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1 Introduction

The aim of this paper is threefold. First we want to emphasize the impor-
tance of what is now called “Lepski’s method”, which appeared in a series
of papers by Lepski (see Lepskii, 1990, 1991, 1992a and b). Then we shall
present this method from an alternative point of view, different from the one
initially developed by Lepski. Finally we shall introduce some generalization
of the method and use it to prove some nice properties of it which, as far as
we know, have not yet been considered, even by its initiator.

Let us first give a brief and simplified account of the classical method
of Lepski. This method has been described in its general form and in great
details in Lepskii (1991) and the interested reader should of course have a
look at this milestone paper. Here we shall content ourselves to consider the
problem within the very classical “Gaussian white noise model”. According
to Ibragimov and Has’minskii (1981, p.5), it has been initially introduced as
a statistical model by Kotel’nikov (see Kotel'nikov, 1959). Since then, it has
been extensively studied by many authors from the former Soviet Union (see
for instance Ibragimov and Has’minskii, 1981, Pinsker, 1980, Efroimovich
and Pinsker, 1984) and more recently by Donoho and Johnstone (1994a and
b, 1995, 1996) and Birgé and Massart (1999), among many other references.
Although not at all confined to this framework, the method has been often
considered in the context of the Gaussian white noise model for the sake of
simplicity. This model can be described by a stochastic differential equation
of the form

(1.1) dY.(t) = s(t) dt +edW(t), €>0, 0<t<1,
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where s € 1,([0,1]) and W is a standard Brownian motion originating from
0. One wants to estimate the unknown function s using estimators §(g), i.e.
measurable functions of Y; and €. By “estimator”, Lepski actually means a
family {3(e)} of estimators depending on the parameter € which is assumed
to be small enough. In order to measure the performances of such estimators,
a classical way is to fix some distance d on L, ([0, 1]) (or some pseudo-distance
if d(s,t) = 0 does not necessarily imply that s = ¢ in L, ([0, 1])), some num-
ber ¢ > 1 and define the risk of the estimator at s as Eq[d9(s,3(¢))]. The
point of view chosen by Lepski is then definitely minimax and asymptotic.
He considers a family of parameter sets {Sp}gco and uniform rates of con-
vergences of estimators over those parameter sets. For a given estimator
8, he defines its rate r[3,60] on Sy and the minimax rate rps[f] on Sy given
respectively by

r(8,0](e) = ssgg E; [d7(s, 8(€))] and ry[f] = irélfr[é,ﬁ],

where the infimum is taken over all possible estimators. Comparing estima-
tors then amounts to comparing their rates, the rate r being better than
the rate v’ (r < ') if and only if limsup,_,q7(¢)/r'(¢) < +00 and two rates
being equivalent (r < 7’) if r < 7/ and ' < r. An estimator § is “rate
asymptotically minimax” on Sy, and therefore optimal from this point of
view, if r[3, 0] < ras[6].

The problem that Lepski considers in his papers is the following: starting
from a family of rate asymptotically minimax estimators {3p}sco, how can
one get adaptation over the family {Sp}sco, i.e. build a new estimator §
which is simultaneously rate asymptotically minimax over all the sets Sy,
i.e. satisfies r[3,0] < ry[6] for all § € ©. Let us give a brief and rough
account of his solution, rephrasing and simplifying his assumptions in the
following way (see Lepskii, 1991 for the precise ones). Lepski’s assumptions
are essentially equivalent to

1. © is a bounded subset of Rt;
2. the family {Sp}sce is nondecreasing with respect to 6;

3. the minimax rates rys[6] are, in a suitable sense, continuous with re-
spect to 0;

4. for each § € ©, one has available a rate asymptotically minimax esti-
mator $g on Sp;

5. for € small enough and each 6 € ©, d?(s, §¢(¢)) is suitably concentrated
around its expectation.
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Lepski then chooses, for each €, a suitable finite discretization 6; < ... <
On(e) of © and, given some large enough constant K, defines 4(c) = 05(6)
where

J = inf{j <n(e) | d?(89; (), 30, (€)) < Kr(3p,,0¢](e) for all k € (j,n(e)]}.

He shows that § = §; is simultaneously rate asymptotically minimax over
all the sets Sp.

This problem of asymptotic adaptation can also be considered from a
quite different point of view: if s € & = UpcoSy, there exists a smallest
value 6(s) of 6 such that s € Sy and, since we have therefore no idea of the
behaviour of the risk E, [d9(s, §¢(¢))] for 6 < 6(s), among the estimators at
hand, 34(;) can be considered as the best estimator for estimating s, among
the family of estimators {§g}gco. From this point of view, the problem to
be solved is to find a best estimator in a family of such estimators and it still
makes sense without any reference to the minimax and even to the family
{Se}sco. It can also be considered from a purely nonasymptotic point of
view and set up as follows. Given Model (1.1) with a known value of ¢
and an unknown value of s, a family of estimators {3¢(¢)}9co and some loss
function ¢, is it possible to design a method for selecting an “almost best”
estimator in the family? More precisely, assuming that s € § C L, ([0, 1]),
does there exist a constant C, independent of € and s € S and a random
selection procedure 6 based on Y. such that the estimator § = 8, satisfies

(1.2) E,[€(s,5(e))] < nggEs [£(s,36(c))] foralls€ S ande > 0.

This is precisely the problem we shall deal with in this paper by a suitable
modification of Lepski’s initial recipe. In order to allow an easier understand-
ing of our method and avoid technicalities, we shall stick to the Gaussian
white noise model and restrict our study to the case of a family {3g(¢)}sco
of projection estimators over a nested family of finite-dimensional linear sub-
spaces Sp of L ([0,1]) indexed by some subset © of N. We shall show that
(1.2) actually holds with & = L,([0,1]) and that one can even take C ar-
bitrarily close to 1 when e goes to zero under some suitable restrictions on
s.

The framework we use here is just the one we considered in Birgé and
Massart (1999) for studying penalized least squares estimators. Since penal-
ization can also be viewed as a method for selecting estimators, this allows
us to make a parallel between these two methods. Indeed, under the assump-
tions we use here, they are essentially equivalent. A discussion of the relative
merits of the two methods within a more general framework is beyond the
scope of this paper. Let us merely mention that Lepski’s method allows to
handle more general loss functions, while penalization allows to deal with
more general families of estimators.
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Lepski’s method has been put to use in various contexts and by sev-
eral authors. Let us mention here the papers by Efroimovich and Low
(1994), Lepski and Spokoiny (1995), Juditsky (1997), Lepski, Mammen and
Spokoiny (1997), Lepski and Levit (1998), Tsybakov (1998) and Butucea
(1999). Recently, Lepski has substantially improved his method by relax-
ing the monotonicity assumptions he previously imposed and which were in
particular inadequate to deal with estimation of multidimensional functions
with anisotropic smoothness. His new method, which he explained in a se-
ries of lectures (Lepski, 1998) could analogously be carried out in the context
we use below. In order to keep our presentation simple and short, we shall
dispense with this extension and content ourselves to present our point of
view derived from the initial method from Lepski (1991).

The procedure for selecting an estimator among some family that we
develop below is actually not exactly the original procedure proposed by
Lepski, but rather some modification of it which is better suited to our non-
asymptotic approach and avoids any reference to minimaxity. Nevertheless,
the ideas underlying our construction definitely belong to Lepski.

2 Preliminary considerations
2.1 The problem at hand

The problem we want to deal with is the estimation of some unknown func-
tion s € L,([0,1]) in the Gaussian white noise model (1.1). In order to
accomplish this task, we have at our disposal a family of projection esti-
mators {8m }mem corresponding to some nested family {Sm}mem of finite-
dimensional linear subspaces of L, ([0, 1]) with respective positive dimensions
D,,. Here M C N is either N* = N\ {0} or finite and equal to [1; M]NN and
the sequence (Dp)mem is strictly increasing. We recall that the projection
estimator §,, onto Sy, is derived from Y, by the formula

i =§; [ / : ¢j<t)dYs(t)] ¥,

where (¢1,...,%p,,) is an arbitrary orthonormal basis of Sy,.

Our purpose is then as follows: starting from the family of estimators
{8m}mem, build a new one, denoted by 3, function of those, of € and of the
sequence (D, )mea and such that

= 12 . 2 a2
E[ls - s’ <C_inf E[llsm—s|?],

with a constant C' independent of s and €. Here and in the sequel, E denotes
the expectation with respect to the distribution of the process Y;, as defined
by (1.1).
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Since the family {Sp,}mem is nested, one can always find an orthonor-
mal basis ¢1,...,9;,... of Lp([0,1]) such that S,, is the linear span of
(#1,.--,¢D,,) for each m € M. Then, if s = >_j>1Bip;, it follows from
(1.1) that, for all m € M, -

D 1
(23)  Sm=Y B  with §= /0 i (1)dYa(t) = B + ¢ Z;,
=

where the random variables Z;, j € M, are i.i.d. with distribution A(0,1).

2.2 Some properties of projection estimators

In order to describe some elementary properties of the projection estimators,
it will be useful to introduce some notations. Setting Dy = 0 and D, = +o0,
we consider for all pairs (m, g) with 0 < m < g < +oco the quantities B, Via
and U, given by

Dq Dq Dq
-2 2 2 _ -2 52
Bl =¢ E Bi, Va= E Z; and Ul =¢ E B;,
j=Dm+1 j=Dm+1 j=Dm+1

with the convention that Z;zk = 0 when k > [. Since the variables Z;
are i.i.d. A(0,1), it then follows that Vi has the distribution x%(Dgq — Dy)
of a chi square with Dy — Dy, degrees of freedom and UZ, the distribution

X'*>(Dg — Dy, v/B&) of a non-central chi square with D, — D, degrees of
freedom and noncentrality parameter \/Bf,. Therefore

E[Vi]=D,— Dy and E[UL] =D, — Dp+ BS.
One then derives from (2.3) that

Dm
24)  Wm-sl®= (D Z} |+ D A=V +BY),
7=1 3>Dm
E[l|3m — s/|*] = €® (Dm + Bgy)
and for any pair (j,m) € M? with j < m,

(2.5) ||3m — 3;|1> =2U* and E[||3m — 3;l%] = (BJ* + Dm — Dj) .
2.3 Optimal projection estimators

Given any sequence (Zm)mem such that limp_y 400 Tm = +00 when M is
infinite, one defines in a unique way

z; = inf
J meM m}

= inf{j|z; < zm for all m > j}.

(2.6) argmin{zm, m € M} = inf {j



118 Lucien Birgé

Then, given s, a best estimator in the family {3,,, m € M}, i.e. one min-
imizing the quadratic risk E [||3m — s||?] = €2 (Dm + BY) at s is 3m with
m = argmin{D,, + B, m € M}. More generally, given some number v > 0
one can define

J = argmin{yDp, + B, m € M}
(2.7) = inf {j|B{* — Byy < ¥(Dm — D;) for all m > j}.

Since BS° — By = BT, it follows from (2.5) that

(28) J=inf{j |E[||8m — 4;|I’] < (1 +7)e*(Dm — D;) forallm >j}.
On the other hand, by (2.7)

(2.9) YD + By <7Dm+ BR < (1V1)(Dm+ BR),

and therefore the risk of §; satisfies

(2.10) e %E[||3; —s|*] = Dy + BY (1vy™1) (vDs + BY)

<
< (v ) (Dm+ BR),

which is equivalent to
E[l18; = s”] < (yv~7") inf E[}l3m —s|’] .

One can therefore conclude that the risk of §; remains within a factor yv~y~!
of the optimal risk. Of course, from this point of view, the best value of ~
is clearly one. Nevertheless, in order to deal with more general versions of
Lepski’s estimators, it is interesting to consider general values of 7.

2.4 Some heuristics

Since the definition of J involves the sequence (B )meam which depends on
the true unknown parameter s, it cannot be computed but only estimated
from the data. Our purpose here is to find an estimator J of J with the
property that the quadratic risk of the estimator § = §; is close to the
quadratic risk of 3. In order to define J, one first observes that (2.8) gives
a characterization of J in terms of the sequence of estimators (3m)mem
rather that in terms of the true unknown function s to be estimated. Lep-
ski’s method is actually based on this argument. Since J depends on the
quantities ||3; — 3m||? through their expectations and we only have at hand a
single realization of these variables, we have to replace these expectations by
the random variables themselves and since these variables clearly fluctuate
around their expectations and tend to be larger than them with a nonnegli-
gible probability we have to suitably enlarge the bound (1 ++v)e?(Dy, — D;)
in (2.8) in order to derive a sensible estimator J of J.
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To see what should be added to (1 + 7)e?(Dm — D;) in (2.8) we observe
that J can equivalently be defined as the smallest index j such that

13 = 8ml® < (1+7)e*(Dm — D;)
+ (|13 = 3mlI> = E[|13; — 3mll?]), for all m > j.

Therefore a sensible definition of an estimator J of J is obtained by replacing
in this formula ||3; — 3 |> —E[||3; — 3m||?] by some quantity which bounds
it with a large enough probability. In order to derive such a quantity, we
recall from (2.5) that £72||§; — §]|2 has a noncentral chi square distribution
and appeal to Lemma 8.1 in the Appendix which controls its deviations from
the mean. More precisely, it follows from this lemma with D = D,, — Dy
and B = BT < y(Dy, — Dy) that whatever m > J and zp, g > 0

P[e2)8s = bmll > (1+7)(Dm — D)

+2\/(1 +27)(Dm — Dj)Tm,g + 21:,,,,;} < exp(—Zm,J).

In order to control those deviations for all values of m simultaneously, one
should require that the series ), . ;exp(—2Zm,s) be summable and suitably
small. This suggests the following version of Lepski’s estimator.

3 Construction and existence of our estimator

Let us now define our estimator recalling that the framework we use has
been described in Section 2.1

Definition 3.1 Given the increasing sequence (Dy)mem of positive inte-
gers, the projection estimators {3,,} described by (2.8), a family of nonneg-
ative numbers (Am)mem such that

(3.11) ) exp(—Am) < +00
memM

and a family of numbers K, ; defined for m > 2, 1 < j < m and satisfying
(3.12) Km; > [(1427)Mn(Dm — D)IY2 + A, for some v > 0,
we constder the random integer

J=inf {j € M |||3; = 3m|?
(3.13) < &%[(1 +7)(Dm — D;) + 2K 5] for all m > j}.

Our estimator is then given by § = §;.
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Remark: The convergence assumption (3.11) is quite analogous to the as-
sumption .+ €xp(—LmDm) < 400 which appears in Assumption B p.70
of Birgé and Massart (1997) and in various places in Barron, Birgé and Mas-
sart (1999). Its aim is the same, as shown by the proof of the next propo-
sition, namely to ensure that a large number of deviation inequalities be
satisfied simultaneously.

One should observe that J is well-defined when M = [1; M]NN is finite since
then the set {m > M} is empty and therefore J < M (an empty restriction
being always true). If M is infinite, one has to check that J < +oo a.s. in
order that § be well-defined, which follows from the next proposition.

Proposition 3.1 Under the conditions of Definition 3.1, J < +00 a.s.
Proof We only have to study the case M = N*. Let us consider the
subset J = {Jo; J1;...} of M of those indices j which satisfy B;* ++D; <
B + vD,, for all m > j. By definition,

Jo = argmin { B]* + v(Dm — D;), m € M} = J,
as defined by (2.7), and for k£ > 0,
Je41 = argmin {j € M, j > Ji | B +vD; < By +¥D forallm > j}.

Moreover, since D,, — +0o0 when m — 400, J is infinite. Let now j € J
and m > j. Then B* < v(Dy, — Dj) and it follows from (3.12) that

K > \/(D,,, — D; +2B]) Am + Am.

Consequently

(147)(Dm— Dj)+2Km ; > Dm—Dj+B;"+2\/ (Dm — Dj + 2BM)Am+22m.
Let us now set, for j € J,
Fjm = {l18; = 8ml® > €*[(1 + ¥)(Dm — D;) + 2Km,1} ,

and
(3.14) Aj =) Fim-

m>j

Since U™ has the distribution x'2 (Dm ~D;,, /B;n), it follows from Lem-
ma 8.1 that

(3.15)  P[Fjm] =P [U]* > (1+7)(Dm — Dj) + 2Km] < e



Lepski’s Method 121

Then, by (3.13), J < j on A; and therefore {J > j} C As=U
conclude from (3.15) that, for any j € 7,

(316)  P[J>j] <PA< Y PFL <8 =Y e,

m>j m>j

m>j Fim- We

which implies by (3.11) that P [j > j] converges to zero when j tends to
infinity in J. =

4 The performance of our estimator

Let us first set the assumptions we shall need to prove our results, recalling
that the numbers A,, and K, ; have been given in Definition 3.1.

Assumption 4.1

1. (Dm)mem 18 a strictly increasing sequence of positive integers such
that, if M is infinite, supp,>1 Dm+1/Dm < +o00.

2. There ezists some integer p > 2 such that

1-1/p
(4.17) Y D[ Y e < +00.
21 m>j
3. The numbers Kn, ; satisfy (3.12) and
(4.18) sup {D;l ( sup Km’j>:| < +o0.
m>2 1<j<m

Let us first observe that, apart from the fact that it should not grow faster
than exponentially, the sequence (Dy,)mem can be fairly arbitrary. In prac-
tice, one typically encounters two situations. Either D, = u + v(m — 1)
(trigonometric type expansions) or Dy, = u + v™~! (wavelet type expan-
sions) for some suitable nonnegative constants u and wv.

The numbers K, j have to satisfy simultaneously (3.12) and (4.18) and
it is not at first sight obvious to choose the A.,’s in such a way that this is
possible when M is infinite. The following proposition gives some hints for
a proper choice of the parameters involved in our construction.

Proposition 4.1 Assume that o > 3, mg > 1 and
(4.19) Am > alog D, for m > my,

then (4.17) holds.



122 Lucien Birgé

Proof Recalling from (3.16) that ¥; = 3. exp(—Am), we consider
some integer p > 2 such that @ > 3+ 2/(p — 1). We want to prove that

>t DjE;-—l/p < +00. By (4.19) and the convexity of the function z +— z~¢
one gets for j > my

+o0 1 1 —a+1
ijze-AjSZD;laS/ (E_adfl?=aTI(D_1+§)

1 (p=1)(a=1)—p

1
and it follows that D;X; P < D; 4 for j > mg. Since a >
3+2/(p— 1), the series } .5, DjZJI.“l/p converges and (4.17) is satisfied. =

Let us observe that (4.19) is in particular compatible with a choice of
numbers K, ; satisfying for some positive constants A > a > 0,

(4.20) aDp < Kpmj < ADp, forallm>2,0<j<m,

which ensures that (4.18) holds. In particular, the original method of Lepski
is based on the choice

J=inf{j € M |||3; — ém|?® < Ke’Dy, forallm > j}

with a suitably large constant K. Choosing K > 1 and 0 < v < K —1 leads
then to

(K—=1-%)Dpm <2Kp ;= (K —-1=7)Dn+ (1+7)D;j < KDp,

which is (4.20). Such a choice is therefore compatible with (3.12) and (4.19)
for suitable values of the parameters A,,,. In particular, the classical Lepski’s
method with a choice of K > 1 satisfies our assumptions. This is not true
anymore if K < 1 and one could prove, in the same way that we proved
lower bounds for the penalty term in Birgé and Massart (1999), that K < 1
could lead to inconsistent estimators when € converges to zero. One shall
not insist on this here. On the other hand, if K > 1, the following theorem
applies.

Theorem 4.1 Under the above assumptions, there exists some constant C
depending only on the various parameters involved in the construction of the
estimator, but neither on €, nor on s and such that

: i—-s)? <C i 3m — s|1%] -
(4.21) E[ll5 - s|*] <C inf E[ll3m - s|’]
If we fix the values of the various parameters involved in the construction

of our estimator, C' can then be taken as a universal constant. For in-
stance, the particular choice of A\,, = 4log(Dp, +1),p = 4,7 = 1 and
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Knj= [3)\mDm]1/ 2 4 A\, together with the assumption that D,y < 2D,
for all m satisfies our requirements and, although this particular choice of
the parameters has nothing special, it can cope with almost all practical
situations.

5 Proof of Theorem 4.1

For the sake of simplicity we shall prove it below only under the assumption
that M = N*. Only minor modifications in Section 5.5 below are needed to
handle the finite case.

5.1 Basic inequality

It follows from (2.4) and the monotonicity of the sequence B that
e2s—sl? = (W +BY)

= (W +B%) 1+ (W +B7) 1s)

< (D + B3+ BF) ey + (W - Dj) 1y
+ (W + Vi +BY) 15,5,
< BF+(1vy) (B +9D;) 15e

+ (Voj - Dj) Ljeny + Vo ljsgy + vy L js gy

and therefore after integration
(5:22) eE[5—sl’] < B +E[Vi1;, )]

+ (v ) E[(B] +9D;) 15¢s)]

+E (| - Dj{ 150 | +E[VI1555] -
We shall now bound successively each of the four expectations in the right-
hand side of (5.23).
5.2 Control of the first expectation

Recalling that the set A; is defined by (3.14), we see that it only depends on
the random variables UT" for m > j and therefore on the variables S, for

m > j which implies that A; is independent of V})j and therefore by (3.16)

E[Vilsp] SE[Vila] = E[VJ] P45 < DSy,
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5.3 Control of the second expectation

We want to bound E [(Bj +7Dj) n{ng}]- We first notice that if J =1

and J < J, then J = J and a trivial bound is vDy. Assuming now that
J > 2, we define for £t > 0

E, = ﬂ {UT'{L >DJ_Dm+B7{L—2\ﬁ(DJ—Dm+2BT‘{L)}.
0<m<J

Recalling that Uy, has a distribution x'> (D J — D, \/B,,Jn) , we derive from
(8.35) of Lemma 8.1 that

PEf] < ) P [UJI < Dj~ Dy + B}, —2\/t[DJ —Dm+2B,Jn]]
0<m<J
(5.23) < (J-1e™

Since UY < (1+7)(Ds — Dj) + 2K ; for J < J by the definition of J we
derive that, on the set E; N {j < J},

¥(D; — Dj) +2K, ; sz—z\/zt [(Ds - Dj)/2+ BY].

Using the fact that —2,/zy = (f — \/37)2 — z — y we then derive that, on
the set E; N {J < J}, one has

2
(\/ [(Ds = D)2+ B]] - m) < (v+1/2)(Ds — Dy) + 2K, 5 + 24,

and therefore

V(s =2+ BY] < Vot + \Ja+ 1205~ D) + 2K, + 2t

Squaring everything and using \/z +y < /= + /¥ finally gives

1/2
Bl <~(Dy-Dj)+2K,; +8t+ [t(27+ 1)(Dy — D;) +4tKJ’j]

Let us now set
(5.24) aj = D}l sup Kjm.
m<J

It then follows that K ; ; < ajD;. Therefore, if £ > 1,

(5.25) BJ+7D; < (v+2a)Ds+At with A = (8 ++/(@y+1+4a;)D J)
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on the set E;N{J < J} since this inequality clearly also holds if J = J. One
then derives from (5.23) that

P [(B} + 7Dj) 15y > (v+2a7)Dy + At] <(J=1)et fort>1.
Integration with respect to ¢ finally leads, for J > 2, to
E [(Bj + WDj) n{jSJ}] < (v+2a5)Dy +[1+ (1 Viog(J — 1))]A,
which clearly remains true when J = 1. Therefore whatever J > 1,

E [(Bj T 7DJ‘) ]l{jSJ}} < (v+2a;)Dy

+ (8 +vV(2y+1+ 4aJ)DJ) log(3J + 5).

5.4 Control of the third expectation

Since V{™ has a x? distribution with D,, degrees of freedom, one can use
Lemmas 8.3 and 8.4 to bound E HVOJ — Dj} ]l{j<J}] in the following way:

S e[ - Drn)’|

5 4
J
7 - oiftum]) < 3
J
< 12 (2D% +3Dp)
m=1
Dy
< 12) (2i% +36)
=1
= 12D;(Dj +1) [2D2+ ! + ;}

< 8D;(Dy+1)(Dy + 3).

5.5 Control of the fourth expectation

In order to control E [VJj 1 > J}] we introduce an increasing sequence (I )x>0

of elements of 7, starting with Iy = J, to be defined below. One can there-
fore write, using the monotonicity of the sequence (V§")m>o that

J I _ 1 A _ )
Vi ]l{j>-f} < Z VJHI ]1{1k<jSIk+1} - Z v, (]1{J>Ik} 11{J>lle+1})
k>0 k>0

I I _ I, R
= > sy (VJ’°+1 _ VJ”) = Yy Ljsry
k>0 k>0
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Since Vj’“ has a x2(Dy— D) distribution and p > 2, it follows from Lemma 8.4

that E [(ij)p] < (Dg—Dj+p—1)? for k > j and we then derive from the
Holder Inequality and (3.16) that

E [VJj ll{f>1}] <y (JE [(V,ﬁ*“)”])l“’ (11» [.f > Ik])l_l/ P
k>0
(5.26) < N (D1, - Dp, +p-1)z] 7

k>0
We now have to specify how we choose Iy for £ > 0. Let us introduce
K = inf { j | B® < y(D;j —p+2) } which exists since D, tends to infinity
with m and define

I = argmin { B +vD;|j > (J+1) VK};

L1 = a.rgmin{B;-’o +7Dj|j > I +1} for k> 1.
Now, if Ix > K — 1, according to the definitions of Ix;; and K,

and therefore

(5.27) D1k+1 +p—1<2Dy, 41 <26;Dy, with d; = sup Dpyy1/Dpy,.
m>J

This inequality holds for all £ > 0if Iy = J > K — 1. Otherwise K — 1 >
J > 0 and (5.27) only holds for k > 1. Nevertheless, the same arguments
then show that Bf? +vDy, < v(2Dg —p+2). Therefore, using the definition
of K one gets

2D < 26jDg_1 < 244 (’Y_IB%?_I +p— 2)
267 (7~IB_(;° +p-— 2) .
Therefore in both cases Dy, +p—1 < 26; [(Y"!BP +p—2) V Dy]. It then
follows from (5.26) that
E [an{j>J}] < 205 [(vBP +p—2) VD, —(D;/2)] £y
+(20;-1)3 " Dz
k>1
< 25, [(v'BY +p—2) V Dy — (Dy/2)] 5

+(26;—1) Y DpEi VP,
m>J
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5.6 Completing the proof
Putting all four bounds together leads to
e?E[[5—s|?] < BP+DyIs+(1Vy7Y) (v+2a5)Dy
+(1vah (8 +V@y+1+ 4aJ)DJ) log(3J + 5)
+[8Ds(Dy +1)(Dy + 3)]/*
+ 265 [(7‘1B3° +p—-2)VDy— %] ni-/e

+(20;—1) ) Dpui P,
m>J

which can also be written, since Dy > 1 as
(5.28) E (|15 - sl’] < Cye? (B ++Dy),
with

C; = (1 V’y_l) (1 + 2’)’_1(1]) +"}’_12J

+y vy (8 NN vy 4aJ) D3 10g(3J +5)

+~71 [313;1/“ +(26; -1)D7* Y sz:},:l/z’]
m>J

(5.29) +287 Y (p—1) TSR
On the other hand, it follows from (2.9) that

e?(BY +7vDy) < (1V7y)e® (Dm+ B) = (LVYE[|18m — s[%] ,
and finally from the definition of 7 that

(5.30) E[I5 - sl?] < Cs(1v) inf E[lsm—sl].

The constant C; depends on the various parameters involved in the construc-
tion of the estimator and on € and s only through the parameter J. More-
over, it is bounded independently of J since by assumption, the sequences
(aj)j>1, (2]‘)321 and (4;);>1 are bounded and Em>0 szin—l/p < +o0. This
completes the proof of Theorem 4.1.

6 Asymptotic optimality of a modified Lepski’s method

Our purpose is now to understand what is going on when J goes to infinity.
Since Dy > Jand ), . D3P < 400, all the terms in C; then converge
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to zero, except for the first one which involves ay, defined by (5.24). The

assumption (4.18) only implies that a; is bounded but one could enforce it
to

(6.31) limsup D! ( sup Km,j) =0.

m 1<j<m
Let us observe that such a requirement is perfectly feasible. The choice
Am = O(Dp,/logm) when m — +oo is clearly compatible with (4.19) and
one can choose the numbers K, ; in such a way that they satisfy (3.12)
together with sup;<;j<m Km,; = O(Dm/logm) which implies (6.31). It is
now easy to prove the following corollary.

Corollary 6.1 Let us assume that M is infinite as well as the set {m €
M| [ som # 0}. Choose the parameters Ay and Kp, ; in order to satisfy

the assumptions of Section 4 with (4.18) replaced by (6.31) and define the
estimator 3 as before. Then

E[lI5 - s|?]
6.32 lim sup - - <~yv~y L
( ) e—)Op lnfmGME[nsm - '3"2] =7

Proof We already noticed that all the terms in Cj;, as given by (5.29)
converge to zero when J goes to infinity, except for the first one, which tends
to 1V ~~! since a;y — 0 by (6.31). We then remark that our assumption on
s implies that e2B%° is bounded away from 0 independently of € whatever
m € M. Then E[||3,, — s||?] = €%(BY + D) remains bounded away from
0 for fixed m when € — 0 while it can be made arbitrarily small provided
that both € and m are suitably chosen. This implies that J — 400 when

e — 0 and therefore C; — 1V~~! when ¢ — 0. The conclusion then follows
from (5.30).

One should observe here that (6.31) rules out the initial choice of Lepski
for the parameters K, ; which implies that (4.20) holds.

7 Conclusion

In the framework we have chosen here, an older and very popular method for
choosing an optimal estimator in our family is Mallows’ C, which actually
amounts to choose 3 = §; with

A

J = argmin{—|3;||® +2¢?D;, j € M}
(7.33) = inf{j € M |||3m — §;|*> < 26*(Dp — D;) forallm >j},

since ||&m — §]|2 = ||3m|I2 — ||3;]|® for m > j. One should observe that it
is also the estimator derived from our extension of Lepski’s method with



Lepski’s Method 129

0<v<1and 2Ky, ; = (1 —7)(Dm — Dj). Unfortunately, such a choice of
K, ; does not always satisfy (3.12) when j = m — 1 and m is large since A\,
goes to infinity with m while D,,, — D,,_; may remain bounded. Nevertheless
(3.12) will be satisfied with A,, = alog D,,, as in Proposition 4.1 provided
that Dy, > Dp,—1 + clog Dy, for some large enough c. In any case, it has
been proved in Shibata (1981), that the estimator § = 3; with J given by
(7.33) satisfies (6.32) with v = 1 and by Birgé and Massart (1999) that it
also satisfies (4.21).

As to the consequences of Theorem 4.1, they have been developed at
length in Birgé and Massart (1999) where an analogue of this result has been
proved for penalized estimators. We therefore refer the interested reader to
this paper for applications of this result, just mentioning here the following
one. Assume that M = N* and that D,, = m, which implies that S,, is the
linear span of {¢1,...,¢m}. Given a nonincreasing sequence a = (am)m>1
of numbers in [0, +oc] such that a; > 0 and ap,, — 0 when m — 400, we
denote by £(a) the ellipsoid defined by

+o00

0=1s-Lom| 27

wm

with the convention that 0/0 = 0, /0 = +o0 and z/(+o00) = 0 for z > 0.
Let § be any estimator satisfying (4.21), then it follows from Section 7.2 of
Birgé and Massart (1999) that § is minimax, up to constants, over all such
ellipsoids. More precisely, there exists some constant « such that, whatever
the sequence a satisfying the above requirements,

sup E[||5— s||2] <k[lv (e/a1)2] inf sup E[||5-s|?],
s€&(a) 3 se&(a)

where the infimum is taken over all possible estimators.

8 Appendix

The following lemma is a generalization of Lemma 1 of Laurent and Massart
(1998).

Lemma 8.1 Let X be a noncentral x? variable with D degrees of freedom
and noncentrality parameter BY/2 >0, then for all z > 0,

(834) P [x > (D + B) +2/(D + 2B)z + 2:1:] < exp(—z),

and

(8.35) ]P’[X< (D + B) —21/(D + 2B) ]<exp—x
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Proof Since we can write X as (Bl/ 2+ U)2 + V where U and V are
independent with respective distributions A'(0, 1) and x?(D—1), the Laplace
transform of X can be written as

E[etX] — (1 _ Zt)_D/2 exp [%] for t< 1/2,

which implies that

o (5529

1 2
= —-D (ilog(l —2t) +t) + 275

1-2¢t

< (D+2B) [(—%k’g(l - 2t) ‘t> V1 i22t}

211 /25 >0}  Ljpcopllog(1 — 2t) + 2¢]
1-2t 2

(8.36) (D +2B)

Then (8.34) follows from Lemma 8.2 below. On the other hand, for z > 0,
PIX <D+ B~ 2] <infE[e{X-P-F+3)] |
t<0

and it follows from (8.36) that, for t < 0

+ tz.

log (E [et(X—D—B+z)]) S _ [‘D + 2B][10g(1 - 2t) + Zt]
2
Setting z = y(2B + D) with 0 < y < 1, one observes that the minimum of
the right-hand side is obtained for 2¢ = —y/(1 — y) and therefore

log(P[X < D + B — 7)) < ~[D +2B][log(1 — y) + 4] < —}I[D + 2By,

DN | =

The result remains clearly true for y > 1 since X > 0 and (8.35) follows by
setting y = 22'/2(2B+ D)"1/2. a

Lemma 8.2 Let X be a random variable such that

(at)?

A !
bt for0<t< ,

log (Efexp(tX)]) <
where a and b are positive constants. Then

P[X > 2ay/z + bz] < exp(—z) for allz > 0.



Lepski’s Method 131

Proof For z > 0, P[X > 2] < exp[—h(z)] with
2
h(z) = sup {zt _ (at) }

0<t<b—1

and the supremum is achieved for ¢ = b~![1 — a(bz + a2)~1/2]. Taking
z = bz + 2a+/z gives t' = \/z/(a + by/z) and

bz3/? + 2azx azx

a+byz —a+b\/5=w’

h (bz + 2av/z) =

which allows to conclude. =

Lemma 8.3 Let M be a finite or countable set of indices, {Xm}mem a set
of nonnegative random variables indezed by M, ™ a random variable with
values in M and M some subset of M, then, whatever ¢ > 1,

1/q
E [ Xmlpneny] < ( > E[x,g]) Pl € M]-1/9,
meM

Proof It follows from Hélder’s Inequality that

E[Xnlpnery] = D ElXmlnom)]

meM
1/q 1-1/q
(g em)" (5 o)
meM meM

which is the desired inequality. =

Lemma 8.4 IfY has a x*(n) distribution, then E[(Y — n)*] = 12n(2n+3)
and
E[Y"] <(n+k-1% -1 forkeN, k>2.

Proof It is well-known that E [Y*] = [[52)(n + 2i). The first result then

follows from elementary computations. As to the second, one derives from
the strict concavity of the logarithm that

-1 k —lk—ln i>= n —
k 1og(E[Y])<1og(k g( +2) | =log(n+k—1)

and the conclusion follows since E [Yk] is an integer. =
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