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Abstract: It is well-known that Lj-estimators of autogressive parame-
ters are asymptotically Normal if the distribution function of the errors,
F(z), has F’(0) = X > 0. In this paper, we derive limiting distributions
of L-estimators under more general assumptions on F. Second-order
representations are also derived.
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1 Introduction

L, estimation provides a somewhat robust alternative to least squares
estimation for autoregressive models. Define a p-th order autoregressive
(AR(p)) process

Yi=do+hYir+ -+ dpYipt+es (1)

where {e;} are independent, identically distributed (i.i.d.) random variables
such that (a) E(e?) < oo; (b) & has median 0; (c) F(z) = P(e; < z) is
continuous at = 0.

We will assume that the process {Y;} is stationary; for this, we require
that

p
> e £1
k=1

for all complex z with modulus |z| < 1. Throughout this paper, we will
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assume the model (1) with the intercept ¢o; however, all of the results
given in the paper will go through (with appropriate modifications) if ¢y is
suppressed and only ¢1,-- -, ¢, are estimated.

Least squares (or some related method) is typically used to estimate the
parameters in the model (1). However, when the e;’s have heavy tails, least
squares is inefficient compared to some other methods; one such method
is Li-estimation. We define L-estimators, (;50,(;51, . ¢p, to minimize the
objective function

n
g(vo,v1,-++,vp) = Y |Yy —vo —v1Ye1 — - —vpYi . (2)

t=1
(This assumes that we have n + p observations but asymptotically has no
effect.) It is well-known (see Pollard, 1991; Wang and Wang, 1996) that
the asymptotic behaviour of L, estimators depends on the behaviour of the
distribution function F(x) for z close to 0. For example, if F/(0) = X > 0

then we have

\/ﬁ(an - ¢) —d Np+1(O>C/(4)‘2)) as m — 0o
where C'is a (p+ 1) x (p + 1) matrix defined to be
C = E[X:X]] (3)

where X; = (1,Y;—1,--+,Y;—p)T. Note that, contrary to popular belief,
it is not necessary for F' to be absolutely continuous to have asymptotic
normality.

The assumption that F'(0) = A > 0 is quite strong in the sense that it is
difficult to verify; given even very large samples, it is difficult to distinguish
between a density which is finite at 0 and one which has a singularity at 0.
For the sample median (which is the L;-estimator of location), it has been
shown that (for example, by de Haan and Taconis-Haantjes, 1979) that the
rate of convergence depends on the behaviour of F(z) for z close to the
population median; see also Smirnov (1952) who derives the domains of
attraction for sample quantiles. Similarly, it is not necessary for F' to be
differentiable in order to find a limiting distribution for the Li-estimator
an. We will assume that for some sequence {a,} with a, — 0o, there exists
a strictly increasing function 1 such that

Vn(F(t/an) — F(0)) = $(t) + 7a(t) (4)

where 7,(t) — 0 as n — oo for each t. Also define

w(t) = [ y(s)ds ©)
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and
t
0
Note that since t(t) is strictly increasing, ¥(t) will be strictly convex.

The formulation given above provides a great deal of flexibility. For
example, suppose that

Ra(t) = / r(s) ds. (6)

F(z) = F(0) = Asgn(z)|z|*L(|z|)

for z in a neighbourhood of 0 where a > 0 and L is a slowly varying function
at 0. (sgn(z) = 1if x is positive and —1 if z is negative.) In this case, we
can take

an =nCIL*(n) and <(t) = Asgn(t)[t|*

where L* is a slowly varying function at infinity. When F(z) is differentiable
at x = 0 with F'(0) = XA > 0 then ¥(t) = At and a, = /n; however, if
F(z) — F(0) = Azln(|z|™!) for = close to 0 then v(t) = At with a, =
Vvnln(n)/2. If F(z) is not differentiable at x = 0 but has positive one-
sided derivatives A* and A~ then

) ATt fort>0
W)“{A—t fort<0 °

(This occurs, for example, if the density has a jump at 0.)
In Section 2, we will determine the limiting distribution of the Li-
estimator under the general conditions on F described above, we will define

Zn(u) = % >~ [lee — " X/l — il - (7)
t=1

Note that Z,, is minimized at u = ap(¢,, — ¢). Zy, is a convex function and
hence if the finite dimensional distributions converge weakly to those of a
convex function Z, it follows that

an(an — @) —4 argmin(Z2)

provided argmin(Z) is almost surely unique (Geyer, 1996). What is inter-
esting is that only finite dimensional weak convergence is needed and not
any sort of functional weak convergence (although this is implied by the
finite dimensional convergence for convex functions).

In Section 3, we will obtain an “in distribution” Bahadur-Kiefer repre-
sentation for the L;-estimator under the general conditions described above.
This will be done by approximating Z, by an appropriate function Z; and
looking at the limiting behaviour of n'/4(Z, — Z3).
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2 Limiting distributions

In order to derive the limiting distributions of the L; estimators, we will
assume the following regularity conditions.

(Al) {e:} are 0 median, finite variance i.i.d. random variables with distribu-
tion function F satisfying (4) for some 1(t) and 7,(t).

(A2) For each u,
E[¥(ufX;)] = 7(u) < o0

where ¥U(t) is defined in (5) and 7(w) is a strictly convex function.
(A3) For each u, .
-11; ;Rﬂ(UTXt) —p 0
as n — oo where Ry(t) is defined in (6).

Note that condition (A1) implies that E[(u” X;)?] < oo; thus, depending
on the exact form of ¥, condition (A2) may be implied by (A1). A sufficient
condition for (A3) is E[|R,(uT X})|] — 0.

Theorem 1 Suppose that {Y:} is an AR(p) process satisfying (1) and that
Zn(u) is as defined in (7). Then under conditions (A1), (A2) and (A3),

(Zn(u1),-++, Zn(uk)) —a (Z2(u1),- -, Z(uk))

as n — oo where
Z(u) = uTW + 27(u)

with W a (p+1)-variate Normal random vector with mean 0 and covariance
matriz C defined in (3).

Proof: We will use the identity
Iz —y| — || = y[I(z < 0) — I(z > 0)] +2/0y[I(sc < s)—I(z <0)] ds
which is valid for z /£0. (I(A) is the indicator function of the set A.) Now
Zn(u) = Z (w) + 20 (u)
where
1™

ZWM(w) = NG S XTulI(e: <0) — I(e: > 0)]
t=1
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) 2an
and Z;"(u) = Z I(es < s5) — I(e; <0)] ds
t 1

= Zz,({‘?(u)

t=1
(with v = XTu/a,). Since, for each u, the summands in Z$ )(u) are
stationary martingale differences with finite variance, it follows from a mar-
tingale central limit theorem that

ZM (u) —»g uTW

and the convergence in distribution holds for any finite collection of u’s.
For Z{ (u) we have

29 (u) = tzn;ﬂz,&?(u)) ¥ i(zfi’:’) (w) - B(ZD w))).
Letting vs = X u = ;nvm, it follows t;at
ZE<Z‘” () = Zzy Ty [T - Foyas
- z / VA(F(s/an) — F(0)) ds

- —Z[\Il(uTXt)-f-Rn(uTXt)]
t=1
— 27(u)

where R, is defined in (6). For the remainder term in 2z )(u) we have
(since the summands are again martingale differences)

Var(Z® (u)) = ZE[ (2D (u) - B(Z2 (u)))?]

INA

%JNSIM

f/(B

|/\B

max | X7yl ZE(Z(2)(u)

IXTUIE(Z(2)( ))-

|/\§‘§

{XTu} is stationary with finite second moment and so

max | X7 u| —p 0.
1<t<n
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Thus
73 (u) = B(ZP(w) =50 asn— o0
and so Zﬁz)(u) —p 27(u). Thus we have
Zn(u) =g uTW + 27(u) = Z(u)

and the finite dimensional convergence holds trivially. O

The following corollary gives us a representation of the limiting distri-
bution of an(¢,, — ¢).

Corollary 2 Let (?)n minimize (2). Under the assumptions of Theorem 1,
an( @, — ¢) —a argmin(Z)
asm — oo.

Proof: Since 7 is strictly convex, Z, is strictly convex and so has a unique
minimum. The result follows from Geyer (1996). O

The limiting distribution given in Corollary 2 will not be normal unless
the function 7(u) is quadratic. In the following example, we illustrate the
computation of the limiting distribution in a special case.

Example 1 Consider the AR(1) process
Yi=¢o+ Y1 +e
where the €;’s are i.i.d. random variables with density

_ Jzl*  exp(—a])

fa(@) = 9T (a)

for some a > 0. (This is a two-sided Gamma distribution.) For z close to
0, we have @)zl )
__ sgn(z)|z|* exp(—x

and so setting a, = nl/2®) we get
1 [e3
Vn(Fa(t/an) — Fa(0)) — va(t) = msgn(t)ltl

with et
|\/ﬁ(Fa(t/an) - Fa(o)) - ¢a(t)| < k(a) nl/(20)"
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It is easy to verify that conditions (A1), (A2) and (A3) are all satisfied

(since E[|Y:|"] < oo for all » > 0) and so for given ¢g, ¢1, the limiting
objective function in Theorem 1 is

1
Za(uo,ul) = uoWo +u1 W7 + mE“’uO + ’U,1Y1|a+1]

where Wy and W1 are zero mean Normal random variables with Var(Wy) =
1, Var(W;) = E(Y{) and Cov(Wp,W1) = E(Y1). By differentiation, we
determine the minimizers of Z,, Uy and Us, to satisfy the equations

1 PPN
Wo + =———do(To,01) = 0

I'(a+1)
]. -~ ~
Wi+ mdl(UmUl) =0

where

do(uo,u1) = E[sgn(uo+uiY1)|up +uw1Y1|%] and
di(uo,u1) = FE[sgn(up+ui1Y1)Yi|uo +u1Y1|].
(sgn(z) = 1 or —1 depending on whether z is positive or negative.)

If fi(wp,ws) is the joint density of (Wp, W1), it then follows that the
joint density of (Jo, 1) (that is, the limiting density of an (¢, — ¢)) is

fuluo,w1) = o) a0
1 do(ug,u1) di(ug,u
wa ( ]__(‘)(ao_i_ 11) ’ Il‘(a0+ 11) > (dOO(UO,Ul)dn(uo,ul) - d%g(uo,ul))

where

doo(uo,u1) = E [|u0 + ulYlla_l]
dy1(ug,u1) = E [Y12|u0 + u1Y1|°"1] and
dio(ug,u1) = E [Y1|U0 + U1Y1|a_1] .

The density fy cannot easily be computed analytically (unless ¢; = 0) but
can be computed feasibly using Monte Carlo sampling.

3 Second order properties

It follows from the proof of Theorem 1 that we can approximate Z, by the
function

Zk(u) = v ZXT [I(e: > 0) — I(er < 0)] + 27(u). (8)
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It is easy to see that we can approximate an(c’t\)n — ¢) by the minimizer of
Zy. For example, if ¢(t) = At (for some A > 0) and ap = /n, it follows
that 7(u) = MuTCu/2 and so we can approximate /n(¢,, — ¢) by
2)\1/_ iC’_lXt[I(et > 0) — I(&t < 0)]

s

More generally, we have

an@n -¢) =~ h! (W/2)

where h(u) is the gradient of 7(u), h™! its inverse and
1 n
W, = —S"X,[I .y .
Tn ;ﬂ: tll(ee > 0) — I(er < 0)] (9)

(Typically, h(u) = E[X3(uT X;)].) Theorems which deal with the asymp-
totic behaviour of this approximation error are commonly known as Bahadur-
Kiefer theorems due to their connection with the work of Bahadur (1966)
and Kiefer (1967) for sample quantiles. What will be proved below is an “in
distribution” (as opposed to “almost sure”) Bahadur-Kiefer theorem. The
following lemma will be useful in determining the asymptotic behaviour of
the approximation error.

Lemma 3 Define
gn(u) = —zpu+pu(u)  ha(u) = —zgu+p(u)

and let u, = argmin(gy), vy, = argmin(hy,). Suppose that
(Z) Zn — X0,
(ii) wp, — vy, — 0

(i11) for any t, u and w,

pr(u + tw) — pp(u) = /Ot wlp, (u+ sw)ds

and .
p(u +tw) — p(u) = /0 wTlp(u + sw) ds

for some functions {1} and ¢ where ¥ is one-to-one.

(iv) vo = ¥~ (zg) exists and for some o >0

4 (u) — P ()| < kllu —»|*
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for all u, v in a neighbourhood of vg;

(v) For some sequence {bp} with b, — co and any compact set K,
sup || (v, (u) — P(u)) — do(u)|| — 0
ueK

where dy s a continuous function.
Then
bn("b(”n) - "p(vn)) - _dO('UO)

where vy = 'tp_l(mo).

A proof of Lemma 3 will not be given here. Note that if the function
1(u) has continuous partial derivatives at u = vo then under the conditions
of Lemma 3 we have

b (up, — vy,) — —Hp‘l('uo)do('vo)

provided H,(u), the Hessian of p, is invertible at u = vy.

Lemma 3 will be applied to sequences of random elements by appealing
to a Skorokhod-type arguments (see, for example, van der Vaart and Well-
ner, 1996) to construct almost surely convergent sequences. To do this, we
will define a space B,(R?) of locally bounded R"-valued functions defined
on R%. (By “locally bounded” we mean bounded on compact sets.) If {g,,}
and g are elements of B.(R?) then we will say that {g,,} converges to g if

sup [|lg,(u) — g(u)|| =0
ueK

for all compact subsets K of R%. A possible metric for this topology is

dig,h) = 3 min(1, (g, )2~
k=1

where

dr(g,h) = ”shlgk lg(u) — h(u)]|-

We also define Cr(Rd) to be the space of R"-valued continuous functions
on R% C,(RY) is a separable subset of B,.(R%). If {D,} and D are random
elements of B,(R?) such that D, —4 D and D is (with probability 1) a
random element of C,(R?) then it is possible find almost surely convergent
representations of {D,} and D.
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(A4) For each compact set K,

sup n'/4 HE[Xtrn(uTXt)]H -0
ueK

as n — OQ.

(A5) For each compact set K, we have

1 n
- Z X?Xtrn(uTXt)
nia

sup

—5 0
P
ueK

as n — oQ.

(A6) For each u, E [X%Fthw(uTXtN] is finite.

Theorem 4 Suppose that {Y;} is an AR(p) process satisfying (1) with Zy
and Zy; defined as in (7) and (8). Then under conditions (A1)-(A6), we
have

nY4(Zn(w) — ZE(w)) —q V(u) asn — oo

on Cy(RPTY) where
t
V(u+tw) - V(u) = 2/ wT D(u + sw)ds
0

and D(u) is a zero mean Gaussian process with D(0) =0 and

E[(D(u) - D(v))(D(u) - D@))T] = B [ X, XT W(u" X:) - (o7 X,)]|

Proof: Define
Va(u) = n!/4(Zn(u) — Z3(w))

and note that V,(0) = 0 for all n. We also have
¢
Vo(u + tw) — Vo (u) = 2/ w?T Dy (u + sw) ds
0

where
Dn(u) =
7 Y[/ X (I(er < uT Xi/an)
—I(er < 0)) = VB[ X p(u" X1)]]
since our assumptions imply that the gradient of 7(u) = E[¥(u? X,)] is
E[X(uf X¢)]. Clearly, D,(0) = O for all n and applying an appropriate
martingale central limit theorem (Hall and Heyde, 1980), it follows that
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the finite dimensional distributions of D,, converge to those of D. It is also
straightforward to verify that on each compact set K,

lim lim sup P sup |Drn(u) — Dp(v)|| >€] =0
810 n—oo lu—v]|<&;uveK

for every € > 0 by using an appropriate moment condition. Hence D,, —4
D on Bpi1(RPt!) and the conclusion follows. O

Theorem 5 Assume the conditions of Theorem 4 and let h(u) be the gra-
dient of T(u) with inverse h=1. If U minimizes Z and

[h(w) = (V)| < kllu—v||* (a>0)

for all u, v in a neighbourhood of U (k and a may depend on U ) then

~ w
/4 (h(an(@ — #)) — 752 ) —a DB (W/2)
asn — oo where W, is defined in (9), D is the Gaussian process defined in
Theorem 4 and W is a (p+ 1)-variate Normal random vector (independent
of D) with mean 0 and covariance matriz C.

Proof: Let U, = an(q?)n — ¢) minimize Z,. Then it is easy to verify that
(Un 0420 = 23)) —a (R (W/2), V)

as m — oo on the space RP*! x By (RP*!) where W and V are independent.
Since the limit is concentrated on a separable subset of RPt! x B (R’H‘l)
(namely RP+! x C;(RP*1)), we can construct a probability space and almost
surely convergent versions of {U,} and {n/*(Z, — Z*)}. The conclusion
follows by applying Lemma 3 to each convergent sequence. O

If h(u) is one-to-one (with inverse h™') and continuously differentiable
then it follows that (under the conditions of Theorem 5)

n!/4 [an(y — @) = h7 (W /2)] —a —H™} (b7 (W/2))D(™' (W /2))

provided that H(u), the Hessian of 7, is invertible outside of a set of
Lebesgue measure 0 in RPT1. This suggests the asymptotic expansion

~

an(fn—¢) = hTH(Wn/2)

‘n‘llﬁH (AT (Wa/2)D (R (Wi /2)) + op(n ™).
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(As before, W, is defined as in (9).) Whether this expansion is particularly
useful is an open question.

Evaluating the limiting distribution in Theorem 5 is tedious but not
overly difficult (provided, of course, that everything about {Y;} is known).
For a given u, D(u) is (p+ 1)-variate Normal with mean 0 and covariance
matrix

K(u) = E[X X{ [ (u" X,)|].

If K(u) is positive definition for u outside of a set of Lebesgue mea-
sure 0 then since W is independent of D, it follows that the density of
—-D(h"Y{(W/2)) is

1 H 1
h(@) = |C[1/2npH |1|<(1(LI)L|)1{/2 exp [“'71(“’ “)]

where
n(z,u) = " K~} (u)z + 4h(u)"C " h(u)

and the integration is over RP*! with |- | denoting determinant. Likewise
the density of —H~}(h~}(W/2))D(h™}(W /2)) is

1 H(u)|? 1
fa(@) = |C[/2 7P+ ulr((g?l'/? Xp [‘5”(“‘)] du

where
To(@,u) = 2T H(w)K " (u)H(w)z + 4h(u)"Ch(u).

In the following example, we derive the density fa in a simple case.

Example 2. Let Y; = & where {¢;} are i.i.d. random variables with
distribution function F satisfying F'(0) = A > 0. Suppose that we estimate
only the parameter ¢; of an AR(1) model; call this estimator ¢,. We then
have

T(u) = %)\02112

where 02 = E(e?). We also have C = 02 and H(u) = 7"(u) = Ao?. Finally,
K (u) = \y|u| where v = E[|e;|%]. It follows from Theorems 4 and 5 that

n1/4 (ﬁ(ﬁn — 2—-)\1ﬁ zn:}/t_l[f(st > 0) — I(Et < 0)]) —q S
t=1

where S has density

3/2 52 A
fs(z) = A 1/2/ [u|~ 1/Zexp[ 2( o'a? +4)\202u2)} du.

vlul
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S has a symmetric distribution with moment generating function

2,4 2
_ ot vt
Blexp(t)] = 2exp (W) ? (m)
where ® is the standard Normal distribution function.

4 Final comments

In this paper, we have derived first- and second-order limiting distributions
for the Lq-estimators of the parameters of an AR(p) process under fairly
general conditions on the error distribution. From a statistical point of
view, the fact that the asymptotic behaviour of the L,-estimators is so sen-
sitive to the behaviour of F(z) for x close to 0 is somewhat troubling. One
possible non-parametric approach to estimating the sampling distribution
of ;fbn is to bootstrap the AR(p) process by sampling with replacement from
the residuals e; = Y; — X ?an However, it is possible to show that, asymp-
totically, this bootstrap procedure is correct to first order only if ¥(t) is
a linear function and is never correct to second order. This is similar to
the results of Hall and Martin (1988) and Huang et al. (1996) for sample
quantiles of i.i.d. random variables. However, other approaches to boot-
strapping time series, such as frequency domain bootstrapping, may prove
to be more fruitful in this problem.

It may also be possible to exploit Lemma 3 to obtain an “almost sure”
Bahadur-Kiefer representation. Arcones (1996a, 1996b) and He and Shao
(1996) derive such representations for Ly-estimators in linear regression
models. However, these papers assume that F'(x), the distribution function
of the errors, is linear in a neighbourhood of z = 0. Using the notation
of Theorems 4 and 5, we can conjecture that, under appropriate regularity
conditions,

o(1)  (10)

(n/ In(In(n)))*/* (h(bn@n —®) - Tzﬁm)

with probability 1 where b, satisfies the condition

Jim /n/ In(n(m)) (F(t/b2) = F(0)) = %2

and the set of limit points of the left hand side of (10) is non-trivial.



328 Keith Knight

Acknowledgements

This research was supported by a grant from the Natural Sciences and
Engineering Research Council of Canada. The author would like to thank
a referee for some useful comments.

References

(1] Arcones, M.A. (1996a). The Bahadur-Kiefer representation of L, re-
gression estimators. Econometric Theory 12, 257-283.

[2] Arcones, M.A. (1996b). Second order representations of the least ab-
solute deviation regression estimator. Unpublished manuscript.

(3] Bahadur, R.R. (1966). A note on quantiles in large samples. Ann. Math.
Statist. 37, 577-580.

[4] de Haan, L. and E. Taconis-Haantjes (1979). On Bahadur’s represen-
tation of sample quantiles. Ann. Inst. Statist. Math. 31, 299-308.

[5] Geyer, C.J. (1996). On the asymptotics of convex stochastic optimiza-
tion. Unpublished manuscript.

[6] Hall, P. and C.C. Heyde (1980). Martingale Limit Theory and its Ap-
plication. New York: Academic Press.

[7] Hall, P. and M.A. Martin (1988). Exact convergence rate of bootstrap
quantile variance estimator. Probability theory and related fields 80,
261-268.

(8] He, X. and Q.-M. Shao (1996). A general Bahadur representation of M-
estimators and its application to linear regression with nonstochastic
designs. Ann. Statist. 24, 2608-2631.

[9] Huang, J.S., P.K. Sen and J. Shao (1996). Bootstrapping a sample
quantile when the density has a jump. Statistica Sinica 6, 299-309.

[10] Kiefer, J. (1967). On Bahadur’s representation of sample quantiles.
Ann. Math. Statist. 38, 1323-1342.

[11] Pollard, D. (1991). Asymptotics for least absolute deviation regression
estimators. Econometric Theory 7, 186-199.

[12] Smirnov, N.V. (1952). Limit distributions for the terms of a variational
series. American Mathematical Society Translation Series (1) 11, 82-
143.

[13] van der Vaart, A.W. and J.A. Wellner (1996). Weak Convergence
and Empirical Processes with Applications to Statistics. New York:
Springer.

[14] Wang, L. and J. Wang (1996). Limit distribution of L;-estimators for
time series: stationary linear models. Unpublished manuscript.





