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Abstract

We consider the problem of predicting a spatial stationary process over
a fixed unit region [0,1]%,d > 1. We derive a linear nonparametric predictor
using an extended linear interpolation formula based on a regular sampling
design of size m?. Under some appropriate assumption on the spectral den-
sity,we give the rate of convergence of the corresponding integrated mean
squared error when the observations get dense in the whole region.
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1 Introduction and Results

The prediction of a spatial process from its observations at chosen sites is
relevant to problems related to geology and environment, known as kriging.
Parametric methods have been used to predict a process by means of a linear
model. The best linear unbiased estimator of the underlying parameter was
studied by many authors such as Cressie (1993), Matern (1986), Sacks, Welch
and Mitchell (1989).We wish to predict the process X (t),t € [0,1]¢ from
observations based on a systematic (regular) sampling design in the unit
region [0, 1)¢ which is divided into m? grids each of equal size 1/m. The best
linear predictor depends on the inverse of a covariance matrix generated
by the m® observations and thus this maybe subject to serious numerical
unstabilities. We consider in this paper a nonparametric approach to predict
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the process X (t),t € [0,1]%. We consider a weakly stationary process with
a spectral density ¢x that satisfies for ¢ > 1

/iRd |wil2q|wj|2q¢X(w)dw <00,4,j =1,...,d.

For ¢ = 1, the predictor X (t) when t belongs to a given grid is derived
by applying an extended La?i%e interpolation formula in each direction.
When t = (¢,...,t%) € [ k+1 [ for some k = (ky,...,kq) € {0,...,m —
1}¢ then the predictor is obtalned by applying the Lagrange interpolation
formula for every t* € (tx,,ty,41) = (ki/m, (ki + 1)/m), ki = 0,...,m,i =
1,..,d: i
X(t) = Z Cd(t’k,j)X(tk-i-l—j)
3=01,da)€{0,1}4

where Cy(t,k,j) = m?IIL, (=1)% = (¢’ — t4,+;) and tk = (tk,,-- - ,tk,). The
whole process can then be reconstructed for every t € [0,1]¢ and the error
of prediction is measured through an integrated mean squared error:

IMSE = / ][01 _ X(t))%t.

In the one-dimensional case d = 1 we obtain the classical interpolation for-
mula which was used by Su and Cambanis (1993), Muller and Ritter (1997)
for predicting a second order stochastic process. For higher dimension d,
Stein (1993,1995) considered the prediction of integrals of spatial processes
and studied the asymptotic properties of the mean squared error of approx-
imation. In his book, Stein (1999) gives a summary of his results and some
discussions on spatial interpolation.

When the observations get dense in the whole region (infill asymptotics),
the following theorem gives the rate of convergence of the integrated mean
squared error and the corresponding asymptotic constant in terms of the
spectral density.

Theorem 1. If a regular sampling design of size n = m¢
the spectral density ¢x of the process X satisfies

is used, and if

/.st jwil2lw; 2 (w)dw < 00,4, = 1,...,d,

then as m — oo
1
4 —
mt(IMSE) — — /w ha(w)dx (0)dw

where hg(w) = (X lwl )2 — Z 215l<l'§dwz2wl2"
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Example. In the practical case d = 2, the spectral density ¢x(w) =
ﬁmq satisfies the condition of the theorem for ¢ = 1. In this case the

rate is of order n~2 and the asymptotic constant will have hy(wy,ws) =
w} + wh + Swlwl.

The rate of convergence for the predictor X (t) cannot be faster than
n~4/? for smoother process ¢ > 1. However the rate is improved by using
a more sophisticated linear predictor which is constructed by applying the
extension of the Newton’s rules formulae to a spatial case up to some ap-
propriate order, see Benhenni and Cambanis (1992), Benhenni (1998) for
d=1.

For any positive integer i, let A’ be the increment of the i*? order operator

i
Alg(te) =3 (1) (“1) g (teer) 0 <k +i <m.

r=0

We define recursively the d-dimensional finite difference operator:
Ail ’m’idg(tkl yer e tkd) = Aid (Ail,m’id_lg(tkl P tkd_la )) (tkd)'

When t € [X Sﬂl[ for some k = (ki,...,kq) € {0,...,m — 1} then the

K tm? m
predictor is:

X(t)= > Cult,kDAM4X (t)
0<i1,eig<2q—1
where 1
s\ _ 1rd ] i
Cd(tv k, l) - Hj:l lej (m(tj - tkj))

and wi(u) =u(u—1)...(u—i+1),s > 1Lw(u) =1

Theorem 2. If a systematic sampling design of size n = m¢

if the spectral density ¢x of the process X satisfies for ¢ > 1

is used, and

[ Pl ()do < 00,55 = 1.,
then as m — oo

1
m*(IMSE) — e /m | haq(@)dx (w)dw

2
where hgq(w) = S w)? [} wi, (u)du + 2% 215l<l'§dwi2qw12'q( [ wag(u)du)

For high dimension d and low regularity ¢ the rate of convergence n~4a/d

becomes slower. Therefore in this case the above predictors may not be very



274 BENHENNI

efficient. It would then be interesting to study the interplay between the
dimensionality and the regularity of some specific processes. It is a harder
problem to study whether these predictors are asymptotically optimal within
the class of systematic samplings. That is whether the above predictors have
the same asymptotic performance as the optimal linear predictors for any

fixed sample size n. This is true for d = 1 and g = 1, see Su and Cambanis
(1993).

The same rules can be applied to predict the partial quadratic mean

derivatives X (1--+Ja)(t) of the process under stronger condition on the ex-
isting derivatives.

Ifte [%,Qt—;—l)[ for some k = (ky,...,kq) € {0,...,m — 1}¢ then the
predictor is:

X038 (t) = > Calt, k, A" X (t)
J1<41L2¢-1,...,ja<ia <291

Corollary. If a systematic sampling design of size n = m? is used, and
if the spectral density ¢x of the process X satisfies for ¢ > 1

. 9ae)lon Pk ()deo < oo,
with i,5 = 1,...,d where g4(w) = Hleaifi, then as m — oo

mi(IMSE) — [ ga(w)hag(w)éx w)de

2 2
where hgg(w) = T8, ! fy w3, (u)du+2% EISkllsdwquyq( I wag(u)du)”.

2 Proofs

Proof of theorem 1

The stationary spatial process X(t), t € [0,1]¢ can be expressed by
Cramer’s representation:

X(t) = /m AW ()

where W is a process with orthogonal increments associated to the spectral
measure with Radon-Nikodym derivative ¢x with respect to the Lebesgue
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measure. Then the prediction error can be written as:
B(X(t) - X(£)? = /gre |Rat, 1) P (w)dw

where
Rd(t7 k) = €exp (—’I:(.d,t) - Cd(t1 k,j) exp (-iwltk+1—j)

The Taylor expansion up to order two for every t! € (tk;» tk;+1) in the
neighborhood of t;, gives:

IR
exp (—iwt!) = eXp(_iwltkz){1_(iwl)(tl_tk1)+(iwl)2g_;—h)"'o((tl—tkz)z)}-
Then
d d (&' — tx,)?
exp (—iw't) = exp(—iw't){l =) (i)t —tg) + Z(z’w;)2——2’—
=1 =1

+ 22 gl i) (¢ - 1) (8" = k) (1 + 0(1))}-

Likewise for t = #x1_j, we have:

d . d N2
exp (—iw'ticr1-j) = exp(—iw't){l =~ Z(iw)(l—mﬂ_) + ) (iwy)? (lzmjzl)
=1 . l.=1
b Y e ST EZI) o Ly

The remainder can then be expressed as:
Ry(t,k) = exp (—iw'ty){Aq(t, k) +iB4(t, k)},

where

d
Ag(t,k) = 1— waﬁ_;’“—y + o((t = tg,)?)

=1
- Z ZISKI,dezwz/ (- tk,)(t" — g, ) (1 + 0(1))
- > Calt k)

j=(j1:"'1jd)€{0i1}d

d o . .
2 (1 —71) (1-7) (1= jv)
x{1=3 wj om2z 2D crcr e m m
=1 - -

+ o(#)}.
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and

d —
By(t,k) = Zwl(tl—tk, Y Gtk S
=1

"‘(jl)'":jd)e{o)l}d

Lemma. For every positive integer d, and every t = (t!,...,t%) €
,M[ for some k = (ky,...,kq) € {0,...,m — 1} we have:

[

j=(j1)"'7jd)€{0!1}d
(#7) Bg(t,k) =0
Proof. (i) and (ii) are proved by using the definition of Cy(t, k, j):

(i) > Calt,k,j) = milL, > (—=1)% (8 — tr,15,)
J=(1,-,Ja)€{0,1}4 J=01,-34)€{0,1}¢
= mTIE {(t" — tr,) — (£ —tg41) = L.

d .
(i) Y ki)Y w2

i=01,-ja)€{0,1}4 =1

d
= > w{mi —t,) > Iy i (8 — b}
=1

ji€{0,1}4,i=1,..d

Zd dygl 1
=1 artml kl)md_l

d
= Zw[(tl — tk,)-
=1

from (i).
Concentrating on Ag4(t, k), using the Lemma, we have:

Ag(t,k) = 1-—md > (—1)I AT (8 — thoys,)
(j17 )Jd)e{()l}d
d
k ]
+ Z — { (tl tk[)+md 2Hz;£l( tk,'+ji)}
ll
- Zzl<l<l’<dwlwl,(t _tk‘l)(t _tkl/)
x {1-m > (1) tad ) (= tes,)]

(jl r“’jd)\(jl 1jl’ )E{Oal}d_z
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Then again using the Lemma with the appropriate orders, we have

a

2
= =D Tt ) = o~ ) = )

Now we write:

A%(t,k)dt = // A%(t,k)(t)dt
/ /[0,1]d a(t, k) Z {ltk, e, +1],1=1,...d} b))

(kl ,...,kd)e{O,m—l}d

Using that ft Nas (8 — ty,)dtt = we have

A2(t, k)dt
/ /{[tkl )tkl+1])l=1""d} d

1 d 1
T 360mdte (3 ; wi + 52 zlSkl’de?wlZ') +o(a5a)

1 d 1
360md+4 (3(2 o) =3 Z:1§l<l’§d"’1l2wl2') + O(W)'

The final result follows from the assumption of the theorem.
Proof of theorem 2. Let f(t) = exp (—iw't) and

f(t) = Z Cd(ta k,i1,... 77:d)Ai1’”"idf(tk)
0<41,..-,24<2g—1

Then the prediction error can be written as:

BX(®) - X)) = [ 176) = F(6)x ().

We apply the Newton’s formulae for f with respect to each argument up to
order (2q — 1) and we obtain for any d > 1:

2 1
fe)=f(t) + WRd,q(t,k)
where putting Cp(t,k) =1
d
Rd,q(t k Z Z Cl—l(ta k,i,... 7il—1)w2q(m(tl - tkz)

=1 0<11,..,44<2g— l

A11,...,11_1,0,...,0W(tkl’ . 1tk[_17£l) tl+1, . ,td).
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where £ € (tk,,t’),l =1,...,d. This can also be written as:

Rd’q (t7 k)

82
Z w2q(m( tkl)) at[ (tk1 5. tkl_l P él’ tH-la cee atd)

d
+ Z Z Cl—l(t, k; 1, ,il—l)w2q(m(tl - tk[))

=1 0<4y,...iq<2-1, V".’_l{z‘j;ﬁo}

2q
Atri=1,0:-0 002/ t ,t 41 "
X atl (ku k1_1)£l7 yeees )

It is clear that for some i # 0, C—; (t, k, 41, . . ., 1) waq(Mm(t! —tg,)) = O(%).
This implies that:

1
Rd,q(t1 k) Zw2q m(t tk[)) Bt‘f (tkla tk[-u{l) tH_l, mee atd) + O(E)

Now we have that f(t) = Hd _, exp (iw;t?) so that —ft(t) = (iw)29f(t).

Using the Taylor expansion we have: a%:l[(t) = (iw;)? exp(i Zle wity,){1 -

Y& (fwr) (8 —tx,)(1+0(1))}. Moreover since the intermediate points satisfy
& = tg, + o(1), it follows that:

d

d
Ryq(t, k) = Z wzq(m(tl - tkl))(iwl)zq exp (1 Z witk,) + o(1).
=1 =1

Therefore

#6)- FOl = mz.,zwzq (! — i) + ol ).

Now we write:

[-[., ]dlf(t) - f(®)at
— 2
B / /{[t,,,,tk,+1]z 1, d}lf(t) f®Fd

(kl, ,kd)E{O m—l}d
. t .
Since ft:,’“ waq(m(t — ty,))dt! = L fol waq(u)du, we obtain

Vg = — L 1
/m/{[tk,,tk,+1],l=1,...d}|f(t) f#)fdt = (gq)!2m4qhd,q(w)+0( 4q+d)

The final result follows from the assumption of the theorem.
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