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Bayesian Robustness

IMS Lecture Notes - Monograph Series (1996) Volume 29

PROTECTION AGAINST OUTLIERS USING A
SYMMETRIC STABLE LAW PRIOR!

By JEAN-FRANCOIS ANGERS

Université de Montréal

Estimation of the expectation of a multivariate normal random vector
is considered. The components of the mean vector are assumed to be
exchangeable. This information is modeled using a hierarchical prior
with independent symmetric stable law at the first stage level. It is
shown that the first stage Bayes estimator has an analytic expression
and that it is robust with respect to the presence of outlying observa-

tions.
1. Introduction. Let X = (X1, X,.. ., Xp)" have a p-variate normal
distribution with mean vector § = (61,6z,...,60,)" and covariance matrix

021, where o? is assumed to be known. The components of g are believed

to be exchangeable, and hence “shrinkage” estimation of them is desired.

The assumption of exchangeability of the components of § can be mod-
eled easily in a hierarchical Bayesian fashion with a two stage prior. The
use of hierarchical models provides a way to consider more complex models
since it allows the location and the structural information to be modeled
separately. In this paper, the first stage prior is of the form 7r1(6_”|,u, T) =
]’[f=1 T1,a(0;|1, T) where m; o denotes the density of a symmetric stable law
with parameters o, p and 7. The hyperparameter a controls the tail behav-
ior of the prior and it is assumed to be known. (As it will be seen at the end
of the third section, a does not need to be specified very accurately.) The
hyperparameters p and 7 represent the common location and scale parame-
ters of 7y o and their prior density is denoted by m2(u, 7). (Applications to
finance of the symmetric stable law are discussed in Press (1975).)

In Angers and Berger (1991), a generalized Bayes estimator was devel-
oped for the special case @ = 1. In Angers (1992), a similar problem was
considered but a Student-t density with 2k + 1 (k € N) degrees of freedom
was used as the first stage prior.

The goal of this paper is to present an estimator which is insensitive to
the presence of outlying coordinates, that is, one bad data point will not
overly influence all estimates. Furthermore, this estimator can be written
in an analytic form involving only hypergeometric functions. In Section 2,
the hierarchical Bayesian formulation of the problem is presented and the
proposed robust estimator is derived. In Section 3, its robust behavior is
studied. In the last section, a numerical example comparing the estimator
for several values of a is discussed.

1 AMS 1991 Subject Classifications: Primary 62F35; secondary 62F15, 62E25
Key words and phrases: Robust estimator, symmetric stable law, outliers.
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2. The robust hierarchical Bayes estimator. Let X ~ N,,(é; o?l,)

2 is assumed to
be known. The components of § are believed to be exchangeable which is

typically modeled via a two-stage prior:

with mean vector 8 and covariance matrix ¢2I,, where o

-

P
0|N’T ~ 7['1(0'/1, T) = H Wl,a(ajlﬂ” T) and (,u, T) ~ 7f2(H, T)'
i=1
2.1. Preliminaries. Let T; o be the Fourier transform of the first stage
prior density 7y o(6;]0,1) and fU) be the I*" derivative of the Fourier trans-
form of the likelihood function with 8; = 0Vj and o2 = 1. It can be shown
that, under the squared error loss (cf. Angers, 1995) we have:

m(z;|p,7) = the first stage marginal density of z;
1
= ;IO (T/Ua [iL‘] - H]/U) s
§J($]| p,T) = the first stage Bayes estimator of 6;

i L(r/ole =)o),
= N T (ol - ) M)

p(n,ajlxj,u, T) = the posterior expected loss of §j(:cj|u, T)

o (11 (r/o,[z; — pl/o) [a; = u]>2
ax? |\ Zo(r/o,[z; - plfo) o

_Iy(r/o[z; - #]/U)] ’

Io(r/0,[2; - ul/o)

where i = v/—1, Zj(a,b) = [ fO(s)7, (as)em’bsds forl=0,1,2.
Hence, the hierarchical Bayes estimator of §; is given by

(1) 0. =z 5N
i =0T o0

N f(;)o f—oo ]Zl ( ) [Hl;éj IO (a’ J—E)] 71'2(;1, T)dud‘r
-0 [H1=1 Iy (;, = )] mo(p, T)dpdT

and its posterior expected loss is given by

7 (50 [y 2 25) st
i Jo I2% [H1=1 0 (5, —‘U—E)] mo(p, 7)dpdr
~(2; = b;(@)*.
In this paper, we consider the choice of the independent symmetric stable
law, denoted by S,(u,7), as the first stage prior. This model was chosen

)

p(m,8;|%)
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because of its range of tail behavior (from Cauchy to normal tails) and also
because the first stage Bayes estimator of §; has an analytic expression. Ex-
cept for @ = 1 (Cauchy density) and a = 2 (normal density), the density of
So(, ) can not be written in closed form, but it is known (cf. Feller, 1966)
that the Fourier transform of my o(8) is given by 7 o(s) = exp{—(2~|s|)*}.

2.2. The first stage Bayes estimator.

THEOREM 1 Suppose that X ~ N(8,02) and 6 ~ S,(u,T) where o, pu, T
and a are known. Then,

To(a,b) = 715;(;0(@,@,
Ti(a,b) = —i2v/2bGy(a,b),
Zy(a,b) = —2v27[Go(a,b) — 2G4(a,b)],

N a+z+k+1)

where Gj(a,b) = _b2/2z( 1)1 (\/_ )
F, ( [la+2j k] k+21) 1;22)

1F1(7, 8, 2) denotes the degenerate hypergeometric function (cf. Gradishteyn
and Ryzhik, 1980) and where k = 0 if j is even and 1 otherwise.

PrOOF 1 We know that f(s) = e 2™ and %1 4(s) = e~ @™sD%, Hence
FW(s) = —4r2sf(s) and f@(s) = —4n2[1 — 47252 f(s). Consequently, in
order to compute the I;’s, we need to evaluate

oo C o~ .
h;(a,b) = / o F(s)71(as)e ™ ds.
—00
Using some algebra and special functions, we can show that
hi(a,b) = S SiRg(~ 1) HLeHlA (g

= z
o g

929 92
= 7 ),+1G (a, b) if j is even

and
hya,b) = S s (1) Kl (/g
x1Fy ( |a+J 1] 3 b2)

y929 2

= (—\/J_%G (a, b), if 7 is odd.

Hence,
Zo(a,b) = ho(a, b) = ﬁGO(aa b),
Il((l,b) —47r2h1(a,b) = —i2\/§bG1(a,b),
Ig(a, b) -—47!'2 [ho(a, b) - 47!'2112(0,, b)]
= =227 [Go(a,b) — 2Gz(a,b)].



276 J. Angers

THEOREM 2 If X; ~ N(8j,0%) and 0; ~ So(p,7) independently for j =
1,...,p where o, p, T and a are known and if L(6,0) = Yr (85— 6,2,
then

m(zlu,) = ——Go(r/afe; — /o),

Gl )
(2) 0;(z;jlp,7) J 2G0(T/0,[wj—p]/0)( i— K

G (r/o,[z; — pl/o)
Go(r/o,[z; — pl/o)

. (2G1 (r/9,[3; = /o) [a; - ulﬂ .

p(7r,§j|,u,7') = o’ [1_2

Go(r/o,[2; —pl/o) o

2.3. The hierarchical Bayes estimators. From equation (1), it is clear
that 6; is obtained by integrating equation (2) with respect to

[, Go(r/0,1a; = /)] malu,7)
f(?o ffooo [ ?:1 Go(t/o,[2; — ,u]/a)] 7l'2(,u,7')d,ud7"

3)  mau,7I8) =

THEOREM 3 Under the model given by Theorem 2 and if mo(u, T) is the prior
density of (u,T), then, provided that all the integrals exist,

p

) = —1— =" Tloz: — ul/o)| ™ T T
m(m) - (\/2-71'0')”/0 /;Oo [HGO( / 3[ J ,lL]/ ):l 2(/1" )d/id,

i=1

Go(7/o, [z — pl/o)

e 0_2 _ 0_2 w2 (1,7|E) GZ(T/Uv [(l?j - :u’]/a)jl
) 20°F [Go(r/a, (25 — pl/o)

— m2(p,7|Z) GI(T/O', [.’l?j - ,U:]/O‘) o ])2
! (E [Go(r/a, [z; _p]/a)( i—ml

where mo(u, T|Z) is given by equation (3),

A(i.’) = ;- 2E7\'2(LL,T|5,’) {GI(T/O', [:I:] - #]/0)(161 _ u):| ,

THEOREM 4 If mo(p,7) = 1, then all the integrals given in Theorem 3 exist
provided that p > 1+ 2/a.

Proor 2 Using algebra, it can be shown that

/ e 2 (als)gibag g < aole—pf ,
- (0?[1+ 20°]/2 + [& — p]2)UH/2
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where ¢y is an appropriate normalizing constant. Using Angers and Berger
(1991), we obtain

00 jo—s2/2,—(als|)* ibs cro|[z—pol—[p—po]’
|22, slem /e eds| < (20123 (o)
J+1]/2

. — 2
< e10 [l — pro] — [ — ol (rpistlemsell® )

— C10Q+{Jt—uol)]+1 ‘ z]
(02[1+2a2]/2+[u—po]2) 11172 =0

_ j—m|,, _ m
o ) 1E = sl | — pol™,

where o € R. Hence E™715)[07] < oo if

’ffoffom[f_ ja—s?/2¢—(als]) 2b’sd3h]k¢1 [Ze _32/2e—(a|s|)aeibksds}md7_|
< fo?[1+ |ar — poll ! (Teall + ok — piol]) Tihco ( 7 ) o1 — ol
X fO f o0 (02[1+2aa]|/g+7:l po2)(P+)/2 dpdr
PP+ =11/2[1 4|, — Moll(l_h L[+ lzi—po[]) T(1/a)
21/267-21([p+5]/2)

X Y2 o ( ,]n ) |21 — pol =™ (—"\/—i)m r (m;“) r (P+i—2"‘—1 - i)
< oo ifp>1+2/e.

Note that if the tail of the mp(p, 7) behaves as 77¢, it can be shown that
the integrals given in Theorem 3 exist provided that p > 1+ 2(1 — ¢)/a.

One way to evaluate the different quantities given in Theorem 3 is to use
Monte Carlo method with importance sampling. Since

; (Lt foi = ol )"
(4) m(&lp,7) < H <02[1 +2a°])/2+ [p - #0]2)
) x (o [0+ 26°)/2+ [ = o)

we can choose, as importance sampling function,

(6a ~ oo (uo, —2%,%2171)

2 a

-1 1 a—1
p—1 11 o5 -1)a
(7) a ~ Burr( 2 —E’—i’a)’ ie. g(a)= (1+2aa)([p 1]/2)-[1/a])"

3. Behavior of 53(5:') in presence of outlier. In order to study the
behavior of 6;(Z) in presence of outliers, we need to know the asymptotic
behavior of the hypergeometric function. In Olver (1974), it is shown that

1F1(7,6,2) = e 22775 x [1+ O(271)] if v is not a negative integer. Oth-

erwise, it can be shown that 1 F1(7,6,2) = (=1)" 7%(% z77 x [140(z71))].
Using this result, the following lemma can be easily proven.
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LEMMA 1 If1 < a < 2 and if |b] is large, then

[(k+1/2) = -1 . .
Jﬂm%ﬂmeHﬁW2Z¥_U Hsin(le+ j — K] /2)

XFUa+j+1)<i>m
1! 1|/

Gj(a,b) =

where k = 0 if j is even and 1 otherwise. If o = 2, then

Go(a,b) = \/,Tre—(O.S—az)bz’

Gi(a,b) = Go(a,b)/2,
Ga(a,) = [y7e /2 b2Go(a,b)] /2.

In the next theorem, the behavior of the first stage Bayes estimator (and
its posterior expected loss) is given for large values of |z — pl.

THEOREM 5 If|z — p| >> 0 and if 1 < @ < 2, then

sin(ar/2)T(a4+1) 7

m(z|p,T) - P + O(|z — p|~Ret]y,
~ ocX(a+1 2
belnr) = == G 0 - o),

(a+1)(a+3)

p(m,8lz,p,m) = o2 |14 +O(|z — p|~e+D),

[z — p]?

Proor 3 If |b| is large and if @ < 2, using the previous lemma, we have
that,

Go(a,b) = V2sin(ar/2)l(a+ 1)|_5% + O(|p| 2oy,
sin(er/2)[(a+2) a*

Gula,b) = 2v/2 |b]ot3 +O(|p| 71243y,
sin(ar /2)[(a+3) a® (20
Galet) = S s + 0 )

Consequently, using Theorem 2, one can show that

sin(ar/2)[(a+ 1) a*

m(zlp,7) = — e + OB,
~ ola+1)1 %
Belu,) = == DR 0(b),

2 1 3)1
p(m,8lu,7) = o? 1+(_O_‘L¥+_)g§+o(lb|—[2a+1])]_



Protection Against Outliers Using A Symmetric Stable Law Prior 279

SF(x)
0.0
1

Figure 1: Behavior of SF(z) = (8(z | pu,7) — z]/0 for outlying values of «
for u =0,7 =0 =1 and o = 1 (solid line), 1.25 (dotted line), 1.5 (“en”
dashed line) and 1.75 (“em” dashed line).

In Figure 1, the behavior of SF(z) = [a(zl,u, T)— w] /o is illustrated for
several values of a. It can be seen from this figure that the chosen value of
does not affect much the behavior of SF(z). For all values of a considered,
SF(z) is almost linear for small values of |z — u|/o. However, if |z — pu|/o
is large, the shrinkage function is monotonically decreasing towards 0. The
rate of decrease of SF(z) is controlled by a. The smaller « is, the faster
SF(z) goes to 0.

In the next theorem, the robustness behavior of 8;(&) is given.

THEOREM 6 For j = 1,2,...,0— 1,1+ 1,...,p, let X; ~ N(8;,02) (02
knownj, and 0; ~ So(p,7) wherel < a < 2 andp > 3+2/a. If|z;—p| — oo,
that is x; is an outlier, then

7"2(/1’77-'5) - W;(M,Tlf(_l)),
(7)) — i,
9}(1’5) —  Em w7l -n) [aj(wjlu,‘r)] forj #1,

p(ﬂvallf) - 02’

o2 — 202 E™s (mTlE(-n) G2(T/Ua[$j‘ﬂ]/a)]
2oT BT [Go(f/a,[wj-#]/a)

p(m,8;1%) —
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_s (privnzy (G0 lolei—pl/o) DQM.
4(E -v [GO(T/U,[%_#]/U)( i—m|) forj#l,

where 3(s, 7|7 () & 7 T (511, 7)-

PROOF 4 Let d; = minjy |z; — z;|. Using the dominated convergence theo-
rem and Theorem 5, we have:

hm]a:;]—»oo fooo ffooo [|$1|a+lm($l|lh T)] [Hj;él m(leu, T)] dudr
. oo) sin{(ar o T pxy— z) otl
=lim || ~oofo { { /2)71;( = _éod'/ZI [Hj;él m(””ﬂ/%")] du

T—p
sin(on/2)T(a+1)r2\P~1 rdi/2 |z ot im(z|ei+u,7)
+ ( T ) =di/2 [, lzj+ai—p|oH du
sin(an/2)I'(a+1)7*\P roo |z | +?
+ ( ™ ) fdl/2 [T=) lei+ai—plo+! d,u} dr

_ sin(awgz;)l“(aﬂz Joo o0 T2 m(2 |, T)dpdT < 00

if p>3+42/a. The rest of the proof follows directly from this result.

Note that, if there is k outliers z;,,...2;,, then

3 (1 TIZ by, mty) & T, m) T mleslu, 7).
i@tk

If mo(p,7) = 1, then all the quantities given in Theorem 6 exist if p >
2k + 1+ 2/a.

4. Numerical example. For the numerical example discussed in this
section, the second stage prior was chosen to be my(u,7) = 1. To evaluate
the integrals given in Theorem 3, the Monte Carlo method with importance
sampling was used. The importance sampling functions are given by equa-
tions (6) and (7). The observations vector used in this section has been
generated according to the following scheme:

1. generate 6; ~ 51(0,1),for j =1,...,10;
2. generate X; ~ N(0;,1),for j =1,...,10.

Using these observations we computed @(f), j=1,...,10 with a« = 1.0,
1.25, 1.5, 1.75 and 2.0. These values are given in Table 1 along with their
posterior expected loss (numbers in parentheses). From this table, one can
see that the choice of a does not influence much on (Z(a?) as long as o < 2.
Furthermore, gj(a'c') (for a < 2) has a limited shrinkage for large values of
zj, that is 21, and 219. However, this does not prevent the shrinkage for the
other coordinates.
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TABLE 1: Values of 5(:5‘) and p(m, 51':')
[ z;fla=1.0]a=1.25la =15]a =1.75]a = 2.0
-4.55( -4.35| -4.34| -4.31| -4.31| -3.32
(1.16)| (1.22)| (1.26)| (1.27)| (0.83)
-1.88( -1.51 -1.45( -1.41 -1.41| -1.27
(1.18)| (1.17)| (1.26)] (1.91)| (0.80)
-0.54( -0.20{ -0.16{ -0.13| -0.16] -0.24
(0.87)| (0.80)| (0.79)| (1.32)| (0.80)
-0.44| -0.12{ -0.08f -0.05| -0.08] -0.17
(0.86)| (0.78)| (0.79)| (1.22)| (0.80)
0.54| 0.58 0.61] 0.61 0.77  0.59
(0.87)| (0.86) (0.82)| (0.66)| (0.80)
0.91 0.83 0.86| 0.85 0.97| 0.87
(0.85)| (0.86) (0.84)| (0.80)| (0.81)
1.09 0.95 0.97| 0.97 1.08] 1.01
(0.85)| (0.85)| (0.83)| (0.84)| (0.81)
2.31 1.92 1.87 1.84 1.89 1.94
(0.94)| (0.83)[ (0.83)] (0.83)| (0.82)
2.58 2.19 2.13)  2.08 221 215
(1.01)| (0.92)| (0.88)] (0.89)| (0.83)
4.16 3.87 3.83| 3.79 3.75|  3.36
(1.25)| (1.30)| (1.43)| (1.29)| (0.86)
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