u)| < B.
Proof: Rewrite, after integration by parts,
T(y, ) - T(%, ) = [ C A [V(y, ) = V(3, B) — T(HF)A (¢ - Alaw(y).
Now (5) readily follows from this and (2.3.37). O

In order to use this theorem, we must be able to argue that
AYA = B)|| = 04(1). To that effect, define
P

pi:=Eyes), 73=Varg(e), 1<i<n,
ba = E T(¢, f) = —C 1A %i x; s

and observe that
E[A A -f) —bo|? = €1 Eixi(X X) ki 72 €71 = 0(1),

by (3), (4) and the fact that %; xi(X X)'x; = p < o. Hence by the Markov
inequality, Ve >0 3 0 <Ke<o 3
P([A"Y(A =) —by| <Ke) 21 —¢, foralln 1.
Thus, assuming that
(6) Yixipi =0,

and arguing via Brouwer’s fixed point theorem as in Huber (1981,p 169), one
concludes, in view (5), that V ¢ > 0 3 Ne and Ke such that



74 M, R AND SOME SCALE ESTIMATORS 4.2a

(7) P(IAYA-fB)| <Ke)21—¢ V¥ n>Ne

Now, a routine application of (5) enables one to conclude that

0="T(%, A) = A™{(A - §) — T(9, B) + 0p(1),

ie.,

(8) ATYA - B) = T(%, B) + op(1).
Note that, under (6), with To(%, f) = C T(%, ),
E To(%, B) To(%, f) = ASixix; 72 A = AX T XA

where 7 = diag (1'21, veeny Tﬁ) Moreover, for any A € RP,
4 p ’ 4
A To(¢, f) = % jfjl)\jdijd)(ei) =3; A Ax;i ¥e;)

where {dj;} are asin (2.3.32). In view of (2.3.33) and (2.3.34), (NX) and
(6) imply that ,\’To(zp, p) is asymptotically normally distributed with mean

0 and the asymptotic variance A'AX'7 XA ). Thus by the Cramer-Wold
device [Theorem 7.7, p 49, Billingsley (1968)], (4) and (8),

(9) Y207 Y(A - p) — N(0, Isp), %:= CT'AX'TXACT

We summarize the above discussion as a

Proposition 4.2a.1. Suppose that the d.f’s {Fni} of the errors and the
design matriz X of (1.1.1) satisfy (4), (6) and the assumptions of Theorem
2.3.3 including that H is strictly increasing for each n > 1. Then (9) holds. o

Now, consider the case of the i.i.d. errors in (1.1.1) with Fp; = F.
Then,

(10) = [¢ dF — ([ 9dF)? = 7, (say), 1<i<n,
C = ([1dy) L, E=(f1d¢)? 7 L.

Consequently (4) is equivalent to requiring [ fdy > 0. Next, observe
that (6) becomes

(6%) ix; f’d) dF = 0.



423 M—ESTIMATORS 75
Asymptotic Normality

Obviously, this is satisfied if either ¥; x; = 0, i.e., if X is a centered design
matrix or if [¢ dF = 0, the often assumed condition. The former excludes
the possibility of the presence of the location parameter in (1.1.1). Thus to
summarize, we have

Proposition 4.2a.2. Suppose that in (1.1.1), Fp; = F. In addition,

assume that X and F satisfy (NX), (F1), (F2), (6*) and that [fdy > 0.
Then,

ATA - — N0, /([ 149)° ). o

Condition (6*) suggests another way of defining M-estimators of S
in (1.1.1) in the case of the i.i.d. errors. Let

¢4 4 — -—
(11) Xyj:=n liglxnij, 1<j<p; Xn:= (Xnt, - , Xnp),
i,:= [ in, ceesy in]nxp, xC = X - i.
Assume
(NX1) (XCXC)_1 exists for all n > p,

max Xni (XeXo) xai = o(1).
Let
(12) T (¢ t) = Ay 5(xni — %a) Y(Yi — Xait), teR,
A; = (XeXo) V2

Define an M-estimator A* as a solution t of
(13) T (¢, t) = 0.

times, jth time with dpj = itk element of

Apply Corollary 2.3.1 p
i<n, 1<j<p, toconclude an analogue of (5)

the jth column of XcA;, 1

above, v.i.z.,
%* —k
(5%) Lsw T, ) =T (%, 0l = op(1)
¥, [|AT (+-B)[I<B
where

T (= A"C-A (189" T ().
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The proof of (5%) is exactly similar to that of (5) with appropriate
modifications of replacing X by X; and A by A; and using Fy;=F in
the discussion there.

Now, clearly, Fq;=F implies that E T (¢, f) = 0,

BT (# AII* = %1 (xi =) AtAs (xi - 3) 7 = O().
Hence, ]|T*(1/), Pl = Op(1). If A" is zero of T*(ap, .), then
AR -f)=(f1d9) " T (v, ).
Argue, as for (7), (8) and (9) to conclude the following

Proposition 4.2a.3. Suppose that in (1.1.1), Fpi = F. In addition,
assume that X and F satisfy (NX1), (F1) and (F2) Then,

AT =) = (0, 7/(J1 49)’ L),

*
where A is as in (13). o

Remark 4.2a.2. Note that the Proposition 4.2a.3 does not require the

*

condition [¢ dF = 0. An advantage of this is that A can be used as a
preliminary estimator when constructing adaptive estimators of f. An
adaptive estimator is one that achieves the Hijek — Le Cam (Hajek 1972, Le
Cam 1972) lower bound over a large class of error distributions. Often, a
minimal condition required to construct an adaptive estimator of A is that
F have finite Fisher information, i.e., that F satisfy (3.2.a) of Theorem
3.2.3. See, e.g., Bickel (1982), Fabian and Hannan 1982) and Koul and
Susarla (1983) Recall, from Remark 3.2. 2, that this implies (F1).

On the other hand the condition (NX1) does not allow for any
location term in the linear regression model.

So far we have been dealing with the linear regression model with
known scale. Now consider the model (2.3.38) where v is an unknown scale

parameter. Let s be an nl/ 2 _ consistent estimator of 7, 1.e.,

1/2 -1
(14) |n'/%(s — 7)77"| = 0p(1).
Define an M-estimator A; of B as a solution t of

(15) Exp(Yi—xit)s ) =0 or [(y) V(sdy, t) = 0.
To keep exposition simple, now we shall not exhibit % in some of the
functions defined below. Define, for an a > 0, t € RP,
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(16)  S(a, £) = —A [ 9y) V(ady, ¥),

S(a,t):= ATt - Ay + € G Ha— )y - €7 8(, B),
where
= n UV2xx’ (v) =
Ci:i= n 2AX [yily) d¥(y), £ () = (fu(y)s -, faly)),
and where C is asin (1) above. Note that by (NX), (F1), (F3), and (3),
(17) |Gl = O(1).
The following theorem is a direct consequence of Theorem 2.3.4. In it

M= {(a, t): @ > 0, ek, A7 (t-B)| < By, [n"/%(a-7)| < b9}, 0<b, B<a.

Theorem 4.2a.2. Let g(x,',i, Yons), 1<i<n}, B, 7 {Fui, 1<i<n}
be as in (2.3.38) satisfying all the conditions of Theorem 2.3.4. Moreover,
assume (3) and (4) hold. Then, for every 0 < b, B < « fized,

(18) sup [|S(a, t) — S(a, t)]| = op(1).

where the supremum is taken over all € ¥, and (a, t’)’€N;. 0
Now argue as in the proof of the Proposition 4.2a.1 to conclude
Proposition 4.2a.3. Suppose that the design matriz X and d.f’s

{Fni} of {eni} in (2.3.38) satisfy (5), (6) and the assumptions of Theorem

2.3.4 including that H s strictly increasing for each n > 1. In addition
assume that there ezists an estimate s of vy satisfying (14). Then

(19) A YA -pgyi=cC"Is(y, B —¢len?(s - 7 7 4 0p(1),
where Ay now is a solution of (15). o

Remark 4.2a.3. In (6), F; is now the d.f. of ¢;, and not of 7e;,
1<i<n. 0

Remark 4.2a4. Effect of symmetry on A, As is clear from (19), in

general the asymptotic distribution of A, depends on s. However, suppose
that

(20) dify) = —dy(-y), fi(y) =fi(-y), 1¢i¢n, —w <y < +o
Then [y fi(y) d¥(y) =0, 1<i < n, and, from (16), C;= 0. Consequently,
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in this case,

A~1(A1 -f=9c1 S(v, B) + op(1).

Hence, with ¥ as in (9), we obtain
(21) 22T A=A 7 = N0, Tpy).

Note that this asymptotic distribution differs from that of (9) only by

the presence of '7_1. In other words, in the case of symmetric errors {e;}
and the skew symmetric score functions {4}, the asymptotic distribution of

M-estimator of f of (2.3.38) with a preliminary n'/2-consistent estimator

?f the) scale parameter is the same as that of 'y_lxM-estimator of f of
1.1.1). o

4.2b. Bootstrap Approximations

Before discussing the specific bootstrap approximations we shall describe the
concept of Efron’s bootstrap a bit more generally in the one sample setup.

Let &y, &2, ..., &n be n ii.d. G r.v.’s, G, be their empirical d.f.
and Ty = Tp(én, G) be a function of &,%:= (&4, &, ..., én) and G such
that Tp(én, G) is a r.v. for every G. Let ¢y, (3, ..., (n denotei.i.d. Gy
r.v.’s and (n’:=((1, €2 -, Cn)- The bootstrap d.f. By of Ty(éy, G) is the
d.f. of Tn((n, Gng under Gp. Efron (1979) showed, via numerical studies,
that in several examples B, provides better approximation to the d.f. Iy
of Ty(én, G) under G than the normal approximation. Singh (1981)
substantiated this observation by proving that in the case of the standardized
sample mean the bootstrap estimate B, is second order accurate, i.e.,

(1) sup{ | T'n(x) — Ba(x)|; xR} = o(n /3, a.s..
Recall that the Edgeworth expansion or the Berry-Esseen bound gives that
sup{| Ta(x) — 8(x)|; xeR} = O(n /%),

where & is the d.f. of a N(0, 1) r.v. See, e.g., Feller (1966. Ch. XVI). Babu
and Singh (1983, 1984), among others, pointed out that this phenomenon is
shared by a large class of statistics. For further reading on bootstrapping we
refer the reader to Efron (1982).

We now turn to the problem of bootstrapping M-estimators in a
linear regression model. For the sake of clarity we shall restrict our attention
to a simple linear regression model only. Our main purpose is to show how a
certain weighted empirical sampling distribution naturally helps to overcome
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some inherent difficulties in defining bootstrap M-estimators. What follows
is based on the work of Lahiri (1989). No proofs will be given as they involve
intricate technicalities of the KEdgeworth expansion for independent
non-identically distributed r.v.’s.

Accordingly, assume that {e;, i > 1} are ii.d F r.v.’s, {xpj, i21} are
the known design points, {Yn3, i>1} are observable r.v.’s such that for a "SR,

(2) Yni = xniff + ey, i>l.
The score function 9 is assumed to satisfy
(3) fvdF=o.

Let A, be an M-estimator obtained as a solution t of
n

and F, be an estimator of F based on the residuals &é,; := Ynij — xniAn,
%*
1<i<n. Let {eni, 1<i<n} beiid. Fy r.v.’s and define

(5) Yoi = XniAn + eni, 1<i<n.
The bootstrap M-estimator A; is defined to be a solution t of

n *
(6) i{:l Xni '«’(Yni - xnit) = 0.

Recall, from the previous section, that in general (3) ensures the absence of

the asymptotic bias in A,. Analogously, to ensure the absence of the
%

asymptotic bias in Ay, we need to have F, such that

(7) [ % dFy = Eq Ylen)) =0,

where E, is the expectation under F,. In general, the choice of F, that
will satisfy (7) and at the same time be a reasonable estimator of F depends
heavily on the forms of 9% and F. When bootstrapping the least square
estimator of §, i.e., when ¥(x) = x, Freedman (1981) ensures (7) by choosing

Fy, to be the empirical d.f. of the centered residuals {€ni — €n., 1 <i < n},

where €,. := n_lﬂ?q €n;. In fact, he shows that if one does not center the
residuals, the bootstrap distribution of the least squares estimator does not
approximate the corresponding original distribution.
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Clearly, the ordinary empirical d.f. Hy of the residuals {&n3; 1<i<n}
does not ensure the validity of (7) for general designs and a general 3. We
are thus forced to look at appropriate modifications of the usual bootstrap.
Here we describe two modifications. One chooses the resampling distribution
appropriately and the other modifies the defining equation (6) a la Shorack
(1982). Both provide the second order correct approximations to the

distribution of standardized A,.
Weighted Empirical Bootstrap:
Assume that the design points {xji} are either all non—negative or all

n
non—positive. Let wy := ,21lxni| be positive and define

i=

-4 R
(8) Fln(y) = wxligllxnill(eni S Y)) yelR
Take the resampling distribution F; to be Fj,. Then, clearly,

* qn . . q{n .

Emn ¥en) = wx1i§l|xni| ¥(€ni) = sign(x,) wxli}El Xni¥(Yni — xnid) = 0,
by the definition of Ap. That is, Fy, satisfies (7) for any 9.
Modified Scores Bootstrap:

Let Fp, be any resampling distribution based on the residuals. Define the
bootstrap estimator Apg to be a solution t of the equation

n
(9) 2 xu [$(Yni = Xait) — En #lear)] = 0.

In other words the score function is now a priori centered under F, and
hence (7) holds for any F, and any 9.

We now describe the the second order correctness of these procedures.
To that effect we need some more notation and assumptions. To begin with

2 _ B 2
let 7% := ,21 Xni and define
1=

— .. . 3 3.3 _&.3.,3
my = max{|xpi|; 1<i<n}, by:= ¥ xpi/7x, bx:= 3 |xai|/7x
i=1 i=1

For a df. F and any sampling d.f. Fy,, define
1x) = Effes—x),  @(x) = o’(x) = E{g{e: — x) — 1(x)}’,
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wy(x) = E{g(e; — x) — 71(x)}3, x€R.
T(x) == Entleni — ), en(x) = 02(x) := Ea{(ent — x) — 1(x)}’,
@1n(x) := En{¥(en; — x) — 1a(x)}°, x €R.

An(c) :={i: 1<i<m, |xai] > cTx by}, &n(c) := #4xn(c), c>0.
For any real valued function g on R, let g, g denote its first and second

derivatives at 0 whenever they exist, respectively. Also, write vy, «, etc.

for n(0), @24(0), etc. Finally, let a:= —%/0, on := —4n/on, and, define
for x € R, Ho(x) := x2—1, and

f(i;Si) 1= ®(x) = bix [{Tn/0n = 1 2n/oi}(x*/203) + (e210/603) Ha(x)]

In the following theorems, a.s. means for almost all sequences {e;; i>1}
ofiid. F r.v.’s.

Theorem 4.2b.1. Let the model (2) hold. In addition assume that %

has uniformly continuous bounded second derivative and that the following
hold:

(a) 2 — o (b) a>0.

(c) There ezists a constant 0 < ¢ < 1, such that {n Tx = o(kxn(c)).

(d) mx €n 7% = o7x)-

(e) There ezist constants 0> 0, 6> 0 and q <1 such that
sup[| Eexp{it¥(e; —x)}|: |x| < 4, |t] > 6] < q.

)V x>0, Eflexp(——)\w,%/r,%) < .

Then, with A:, defined as a solution of (6) with Fp = Fyy,
t 3 ~
supy| Pin(anTx(An — An) < y) — A(y)| = o(mx/Tx),

supy| Pin(arx(An — B) < y) — Pm(Tx(A; — Ap) <y)| = o(mx/7x), as.,

where P, denotes the bootstrap probability under Fi,, and where the
supremum s overy € R. o

Next we state the analogous result for Aps.

Theorem 4.2b.2. Suppose that all of the hypotheses of Theorem 4.2b.1
ezcept (f) hold and that Ays is defined as a solution of (9) with Fy = Hy, the
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ordinary empirical of the residuals. Then,
s“Pylf)n(anTX(Ans - An) <y)— A(y)| = o(mx/x),
supy| Pu(arx(An — B) < y) — Pu(rx(Ans — An) <y)| = o(ms/7s), as.,

where Py denotes the bootstrap probability under Hp. 0

The proofs of these theorems appear in Lahiri (1989) where he also
discusses analogous results for a non—smooth 4. In this case he chooses the
sampling distribution to be a smooth estimator obtained from the kernel type
density estimator. Lahiri (1991) gives extensions of the above theorems to
multiple linear regression models.

Here we briefly comment about the assumptions (a) — (f). As is seen
from the previous section, (a) and (b) are minimally required for the
asmyptotic normality of M-estimators. Assumptions d’:), s;e) and (f) are
required to carry out the Edgeworth expansions while (d) is slightly stronger
than Noether’s condition (NX) applied to (2). In particular, x;=1 and x;=
i satisfy (a), (c), (d) and (f).

A sufficient condition for (e) to hold is that F have a positive density
and 9 have a continuous positive derivative on an open interval in R.

4.3. DISTRIBUTION OF SOME SCALE ESTIMATORS

Here we shall now discuss some robust scale estimators.

Definitions. An estimator H(X, Y) based on the design matrix X
and the observation vector Y of £ is said to be location invariant if

(1) AX, Y + Xb) = AX,Y) + b, V beRP.
It is said to be scale invariant if
(2) AX, aY) = af(X, Y), VaeR, a#0.

A scale estimator s(X, Y) of a scale parameter < is said to be
location invariant if

(3) s(X, Y + Xb) = 5(X, Y), V beRP
It is said to be scale invariant if

(4) s(X, aY)) = |a| s(X,Y), VacR, a#0.
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Now observe that M-estimators A and A" of B of Section 4.2a are

location invariant but not scale invariant. The estimators Al, defined at
(4.2a.13), are location and scale invariant whenever s satisfies (3) and (4).

Note that if s does not satisfy (3) then A; need not be location invariant.
Some of the candidates for s are

5) s:={(n—p) " 5 (Yi—xi §)}%,
§1:= med {|Yi—x'i Bl; 1<i<n},
s2:=med {|Yi— Y — (xi —x;) Bl; 1¢i<ij¢n},

where B is a preliminary estimator of # satisfying (1) and (2).

Estimator sz, with f as the least square estimator, is the usual
estimator of the error variance, assuming it exists. It is known to be
non—rtobust against outliers in the errors. In robustness studies one needs
scale estimators that are not sensitive to outliers in the errors. Estimator s;
has been mentioned by Huber (1981, p. 175) as one such candidate. The
asymptotic properties of s;, s will be discussed shortly. Here we just
mention that each of these estimators estimates a different scale parameter,
but that is not a point of concern if our goal is only to have location and
scale invariant M-estimators of fS.

An alternative way of having location and scale invariant
M-estimators of f is to use simultaneous M-estimation method for
estimating f and v of (2.3.38) as discussed in Huber (1981). We mention
here, without giving details, that it is possible to study the asymptotic joint
distribution ogl these estimators under heteroscedastic errors by using the
results of Chapter 2.

We shall now study the asymptotic distributions of s; and s; under
the model (1.1.1). With F; denoting the d.f. of e;, H=n"1%; F;, let

(6) pi(y) == H(y) — H(-y),

(7) pa(y) := [[H(y + x) — H(-y + x)] dH(x), y20.
Define 7; and 7, by the relations

(8) pi(m) = 1/2,

(9) p272) = 1/2.

Note that in the case F; = F, 9; is median of the distribution of
|ei] and 7, is median of the distribution of |e;—eg|. In general, j, pj,
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etc., depend on n, but we suppress this for the sake of convenience.

The asymptotic distribution of s; is obtained by the usual method of
connecting the event {sj < a} with certain events based on certain empirical
processes, as is done when studying the asymptotic distribution of the sample
median, j =1, 2. Accordingly, let

(10) S(y) =21(]Yi - xif| <),
T(y) =, 33 X1 Vi = Y; ~ (xi-x)) B <), y20.

Then, for an a > 0,

(11) {s1 < a} = {S(a) > (n+1)271}, n odd,
{S(a) > 027"} ¢ {s1 < a} C{S(a) 2m27" ~1}, n even.

Similarly, for an a > 0,

(12) {s2<a}={T(a) 2 (N+1)271}, N := n(n—1)/2 odd,
{T(a) > N2} ¢ {s; < a} C {T(a) 2 N2 71 -1}, N even.
Thus, to study the asymptotic distributions of s;, j = 1, 2, it suffices to

study those of S(y) and T(y), y> 0.
In what follows we shall be using the notation of Chapter 2 with the

following modifications. As before, we shall write S, u} etc. for Sq, ug etc.
of (2.3.1) whenever dj;= n /2 Moreover, in (2.3.1), we shall take

(13) Xi=Yi—x,iﬂ= ej, ¢i = Ax;, 1<i<n.
With these modifications, for all n > 1,

(14) S =80V -8, ) = 2 2B Jei—ci vl <),
27'T(y) = f[83(r+x, v) - Si(y+x, ¥)] 83(dx, v) - 1, y20,

with probability 1, where v = A-I(B —f). Let

(15) u?(Y1 Il) = ﬂl(H(Y)7 ll), Y(i(Y) u) = Yl(H(Y)) 11), —o<Yy<uw

W(Y! 'll) = Y?(Y) 11) - Y(i(_y, 11),
K(y, w) = [[Y30+% 1) - Yooy+x, W] dB(x), 320, ueR®.



4.3 DISTRIBUTION OF SOME SCALE ESTIMATORS 85

We shall write W(y), K(y) etc. for W(y, 0), K(y, 0) etc.
Theorem 4.3.1. Assume that (1.1.1) holds with X and {Fpi}

satisfying (NX) and (2.3.3). Moreover, assume that H is strictly increasing
for each n and that

(16) lim,  lim supn <Sl<1p [H(H_l(s+5)tfyz) - H(H'l(s)*%)] =0.
0<s<{1—4§

About {B} assume that

(17) AT (B - B)ll = Op(1).
Then, V¥V a€R,

(18)  P(a'*(s;— 1) < am)
= P(W(m) + 0725 xiA {fi(m) - fi(-m)}-¥
> —a-ym” % [fi(m) + fi(—m)]) + o(1),
(19) P(n1/2(32 —72) < a72)
= P(2K(72) + 0%/ ey [ (1) (=12t (x)- v
> -raan "3 [ [6(v+%) + fi(—r+x)] AH(x)) + o(1).
where cij = (xi—Xj),A, 1<i,j<n.

Proof. We shall give the proof of (19) only; that of (182 being similar
and less involved. Fix an a€R and let Qpn(a) denote the left hand side of

(19). Assume that n is large enough so that a, := (an_ll 2 4 1)y, > 0.

Then, by (12),

(20) Qn(a) = P(T(an) 2 (N+1)/2), Nodd (N :=n(n-1)/2),
P(T(an) > N/2) < Qu(a) < P(T(an) > N272-1), N even.

It thus suffices to study P(T(aa) 2 N2 4+ b), beR. Now, let

Ty(y) := 0 220 ' T(y)+1) — 2"/ %pu(y), y20,
ky := (N + 2b) 2732 4 272 a2 a,).
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Then, direct calculations show that

(21) P(T(an) > N27! + b) = P(T(an) 2 ka).
We now analyze kn: By (9),

ko = — 0/2(pa(an) — po(12)) + O(n~*/3).
But

2"%(py(an) — pa(12))
= /2 [ [{H(an+%) — (1)} — {B(—anx) — B(=1+x)}] dB ().

By (2.3.3), the sequence of distributions {p;} is tight on (R,2), implying
that ¥, = O(1), n Y/ 2y, = o(1). Consequently, in view (2.3.3),

n'/? [ {H(san + x) - H(+72 + x)} dH(x)

= ampn ' [fi(+72 + %) dH(x) + o1),
and

(22)  kn=—aym 5 [[fi(7+x) + fi(—r+x)ldH(x) + o(1).

Next, we approzimate Tian) by a sum of independent r.v.’s. The
proof is similar to the one used in approximating linear rank statistics of
Section 3.4. From the definition of T; and (14),

(28)  Tuy) =02 f[S3y+x, v) = Si(y+x, V)] Si(dx, ) — 2/ pa(y)
=072 [ [Y§(y+x, v) - Yi(~y+x, )] $3(dx, v)
#0712 [ (43, v) iy, W] Yi(dx, v)
#0772 [y, v) - (y+x, 9] iiex, v) -0 paly)

= E((y) + Exy) + Es(y), say.
But
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(24)  Ealy) == 0 2 [ [uS3+x, v) — pS(y+x, )] £i(dx, v) -0 2py(y)

= 0¥’y 3 [{Fily+xsciy) - Fi(yxteiy) - Fily+x)
+ Fi(—y+x)} dFj(x)
— n—3/22i ? c;] v f[fi(y+x) —_ fi(—y-l-X)] dFJ(X) + -O_p(].),

by (2.3. 2 (NX) and (17) In this proof, op(1) means op(1) uniformly in
|y| <k, for every 0 <k < .

Integratlon by parts, (17), (2.3.25), H increasing and the fact that
fn"2u5(dx, v) = 1 yield that
(25)  Ea(y) =12 [ {ulr+x, v) - ul(y+x, )} Yi(ax, v)
=72 [ {¥i(y+x, v) = Y3+, )} 4i(dx, v)
= [{Yi(y+x) - Yi(—y+x)} dH(x) + 5p(1).
Similarly,

(26)  Eiy) =072 [ {¥3r+x) - Yi(y+x)} S3(dx) + 5p(1).

1{\10?; observe that n -1/ 281 H;,, the ordinary empirical d.f. of the errors
ej}. Let

En(y) = [{Yi(y+x)-Yi(-y+x)} d(Ha(x) - H(x)) = Z(y) — Z-y),

where

Zy) = [ Yi(sy+x) d[Ha(x) - B()), y20.
We shall show that
27) Z(+apn) = op(1).

But
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| Z(xan) — Z(+72)| = | [ [Yi(B(san+x)) — Yi(H(s72+x))]d(Ha(x) - H(x))|.
<2 Iy—ZIST:Yn_llz'rl Yi(H(y)) — Yi(H(2))]-
(28) = op(1),

1/2

because of (2.3.3) and Corollary 2.3.1 applied with dp; = n
prove (27), 1t suffices to show that

(29) Z+72) = 05(1).
But .
25| = | [ [Vi(H(rt B (1)) ~ Vi(H(ertH ' (1)))]dt)

¢ sup | Yy(H(zp+H '(H Hp'(t))) - Yy(H(z 7+ H '(1)))]
0<t<1
= Op(l)’
by the assumption (16), Lemma 3.4.1 and Corollary 2.3.1 applied with

dni = 0 /2. This proves (27). Consequently, from (26) and an argument
like (28), it follows that

Thus, to

(30) Ei(an) = [ {Y3(an+x) — Y3(—an+x)} dH(x) + 0p(1)
= [{¥i(m+x) - Yi(~7+x)} dH(x) + 0(1).
From (23), (24), (25), (30) and the definition (15), we obtain
(81) Ti(an) = 2K(r2) + 0"/’ iy [ {fi(7r4x) — fi(~12+x)} dFi(x)-v
+ op(1).
Now, from the definition of k, and (22), it follows that the lim k, does not
depend on b. Thus the limit of the l.h.s. of (21) is the same for b = —1, 0,
1/2, and, in view of (21), (22) and (31), it is given by the first term on the
r.h.s. of (19). o

Remark 4.3.1. Observe that, in view of (8) and (9),
W) =028 {I(es] < 72) - 1/2},
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K(12) = [ {H(y2+x) - H(=yz+x)} dY$(x)

= n—1/2)3i {H(72 + ei) - H(—72 + ei) - 1/2}.

Thus, W(71) and K(7;) are the sums of bounded independent centered
1.v.’s and by the L-F CLT one obtains

(32) o1 W(7) — N(0,1) and 02! K(12) — N(0, 1),
where

o} = Var W(75) = 0 '%; {Fi(1)) — Fi(=1)H{1 — Fi(11) + Fi(-1)},
o5 = Var K(7) = 0% [ [H(yz+x) — H(—72+x)]? dFi(x) - (1/4).
Remark 4.3.2. If {F;} are all symmetric about zero, then from (32),

(18) and (19), it follows that the asymptotic distribution of s; and s, does

not depend on the initial estimator ﬂ of B. In fact, in this case we can
deduce that

(33) it - 1)rit = N(o, 1),

7'51 n1/2(82 - 72)7;1 _Ti’ N(07 1))
where
=01 {21 h(’h)}_z, h(x) := n % fi(x),

3= g3 {12 f h(72+x) dH(x)}_z. o

Remark 4.3.3. iid case. In the case F; = F, the asymptotic
distribution of s; depends on ﬂ unless F is symmetric around zero.

However, the asymptotic distribution of s, does not depend on p. This is
so because in this case the coefficient of v in (19) is

2732 3 3(xi - x;) A [ [f(12+x) — f(~72+x)dF(x) = 0.

That the asymptotic distribution of s, is independent of B is not
surprising because s; is essentially a symmetrized variant of s;. We
summarize this property of s, as
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Corollary 4.3.1. If in model (1.1.1), Fy; = F, F satisfies (F1), (F2)
and X satisfies (NX) then 3t nt/ 2(s9— 72) —2 N(0, 1), where

73 = { [ [P(rortx)F(—1ox)]” dF(x) — 1/4}- {f(724x) dF ()} % ©

Note that 7, is now the median of the distribution of |e; — ey].
Also, observe that the condition (16) now is equivalent to

sup [P(F(ei—y) < s+6)—P(F(e;—y)<s)] —0 as §—0,VyeR,
0<s<{1—-6

which is implied by the assumptions on F. o

4.4. R-ESTIMATORS OF 6.

Consider the model (1.1.1) and the vector of linear rank statistics

(1) T(t) := A1 Zi (xoi— Xn) @(Rir/ (n+1)), teR?,

where A; is as in (4.2a.12) and Ry is the rank of Yp; — x,',it among
{Ynj —Xajt, 1<j<n}.
One of the classes of R-estimators of f is defined by the relation
. P
(2) infe | T(t)]1 = | T(B)| =j§1|Tj(t)| =0,

T; being the jth component of T of (1). The estimators B were initially

studied by Adichie (1967) for the case p = 1 and by Jureckova (1971) for
p21L
Another class of R-estimators can be defined by the relation

(3) infe | T(t)]| = | T(A)-

Yet another class of estimators, introduced by Jaeckel (1972), are
defined by the relation

(4) infy J(t) = J(Bs)
where
(5) J(t) := % (Yni— Xnit) ¢(Rit/(n+1)), t € RP.

Jaeckel (op. cit.) showed that for every observation vector (Yy, ...,Yn)
and for every n > p, i ¢(i/n+1) = 0 implies that J(t) is nonnegative,
continuous and convex function of t. If, in addition, X; has the full rank p
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then the set {t; J(t)<b} is bounded for every 0 < b < w, where X is

defined at (4.2a.11). Consequently, Ps exists.
Moreover, the almost everywhere derivative of J, w.r.t. t, is

—A]lT(t). Thus, at f3, T is nearly equal to zero and hence B, B, and B
are essentially the same estimators. Jaeckel showed, using the a.u.l. property

of T(t) due to Juretkova (1971), that indeed ||A4(B;— Bs)|| = op(1).

Here we shall discuss the asymptotic distribution of {f;} under
general heteroscedastic errors. The main tool is the a.u.l. Theorem 3.2.4.

We shall also conclude that ||A(B; — fs)|| = op(1) under (1.1.1) with
general independent errors.

To begin with note that T of (1) is a p—vector (Ty, ..., Tp)' where
Tj(t) is a Tq(yp, u) — statistic of (3.1.2) with

(6) Xni = Yni— xl,liﬂ) Cni = Al(xni - in); u= A_ll(t - ﬂ);
dni = a(j)(Xni —Xn), 1£i<n; aj) =jth columnof Ay, 1<j<p.
Thus specializing Theorem 3.2.4 to this case readily gives

Lemma 4.4.1. Suppose that (1.1.1) holds with Fpn; as a d.f of eni,
1<i< n. In addition, assume that

(NX¢) (Xc’)(c)—1 ezists for all n > p,
max; (Xai — Xn) (Xe Xo) X(xai — Xn) = o(1).

About {Fpni} assume that H is strictly increasing for each n and that
(2.2.3b), (3.2.12), (3.2.35), (3.2.36) hold and that

(7) limg Limsupn sup [Li(s+6)—Lj(s)] =0, j=1,..,p

0<{s{1—6
where

Li(s) := % (a¢j) (Xni%n) ) Fui(H (s)), 0¢s¢1, 1<j<p.
Then, for every 0 < B < w,

(8) sup I'T(t) — T() + KnAT'(t-H)|| = 0p(1)
o€ €||AT (+-H)|I<B

where

1n _
Kn:= A, fo 2 (Xni — %a(5))(Xni — Xn) ai(s) de(s) As
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- -13
fhi(s) asin (3.2.35) and qni(s) := fni(H—l(s)), i<i<mn, 0<s<1. o

In order to prove the asymptotic normality of B,, we need to show
that [|AT}(Bz — B)|| = Op(1). To this effect let

p=Ar%i (xoi— %) [Fui(H ') dy,  S:=T(h) —p.

Observe that the distribution of ([92 — f) does not depend on f, even when
{eni} are not identically distributed.

Lemma 4.4.2. In addition to the assumptions of Lemma 4.4.1 suppose

that

(9) IS + sl = Op(1),

(10) lim inf, inf |0'Kn0| >a foran a> 0,
(11) K, ezists for all n > p, ||K;1|| = 0(1).

Then, for every ¢ >0, 0 < z < o, thereezista 0 < b <w and Ne such
that

(12) P( inf |[T(Au+ f)||22)21—¢ n2Ne
[[ull>b

Proof. Fixan €>0, 0 <z < o Without loss of generality assume
B = 0. Observe that by the C—S inequality

inf |T(A;u)|22  inf (0 T(rA, )%
[[ull>® lldll=1, |=[>b

Thus it suffices to prove that there exist a 0 <b < o and Ne such that

(13) P(  inf (0T(A,0)’>z)>1—¢ 1> Ne
lldl]=1, | x|>b

Let, for t € R?, T(t) := T(0) — K, A7't, so that, by (8) for every 0 < B < o,

(14) uﬁ) I<B| 0’ T(rA, 0) — 0 T(rA, 6)| = op(1).

S
llefl=1
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But
0 T(tA0) =0 (S+p)— 0Ky, Or.

By (9), there exist a Ke and an Nye such that
P(|S+p| <Ke)21—-¢/2, n> N
Choose b to satisfy

(15) b> (Ke+2¥%a™l, a asin (10).
Then
(16) P(  inf (0°T(xA;0)%>2)
lldl=1, | |>b
> P(IS + #ll <~z + b o 10'Ka 0])
0l|=1

SIS+ 4l <Ke)21—¢/2, Vn N
Therefore by (14) and (16) there exist Ne and b asin (15) such that

)] P(  inf (GIT(IAIH))2 >z)>1—¢ 1 Ne
lldll=1, | [ >b

But

0'T(rA0) = 0'As 3 (x: — D) @(Rir/(n+1)) = 1 ds p(Ri/(2+1)),
where d; = 0 A, (x; — X), Rir is the rank of Yj— r(x; — ')'Al 0. But
such a linear rank statistic is nondecreasing in r, for everev See, e.g.,

0.
Hijek (1969; Theorem 7E, Chapter II). This together with (17) enables one
to conclude (13) and hence (12). o

Theorem 4.4.1. Suppose that (1.1.1) holds and that the design matriz
X and the error d.f’s {Fpni} satisfy the assumptions of Lemmas 4.4.1 and
4.4.2 above. Then

(18) AT (B:— B —Ka'p = Kq'S + 0p(1).
Proof. Follows from Lemmas 4.4.1 and 4.4.2. o
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Remark 4.4.1. Arguing as in Jaeckal combined with an argument of
Lemma 4.4.2, one can show that ||A_11(f92 — B3)ll = op(1). Consequently,
under the conditions of Lemmas 4.4.1 and 4.4.2, B, and the Jaeckel
estimator ﬁ; also satisfy (18). o

Remark 4.4.2. Consider the case when Fy; = F, F a d.f. satisfying

(F1), (F2). Then p =0 and S = T(f). Moreover, under (NXc) all other
assumptions of Lemmas 4.4.1 and 4.4.2 are a priori satisfied. Note that here

bi=1, X4(s) =X and Ky = [fde(F)-Ipg.

Moreover, from Theorem 3.4.3 above, it follows that S =3 Ny(0, a:‘; Ioxp),

2 _ rloa 1 2 . . ..
0,= j; ¢ (u)du — ( j; go(u)du) . We summarize the above discussion in

Corollary 4.4.1. Suppose that (1.1.1) with Fni = F holds. Suppose
that F and X satisfy jFl), (F2f, and SNXC) In addition, suppose that ¢

is nondecreasing bounded on [0, 1] and [fdp(F) > 0. Then
(19) AT (B — B) = {f £ do(F)} "T(B) + op(1).
Moreover,
A (Br—B) — NO, lpg), 7= o) (fTdu(F))™ o

This result is quite general as far as the conditions on the design
matrix X and F are concerned but not that general as far as the score
function ¢ is concerned. o

Remark 4.4.2. Robusiness against heteroscedastic gross errors. First ,
we give a working definition of qualitative robustness. Consider the model
(1.1.1). Suppose that we have modeled the errors {ens, 1 <i < n} to bei.i.d.

F whereas their actual d.f.’s are {Fy;, 1<i<n}. Let Pn :=,ﬁlF, Qn:= ,ﬁani
1= 1=
denote the corresponding product probability measures.

Definition 4.4.1. A sequence of estimators f is said to be
qualitatively robust for # at F against Qn if it is consistent for A under
Pn and under those Qn that satisfy Py := max; supy|Fni(y) — F(y)| — 0.

The above definition is a variant of that of Hampel (1971). One could
use the notions of weak convergence on product probability spaces to give a
bit more general definition. For example we could insist that the Prohorov
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distance between Qo and Pn should tend to zero instead of requiring
Dn — 0. We do not pursue this any further here.

The result (18) can be used to study the qualitative robustness of B
against certain heteroscedastic errors. Consider, for example, the gross errors
model where, for some 0 € i € 1, with max; 6,3 — 0,

and, where G is d.f. having a uniformly continuous a.e. positive density. If,
in addition, {63} satisfy

(20) A1 Zi (xni — Xn) bnil| = O(1),

then one can readily see that ||K;1|| = 0O(1) and |g| = O(1). It follows

from (18) that B. is qualitatively robust against the above heteroscedastic
gross errors at every F that has uniformly continuous a.e. positive density.
Examples of 6y; satisfying (20) would be

bai=n 7% or Gi=p Y2 ||A; (xai—Xa)||, 1<i<n.

It may be argued that the latter choice of contaminating proportions {éni}
is more natural to linear regression than the former.

A similar remark is applicable to ,31 and 33- o

4.5. ESTIMATION OF Q(f).

Consider the model (1.1.1) with Fy; = F, where F is a d.f. with density f
on R. Define

(1) Q) = [1de(F)
where p € € of (3.2.1).

As is seen from Corollary 4.4.1, the parameter Q appears in the
asymptotic variance of R-estimators. The complete rank analysis of the
model (1.1.1) requires an estimate of Q. This estimate is used to
standardize rank test statistics when carrying out the ANOVA of linear
models using Jaeckal’s dispersion J of (4.4.5). See, for example,
Hettmansperger (1984) and references therein for the rank based ANOVA.

Lehmann (1963) and Sen (1966) give estimators of Q in the one and
two sample location models. These estimators are given in terms of lengths
of confidence intervals based on linear rank statistics. Koul (1971) extended
these estimators to the multiple linear regression model (1.1.1). In this case
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these estimators are given in terms of Lebesgue measures of certain
confidence regions based on ranks and are hard to compute for p > 1.

Cheng and Serfling (1981) discuss several estimators of Q when
observations are i.i.d. F, i.e., when there are no nuisance parameters. Some
of these estimators are obtained by replacing f by a kernel type density
estimator and F by an empirical d.f. in Q. Scheweder (1975) discusses
similar estimates of Q in the one sample location model.

In this section we discuss two types of estimators of Q. Both use a
kernel type density estimator of f based on the residuals and the ordinary
residual empirical d.f. to estimate F. The difference is in the way the
window width and the kernel are chosen. In one the window width is
partially based on the data and is of the order of square root of n and the
kernel is the histogram type whereas in the other the kernel and the window
width are arbitrary. It will be observed that the a.u.l. result about the
residual empirical process of Corollary 2.3.5 is the basic tool needed to prove
the consistency of these estimators.

We begin with the class of estimators where the window width is
partly based on the data. Define

2) p(y) := [ [F(y+x) — F(-y+x)] dp(F(x)), y20.

Since ¢ isad.f., p(y) = Pgle —e*| <y) where e, e* are independent r.v.’s
with respective d.f.>s F and ¢(F). Consequently, under (F1), the density of
p at 0 is 2Q. This suggests that an estimate of Q can be obtained by
estimating the slope of p at 0.

Recall the definition of the residual empirical process Hpq(y, t) from

(1.2.1). Let B be an estimator of A and define

(3) Ha(y) := Ha(y, ), y€R.

. A natural estimator of p is obtained by substituting H, for F inp,
v.i.z.,
(4) B (v) = [ [Ha(y+x) — Ha(-y+9)] de(fa(x),  y20.

Let —w = €< €y €y ¢ ... €y < &nyy= o denote the ordered

residuals {€;, 1<i< n}, where & =Y;— x'iB, 1<i<n. Since ¢(f1n)
assigns mass {¢(j/n) — ¢((j-1)/n))} toeach &:j, and zero mass to each of
the intervals (&¢j_), €¢jy), 1< j<n+1; it readily follows that Vy € R,
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Baly) = 2 {li/m) = o((F1)/n)} [aly+21)) — Hn (3+2))]

1o . . o T A o
(5) =1 3 {(i/n) = o((-1)/n)} BI(1&5) — & | <y).

From (5) one sees that pn(y) has the following interpretation. For
each j, one first computes the proportion of {€ i} falling in the interval
[-y+€¢j), y+é¢jy] and then py(y) gives the weighted average of such
proportions. Formula (5) is clearly suitable for computations.

Now, if {h,} is a sequence of positive numbers tending to zero, an
estimator of Q is given by

Qn = f)n(hn)/zhn-

This estimator can be viewed from the density estimation point of view also.
Consider a kernel-type density estimator f, of f based on the residuals {&;}:

P .
fa(x) := (20hn) " B 1(|x — & < ha),

which uses the window wy(x) = (1/2)-I(|x| < hp). Then a natural
estimator of Q is

St dulila) = 3 (o) - oD} fa(e ) = €.

Scheweder 51975) studied the asymptotic properties of this estimator
in the one sample location model. Observe that in this case the estimator of
Q does not depend on the estimator of the location parameter which makes
it relatively easier to derive its asymptotic properties.

In @, there is an arbitrariness due to the choice of the window width
h,. Here we recommend that h, be determined from the spread of the data

as follows. Let 0 < a < 1, ty be ath quantile of P, and define the
estimator ¢ of Q as

(6) 02 := pa(n V42 ) /(207 12).

The quantile t5 is an estimator of the ath quantile t* of p. Note
that if ¢(s) =s, then t% is the ath quantile of the distribution of |es-e,|
and tg is the ath quantile of the empirical d.f. p, of the r.v.’s {|&;-§;|, 1
<1i, j<n}. Thus, e.g., tn® = s, of (4.3.5). Similarly, if ¢(s) = I(s 2 0)
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then t% (tn) is ath quantile of the d.f. of |e;| (empirical d.f. of |&;], 1<i

< n). Again, here t;° would correspond to s; of (4.3.5). In any case, in

general, t% is a scale parameter in the sense of Bickel and Lehmann (1975).
The consistency of gn is asserted in the following

Theorem 4.5.1. Let (1.1.1) hold with Fyn; = F. In addition to (NX),

SF“I) and (F2), assume that B is an estimator of B satisfying (4.3.17).
hen,

(7) sup |¢n —Q(f)| = op(1).
vE &

The proof of (7) will be a consequence of the following three lemmas.

Lemma 4.5.1. Under the assumptions of Theorem 4.5.1, V 0< a < m,

(8) sip |02 pa(a %) — p(a %)} = op(1).
e ,0<z<a

Consequently, V0< a < m,

9) ol |21/2p(n"Y/22) — 22Q(f)| = op(1).
b} -Z_

Proof. We shall apply Corollary 2.3.5. Let v= A_I(B -h),
by =n 2% xg; A. Then, from (2.3.46), (3) and (4.3.17), we obtain
1

(10) sup |02 {f4(y) — Ha(y)} — bav £(y)| = 0p(1)-
- m_y_m
where
Ha(y) = Ha(y, £) 207" 8 K(eni < ) yeR

Also, we will use the notation of (2.3.1) with
(11) dpi = n_l/z, Xni = Yni —x,',iﬂ, Fpoi=F and u=0.

Then Yi(t, 0) = nY/2[Ha(F1(t)) —t], 0 <t < 1. Write Yi(-) for Yy(-, 0).
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Now, (10) and ¢ bounded imply that,
0'/?{pa(y) - p(y)} = 0'/? [ {Ha(y+x) — Ha(—y+x)} dg(Ha(x))
+bn v [ [f(y+x) — f(~y+x)] de(Ha(x))
-n'/?p(y) + (1)
(12) = Rai(y) + Rua(y) + Ras(y) + 0p(1),

where 0p(1) stands for a sequence of random processes that converge to
zero, uniformly in —w { y { w, ¢ € %, in probability, and where

Rai(y) = f{Yi(F(y+x)) = Yi(F(-y+x))} dp(Ha(x))
Rna(y) = ba v [ [i(y+x) — f(—y+x)] dg(Ha(x))
Ras(y) = 0'/2{ [ [F(y+x) - F(~y+x)] dg(Ha(x))
— [1F(y+x) - F(-y+x)] dp(F(x))}, yeR.

From (F1), (F2), the boundedness of ¢, and the asymptotic
continuity of Y;, which follows from Corollarf 2.2a.1, applied to the

quantities given in (11), we obtain, with k = 2a ||f]|

(13)  swp  [Ra@ %)< sup | Yilt) - Yi(s)] = op(1).
0<z<a, p€ & |t—s| <kn~ 2
Again, (F1) and the boundedness of ¢ imply, in a routine fashion,
that
(14) sup | Rai(n %2)| = op(1).

0<z€a, p€ €

Now consider Rp3. By the MVT, (F1) and the boundedness of ¢, the
first term of Rng(n_l/ 2z) can be written as

2 [ 1(£xen) dp(Ha(x)) = 22 [ £(x) dp(Ha(x)) + p(1)

-1/2

where {{x,n} are real numbers such that |&xn —x| < an /“. Do the same
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with the second integral and put the two together to obtain
Rns(n /%2) = 2a{ [ dp(fn) - [1de(F) } + 0p(1)

1 A
= 22{ [ [a(FHL'(t) - a(t)] delt) } +5(1).
But,

(15) Oiuglwﬁ;l(t) —t] <07 + supy |Ha(y) — F(y)| = o0p(1)
Lts

by (10) and the Glivenko-Cantelli Lemma. Hence, q being uniformly
continuous, we obtain

sup  |Ras(n Y%2)| = op(1).
0<{z€a, p€ €

This together with (12) — (15) completes the proof of (8) whereas that of (9)
follows from (8) and the fact that the uniform continuity of f implies that

sup lnl/zp(n—l/zz) -2z Q(f)] — 0. o
0<z<{a, p€ €

Lemma 4.5.2. Under the assumptions of Theorem 4.5.1,Y y > 0,

sup |Pa(y) — P(y)| = 0p(1)-
pE ¥

Proof. Proceed as in the proof of the previous lemma to rewrite

Pn(y) — P(¥) = Tni(y) + Tnoy) + Tas(y) + 0p(1)

where Ipj = n-l/anj, j=1,2,3, with Ryj defined at (12).
By Corollary 2.2a.2 applied to the quantities given at (10), || Y, =
Op(1) and hence f, ¢ bounded trivially imply that

sup |Tnj(y)| = op(1), i=12
¥E 8,520

Now, rewrite

Tas(y) = [f P(y+x) dp(Ha (x)) — [F(y+x) dp(F(x))]
- [ Fly+x) dplfin (x)) - [F(-y+x) dp(F(x))]
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= T'n(y) + Tn(-y), say.
But, V y€R,

1 -1, -

Ta(y) = [, {F(y + F(FHa (1)) - F(y + F'(t))} dei(t) = op(1),
because of (15) and because, by (F1) and (F2),V y >0, F(y + F_l(t)) is
uniformly continuous function of t € [0, 1]. O

Lemma 4.5.3. Under the conditions of Theorem 4.5.1, V¥ ¢ > 0,
P(|ta —t%] < et®, Vpe®) — 1.

Proof: Observe that the event [Pn((1—€)t%) < @ < Pu((1+€)t%)
implies the event [(1—€)t® < tn < (1+€)t°]. Hence, by two applications of

Lemma 4.5.2, once with y = (1+€)t°% and once with y = (1—€)t® we obtain
that

lim inf, P(|tn —t%| < €t%, YV p € ¥)
> P(p((1-€)t%) < a < p((1+6)t%), V pe¥) = 1. 0
Proof of Theorem 4.5.1. Clearly, V p € %

105 —Q(D)| = (262702 pa(a ™% 12) — 22 Q(D)|.
By Lemma 4.5.3, ¥V € > 0,
PO<ti<(14 et% Vope®)—1.

Hence (7) follows from (9) applied with a = (1+¢€)t% Lemma 5.4.3 and
Slutsky’s Theorem. o

Remark 4.5.1. The estimator g5 shifts the burden of choosing the
window width to the choice of a. There does not seem to be an easy way to
recommend a universal a@. In an empirical study done in Koul, Sievers and
McKean (1987) that investigated level and power of some rank tests in the
linear regression setting, a = 0.8 was found to be most desirable. o

Remark 4.5.2. It is an interesting theoretical exercise to see if, for

some 0 < § < 1, the processes {nl/ 2(9{'{ —Q), 6<a<1— 48 converge
weakly to a Gaussian process. In the case ¢(t) =t, Thewarapperuma (1987)
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has proved, under (F1), (F2), (NX), and (4.3.17), that V fixed 0 < a < 1,
/%92 — Q(f)) — N(o, o%), where o = 16 {[(x)dx — (J2(x)dx)’}. @

Remark 4.5.3. As mentioned earlier, {ty, ¢ € ¥} provides a class of

scale estimators for the class of scale parameters {t% ¢ €#}. Recall that
s; and sy of (4.3.5) are special cases of these estimators. The former is
obtained by taking ¢(u) =I(u > 0) and the latter by taking ¢(u) = u. For
general interest we state a theorem below, giving asymptotic normality of
these estimators. The details of proof are similar to those of Theorem 4.3.1.
To state this theorem we need to introduce appropriately modified analogues
of the entities defined at (4.3.15):

Ki(y) := [ [Yi(y+x) — Yi(—y+x)] dp(F(x)),
Koy) := [ Yx) [{(y+x) — f(-y+x)] {f{(x)} " dp(F(x)),
K(y) := Ki(y) — Ku(y), y20,

where Y9 is as (4.3.15) adapted to the i.i.d. errors setup. It is easy to check
that K(t%) isn "2, {asum of i.i.d. r.v.’s} with EK(t%) =0 and
0< (¢7°’)2 := Var(K(t%)) < o, not depending on n.

Theorem 4.5.2. In addition to the conditions of Theorem 4.5.1,

assume that either ¢(t) = I(t 2 u), 0 < u< 1, fized or ¢ is uniformly
differentiable on [0,1]. Then, V 0 < a <1,

o/2(t5 %) — N(o, (vP),
where

(v)%:= ("1 [ +0) + A" )] d(F))} % o

We now turn to the arbitrary window width and kernel—type
estimators of Q. Accordingly, let K be a probability density on R, h, be a

sequence of positive numbers and B and {é;} be as before. Define
~ 4 n R
fn(x) (= (nhn) li{;lK((x - ei)/hn),

fo(x) := (nhn)'lii:\,lK((x —e3)/hn), xeR,

Oy = ffn(x) dw(ﬁn(x)).
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Theorem 4.5.3. Assume that the model (1.1.1) with Fp; = F holds. In
addition, assume that (F1), (F2), (NX) and (4.3.17) and the following hold:

(i) ha>0, hy—0, 0/%hy — o
(i) K is absolutely continuous with its a.e. derivative K satisfying

[1X| <.

Then,
(16) sup |Gn — Q(f)| = op(1).
peE€
Proof. First we show f, approximates f. This is done in several
steps. To begin with, summation by parts shows that
f(x) — fa(x) = —ha' [ [fa (x — by 2) — Ha(x — by 2)] K(z) dz

so that
10— foll_ < (0'/?h0) !+ l0"/?(fn — H)I|_- f 1K)

Hence, by (10) and the fact that |b,’,v| = Op(1) guaranteed by (4.3.17), it
readily follows that

(17) 10— fall | = Op((n"/?ha) ") = 0p(1).
Now, let
fa(x) == ha' [K((x—y)/ba) f(y) dy.
Note that integration by parts shows that
fa(x) = —hg! f K(z) F(x —hp z) dz
so that
(18) o — Zall < (0"/?h0) !+ |In"/*[Ha — Fl|_- 1K = (1),
by (i) and by the fact that ||n1/ 2(Hn - F)||m = Op(1). Moreover,

(19) Ifa—1fll ¢ sup |f(y)—1(x)| =o(1), by (F1).
|y—x| <hn
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Now, consider the difference
Qu—Q(f) = [ (fa—1) do(fa) + [ d[p(Hn) — ¢(F)]
= Dpn1 + Dny, say.
Let q(t) = f(F(t)). Then

sup |Dna| < sup |q(F(Hx'()) — a(t)] = op(1)
p€E € 0<t<1
by the uniform continuity of q and (15). Also,
sup |Day| < |lfa ~ 1]l = 0p(1)
o ” n n o P
by (17) — (19), thereby proving (16). oo





