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Multivariate distributions for the lifelengths of the com-
ponents of a system operating under a common environ-
ment, when the environment has a different effect on each
component, and when the environment is dynamic, are
derived. Modelling of the dynamic environment is by a
gamma process.

1. Introduction. Multivariate distributions for the lifelengths of biological
and engineering systems have been proposed by Freund (1961), Downton (1970),
Marshall and Olkin (1967), Lindley and Singpurwalla (1986), and Lee and Gross
(1990). In this paper we build upon the theme proposed by Lindley and Singpur-
walla, and generate classes of multivariate distributions which may lead to im-
proved assessments of system reliability.

As a motivating scenario, suppose that we have an m-component, parallel re-
dundant system, and suppose that the lifelengths of these components are judged
exponential with known scale parameters Ajg, A, ..., Amo When they are tested
in a laboratory individually. The );,’s [or more generally, the A;,(¢)’s, if the life-
lengths are judged to be other than exponential] will be referred to as the baseline
failure rates of the m components. Suppose that the effect of the common operating
environment—when assumed to be static over time—is to modulate each A;, by a
common factor 7, where 7 is unknown and has distribution G, so that the reliabili-
ties become exp{— f¢ nAi,(u)du}. Uncertainty about 7 induces dependence among
the component lifelengths T3,...,T,,. The T}’s, ¢ = 1,...,m, have a multivariate
distribution whose nature is prescribed by the form of G. When the operating
environment is dynamic, 7 becomes a function of time ¢, say 7(t); we will refer to
n, or more generally 7(t), t > 0, as the environmental factor function—henceforth
EFF. It is important to bear in mind that the EFF is merely a parameter that has
little, if any, physical meaning. It is introduced for convenience with the aim of
capturing our opinion about the effects of the environment on the failure rate of
each component.
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When m = 2, 7(t) = n and G is a gamma distribution with scale # and shape
a, Ty and T, will have a bivariate Pareto distribution (Johnson and Kotz [1972] p.
285) with a joint survival function

- def g *

(1) F(tl,tz) = P(Tl > 11,19 > tz) = (Alotl T ol +,3> , t1,19 > 0.

The above distribution, which can be transformed to a bivariate logistic distribu-
tion, was motivated by Lindley and Singpurwalla; it can be shown to be a special
case of the Dirichlet distribution. Currit and Singpurwalla (1988) compared the
behavior of F(t1,t2) with exp(—(A10t1 + A2ot2)), the survival function obtained un-
der the assumption that 77 and T, are independent and exponentially distributed
with parameters Ao and Agg, respectively, and showed that the two could lead to
drastically different results. The aim of this paper is to consider extensions of (1)
along the several lines described below.

2. Multiple Environmental Factor Functions with Dependence. A
natural way to expand upon the previous theme is to assume that each A;, is
modulated by n;, ¢ = 1,...,m, and that the uncertainty about the 7;’s is de-
scribed by a meaningful multivariate distribution. Dependencies between the 7;’s
can be motivated when some factors which constitute the environment—such as
temperature—may have an identical effect on all the components, whereas the
other factors—such as humidity—may have different effects on the different com-
ponents. A plausible model for describing dependencies among the 7;’s is due to
Cherian (1941) and David and Fix (1961)—henceforth C-D-F.

Let m = 2 and assume that 7; = Xo + Xj, ¢ = 1,2, where the random quantity
Xo captures the contribution of the common factors on both the components, and
X; captures the contribution of the other factors on component :. In the C-D-F
model, Xo, X; and X, are assumed to be independent, each having a gamma
distribution with scale (shape) parameter §;(a;), ¢ = 0, 1,2, respectively. Clearly,
n1 and 7, are dependent and have a joint density which may be easily derived (see
Johnson and Kotz (1972), pp. 216-220).

It is easy to verify that under the above scenario,

(2) Fepr(t,te) = ( Bo )“0 I, (—'Bi‘—)ai y t1,t2>0.
Atot1 + Azot2 + o ="\ oti + Bi

2.1. Inequalities for Survival Functions with Increasing Degrees of Dependence.
The nature of the dependence between Tj and T depends on the dependence
between 7, and 7,. In the case of (1), 7 = 72 = 1 and so the dependence between
71 and 72 is the strongest possible. The C-D-F case and the independent case are
increasingly less dependent. To facilitate the construction of three pairs of random
quantities (71,72), (11, 7;) and (11,7, ) with decreasing degrees of dependence, four
mutually independent random quantities Xo, X(',, X; and X { are introduced with
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Xo (X1) 4 Xo(X;), where the notation “X < Y” indicates that X has the same
distribution as Y. Let ;3 = np = Xo + X1, 7, = Xo + Xy and 7, = X, + X,
and suppose that X; and X have a gamma distribution with shape a; and scale

ﬂz, t = 0, 1. Cleaﬂy, 2 = 772 = "72 but the pa,lrs (771’172)7 (771,772)’ (7717 772) are
increasingly less dependent.

It is now easy to verify that the pair (7;,7;) [where 7; and 7, are identical]
will result in the bivariate survival function of the form given by (1); specifically

: g
Frq(ty,t ( b ) t1,t2 > 0.
FLs(tta) = Bi + Aoty + Aaotzs) T VS
When o3 = ay, the pair (71,7;) will lead to the bivariate survival function
(2), which because of its derivation via the C-D-F distribution will be denoted
Fopy(ti,tz). Finally, since 7 and 17;' are independent, the resulting survival
function is

- e Bo R b1 o
Fi(t, t2) = ey (ﬂo + /\eote) M= (ﬂ1 + /\motm) » tyt2 2 0.

D
Let “(X1,Y1) > (X3,Y2)” denote the fact that the pair (X7,Y7) is more depen-

) . D 1 D "
dent than the pair (X3,Y2). Then, by construction, (71,12) > (91,72) > (71, 72),
and now it is easy to verify

THEOREM 2.1.
Fj(tl,tg) < FCDF(tl’tZ) < FLS(tl,tz), for t;,t, > 0.

Thus, for any fixed t1, £ > 0, the bivariate survival function of 2 component
parallel redundant systems increases as the degree of dependence between their
EFF’s increases. The inequality generalizes for the case of m components. When
we set ; =t = ... = t,,, we obtain inequalities for the system reliability function
of series systems.

3. Dependencies Induced By Dynamic Environments. The material
in the previous two sections assumed that the EFF is constant over time, so that
7i(t) = i, i = 1,...,m. This assumption is not meaningful when the environment
is dynamic as is often the case. As a starting scenario, suppose that 7;(¢) = 7(t),
t>0and ¢=1,...,m, and suppose that our uncertainty about n(¢) is described
by a continuous time stochastic process, called the gamma process. The gamma
process for the EFF produces useful results, and can be motivated as the limit of
a piecewise constant EFF with independent gamma distributed innovations.

3.1. Motivating the Gamma Process. Suppose that 7(t) is a piecewise constant
right continuous function over specified time intervals [t;,%;4+1), j = 0,1,..., where
to = 0. Specifically, let n(t) = n;, t € [tj,tj41), with the 7;’s unknown. Suppose
that the environment is composed of a known number of at most s + 1 distinct
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stresses, each having the same effect on all the m components, with the k-th stress
contributing an innovation C to n;. The parameter 7; changes to 7;1; when one
or more of the innovations C} appears or disappears. Suppose further that the
effects of the innovations C}, are additive, so that n; = Y ;_o Ix(t;)Ck, 5 =0,1,. ..,
where Ix(t;) = 1, if the k—th stress is present in [t;,%;11), and is 0 otherwise. The
innovations Cj and the variables Ii(¢;) are assumed to be mutually independent
for all j = 0,1,...and all K = 0,1,...,s. If N;j, the number of stresses during
[tj,tj41) is known, but their identities are unknown, and if each C}, is assumed to
have a gamma distribution with parameters a and 3, then the 7;’s are independent
gamma distributed variables with parameter Njo and 8. It can now be shown [cf.

Youngren (1988), p. 54], that in the limit, as At; def (tj+1—1;) — 0, the cumulative
failure rate of the ¢-th component at time ¢, 0 <, <t < t,41, is a gamma process.
We denote the cumulative failure rate of the i-th component as

n—1

Ai(t) = Xio | D mitisr — 1) + ma(t — ta) | 5

j=0

recall that A;, is the baseline failure rate of the i-th component.

Instead of assuming that the 7;’s are independent as is done above, suppose
that the 7;’s have a time dependent structure as follows. Let

n; = 2?::0 Ck, and if one’s uncertainty about the Cy’s is described via a gamma
distribution with parameters a; and 3, then here again it can be shown [cf. Youn-
gren (1988), p. 60], that when At; — 0, 7(t) is a gamma process for any ¢ > 0.

3.2. Preliminaries on Gamma Processes. The gamma process is nonnegative,
nondecreasing in time and possesses independent increments. It has been studied
by Ferguson and Klass (1972), Cinlar (1980), and Dykstra and Laud (1981); the
use of gamma processes in survival analysis is primarily due to Ferguson (1973),
Ferguson and Phadia (1979), and Kalbfleisch (1978).

DEFINITION 3.1. Let a(t) be a nondecreasing left-continuous real valued
function on [0,00) with a(0) = 0, and let 8 € (0,00). A stochastic process
(Y'(2), t > 0) is said to be a gamma process with parameters a(t) and 3, denoted
“Y(t) € Gpr(a(t), B)”, if:

1. Y(0)=0

2. Y (t) has independent increments, and

3. Y(t) - Y(s) ~ v(a(t) — afs), %) forany 0 < s <t
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Dykstra and Laud (1981) extend the gamma process to include a time-varying
scale parameter 3(t).

DEFINITION 3.2. Let §(t), t > 0 be a positive right-continuous real valued
function, and let Y (t) € Gp,(a(t),1). The process Z(t) def Je B(s) dY(s) is an
extended gamma process denoted “Z(t) € Gp(a(t), B(t)).”

Note that the gamma process is a special case of the extended gamma process,
where 3(t) = 8 Vt.

Dykstra and Laud (1981) give the following properties of the extended gamma
process. Let Z(t) € Gp(a(t), 3(t)). Then

E[Z(1)]

[ 8 daw), V2] = [ *(w) da(u), and
0
Gyp(s) = exp [— /0 log(1 + s8(u)) da(u)] s> 0,

where G*Z(t) is the Laplace Stieltjes transform (LST) of the distribution of Z(%).

3.3. Modelling the EFF as a Gamma Process. Suppose that 7(t) is described
by a gamma process with parameters (a(t),%). If the baseline failure rate is a
continuous, positive, real valued function of time, then the following theorem is
used to derive the bivariate and marginal survival functions.

THEOREM. Let 7(t) € Gpr(a(t),%), let Ao(t) be a known continuous positive

real valued function and let A(t) = f3 Mo(w) n(u) du. Then the univariate survival
Junction is

F(t) = exp {— /Ot log[1 + %/: Ao(s) ds]da(u)} .

The proof of this theorem is based on Dykstra and Laud (1981), and is given by
Youngren (1988).

The bivariate survival function for 0 < #; < ¢, follows directly from the above
theorem. Specifically, F(t;,t3) =

exp {— /0t1 log[1 + %/utl(/\m(s) + A20(s)) ds]da(u)}
X  exp {— /t2 log[1 + ’—;—/:2 Az20(8) ds]da(u)} .

t1

We can choose plausible functional forms for a(t) and A;,(%), suggested by the
physical model of the environment, that enable us to obtain closed form solutions
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for the survival functions. If we use our time-dependent model of Section 3.1,
wherein 7(t) = 350 Ck, for t € [tj,2j11), then for s € [t tet1), n(t) — n(s) =
e +1 Ck is distributed as gamma with a shape parameter that depends on the
length of the interval (¢ — s). This leads, in the limit as At — 0, to a gamma
process with a linear shape function a(t), say a(t) = a;t, for some oy > 0,1 > 0.

Assume that 9(t) € Gpr(ast, %), which implies that the component failure rate

is Ai(t) = Xion(t) € Gpr(aat, i\éﬂ) For convenience let (31, d:ef Mo and By d§f Ag0.

B B
then the bivariate survival function for 0 < #; < 15 is

F(ty,t2) = (1+(Bu+ ﬂzl)tl)wlﬁ*ﬁ“j (14 Bai(t2 — tl))‘%’_

14 Btz — 1) 1 € a1tz .
[1 + (Bu + ﬁzl)tl] ' [1 + Ba1(t2 — tl)] , with

marginal failure rate functions r;(t;) = oy log[l + B ti], i = 1,2.
It is interesting to note that the marginal distributions can also be obtained
using an extended gamma process for A;(t) with shape parameter a(t) = a;t, and

scale parameter %‘9 = fBit.
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