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An almost sure limit theorem for Wick
powers of (Gaussian differences quotients
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Abstract: Let G = {G(z),z € R+}, G(0) = 0, be a mean zero Gaussian
. 2

process with E(G(z)—G(y))? = 02 (x—y). Let p(z) = %d‘iz—202(m), z # 0. When

pF is integrable at zero and satisfies some additional regularity conditions,

x —G(z)\*
Li%/: (W) cg(z)dz =: (G : (g) a.s.

for all g € Bo(R™1), the set of bounded Lebesgue measurable functions on Ry
with compact support. Here G’ is a generalized derivative of G and : ()’C :is
the k—th order Wick power.

1. Introduction

Let G = {G(z),z € Ry}, G(0) =0, be a mean zero Gaussian process with station-
ary increments, and set

(1.1) BE(G(x) - G))* = o*(z —y) = *(|a — y).
(The function o2 is referred to as the increment’s variance of G.) We assume that
(1.2) o?(h) is a convex function that is regularly varying at zero;

. h? . a%(h)

o%(s+h)+o%(s — h) — 202(s) a?(s) s
(1.4) 3 <O forh< g
(1.5) 02 (s) has a second derivative for each s # 0.
Note that by (1.2)
1 d?
(16) p(S) = 5@0’2(8) 2 0.

It follows from the second condition in (1.3) that G has a continuous version; (see
[6, Lemma 6.4.6]). We work with this version. However, when lim,_.¢ p(z) = oo,
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An almost sure limit theorem for Wick powers of Gaussian differences quotients 259

G is not differentiable; it is not even mean square differentiable. It is a natural
question to ask whether the weak limit

(1.7) lim / (G(ac + h})L — G($>) g(x)dx

h—0

exists in some sense. Here g € By(R.y), the set of bounded Lebesgue measurable
functions on R, with compact support.

We show in [7, Theorem 2.1] that when G satisfies the second condition in (1.3)
there exists a mean zero Gaussian field {G'(g), g € Bo(R4+)} with covariance

(18) B0 = [ [ ot 5950 dsae

such that

(1.9) }ILIE}J (G(m + hi)z — G(x)) g(x)dr = G'(g) in L2

Because of this we think of G’ as a generalized derivative of G.
More generally, one may consider

(1.10) lim / (G(x+h) _G(x)>kg(a:) da

h—0 h

for any integer k£ > 1. However, when k is even, the expectation of the square of
the integral in (1.10) contains terms in o?(h)/h? which goes to infinity as h goes
to zero by (1.3). To obtain a finite limit in (1.10) we replace (%_G(T))k

k—th order polynomial

by a

k

(1.1) Zaj(h)<G(a:+hf)LG(x))

Jj=0

where, a;(h) is a non-random function of h, which, necessarily, has the property
that, at least for some 0 < j < k, limj,—¢|a;(h)| = co. We call this process renor-
malization. The renormalization we use is known as the k—th Wick power.

The k—th Wick power of a mean zero Gaussian random variable X is

[k/2]
(1.12) L XF =) (-1 <21<;> E(X%) X+,
When X = N(0,1),
(1.13) c XF = VEHL(X),

where Hy is the k—th Hermite polynomial. One advantage of Wick powers over
Hermite polynomials is that they are homogeneous, i.e., for a € R,

(1.14) S(aX)k=ab o XF

Therefore, when X has variance 03(7

(1.15) c XF = Vil ok Hy, (aﬁ) .

X
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When p* is locally integrable and bounded away from the origin we construct
a k—th order Wick power Gaussian chaos from the mean zero Gaussian field G’ =
{G'(f), f € Bo(Ry)} in the following way: For each § € (0,d], for some g > 0,
let f5(s) be a continuous positive symmetric function on (s,d) € R4 x (0, 1], with
support in the ball of radius é, with [ f5(y) dy = 1. That is, f5 is a continuous ap-
proximate identity. In [7, (3.25) and (3.26)] we show that for the Gaussian processes
G considered here, for all g € By(R4),

(1.16) () ()=l [ (G (o) o) de in 22
and

(1.17) E(:(G)*: () = K / / o (o — y)g(2)g () da dy.

In [7, Theorem 3.1] we show that

(1.18) lim | : (G(f” * h})L - G(m))k cgle)de = (G)*:(g)  in L2

h—0

(For example, if o2(h) = A", in order for p¥ to be locally integrable and to have
lim,_,o p(z) = oo as required by the first condition in (1.3), it is necessary that
2k—1
= <r< 2)

In this paper we obtain the rather remarkable result that, under some additional
mild regularity conditions on p, the limit in (1.18) is almost sure.

Theorem 1.1. Let G = {G(z),x € Ry}, G(0) = 0 be a mean zero Gaussian
process with stationary increments satisfying (1.1)—(1.6). Fiz an integer k > 1 and
assume that there exists a 0 < § < 1/2 and an M > 0 such that

(1.19) o) < WC_”{W = Cupllal),  0<|o|<M

and

(1.20) oo+ ) = ()] < Car [ plo).4lh] < Ja] < M.

Then for all g € Bo(Ry),

(1.21) tm [ (G(x i h})L - G(x))k cg@)dr = (G (g)  as.

(Note that by using Wick powers it is clear that (1.21) deals with a generalized
derivative of G. This point would be obscured if we expressed (1.21) in terms of
Hermite polynomials.)

For a fixed g € By(R4) both the left-hand side and right-hand side of (1.21) are
k—th order Gaussian chaoses. Let {: XF : (g),h € (0,1]}, denote the left-hand side
of (1.21) and : X} : (g) denote the right-hand side of (1.21). Theorem 1.1 is the
statement that for all g € Bo(R.), the k-th order Gaussian chaos process

(1.22) X = {Xp,h€[0,1]}:= {: X\ : (9),h € [0,1]},

has a continuous version. Of course there is no problem in choosing the version. The
process on the left in (1.21) is continuous in h € (0, 1]. We can take : (G')* : (g) to
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be its limit on the set of probability one for which the limit exists, and to be zero
otherwise.

Theorem 1.1 is proved in Section 4 using a majorizing measure result for the
continuity of Gaussian chaoses. Technically, this is an interesting application of this
theory, because the proof consists of obtaining continuity at a single point. To prove
(1.21) we need a majorizing measure condition for exponential Orlicz spaces based
on the function exp xz? — 1 for ¢ < 1. Whereas it is known that such results exist we
could not find a reference, so we provide proofs in Section 3. We prove Theorem 1.1
in Section 4

2. L2 results

We list here some L? estimates we need in this paper that are obtained in [7]. To
better motivate these results we state the main result in [7] and explain how it led
to our consideration of Theorem 1.1 in this paper.

Theorem 2.1 (Theorem 1.1, [7]). Let f be a function with Ef*(n) < oo, where
n = N(0,1). Then under the hypotheses of Theorem 1.1

o [r(Ssem)

s i B M) ho\*
= Z(h/a(h)) T (G (Iiap) +o <m>

Jj=0

in L*. Here H; is the j-th Hermite polynomial and : (G') : (Ijqy)) is a j-th order
Wick power Gaussian chaos as described in (1.16).

We wondered whether (2.1) could be almost sure. In Theorem 1.1 we show that
when f(-) = Hg(-) it is. Note that in this case the right-hand side of (2.1) is

(h/o(h))*
(2.2) NG
and by (1.13) and (1.14) the left-hand side of (2.1) is

(hfom)F [ (Glat+h) —G@)\"
(2.3) NG /a : < " > s dz.

Thus Theorem 2.1 gives the limit in L? of (1.21) when g = Tiap)-
The next lemma which is part of [7, Lemma 4.2] provides part of the L? metric
estimates that are needed in proof of continuity of X.

(E) () +o0 (%)k

Lemma 2.1. Let G = {G(z),x € Ry}, G(0) = 0, be a mean zero Gaussian
process with stationary increments and set o?(|v — y|) = E(G(z) — G(y))?. Set

p(s) = %j—;ch(s). Fiz an integer jo > 1 and assume that there exists a 0 < 6 < 1
and an M > 0 such that (1.20) holds, and (1.19) holds with k replaced by jo. Then
for1<j<jo and any g € Bo(R4),

(2.4) 2 X7 2 (9)— : X3+ (9)]l2 < C (IRl (R)) /2.
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3. Continuity conditions for stochastic processes in exponential Orlicz
spaces

Let || - ||y, denote the norm in the Orlicz space L¥7(dP), where

_ fexp(x?) —1 1<g< o
(31) ¢q($) - {exp eXp(w) —e q = oo. WS R*

For 0 < ¢ < 1, we define

K - 1\ Ve
(32) ba@ =" 02 ()

. q - 1/q

exp(x?) — 1 x> (%)
where
q
-1

(3.3) K, = M and xo = 20(q) = (1/q)1/q,

o
so that 1,(z) is continuous.

Lemma 3.1. For 0 < ¢ < 00, ¢4(x) is conver and increasing and there exists a
constant Cy < oo, for which

(3.4) Yg(z) < Cg (exp(z?) — 1)
and
(3.5) exp(a?) < Oy (Yg(z) +1).

In addition Cy =1 for 1 < g < oo.

Proof. This is trivial when 1 < ¢ < co. We consider the other cases. To show 1,(x)
is convex we show that its derivative is increasing. It is easy to check that the
derivative of ¢4(x) from the left at xy is less than the derivative from the right
at xo. It is also easy to check that the second derivative of ¢4(x) is positive for
x> ((1 —q)/q)'/9. Therefore, the derivative of v, () is increasing on [zg, o0), so
q(z) is convex.

Since exp(z?) — 1 > x4 for all x > 0, we see that (3.4) holds for 0 < z < 1
with C, = K,. Similarly, choosing m so that mq > 1, exp(z?) — 1 > 2™9/m!, so
that (3.4) holds for 1 < x < zp with C; = m!K,. It is then clear that (3.4) with
Cq = max(m!Kg, 1) holds for all . By further increasing Cj it is easy to see that
(3.5) also holds. O

We note the following obvious relationships:

Lemma 3.2.

_1, _ [loglog(e+ ) q=00
(3.6) Yq () = { (log(1 + x))l/q 1< g < oo,

and for 0 < q <1

3 _ z/K, 0 <z < Kqag
(87) Yo (@)= {(log(l +z))'/1 Kyzg <z < 0.
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For each 0 < g < oo let L¥4(2, P) denote the set of random variables ¢ : Q — C
such that E1,(|€|/c) < oo for some ¢ > 0. L¥4(§, P) is a Banach space with norm
given by

(3.8) €lly, = inf {c > 0: Ev, (|€]/c) < 1}.

Let (T, d) be a pseudometric space. We use By(t,u), or simply B(¢,u), to denote
a closed ball of radius u in (T, d).

Theorem 3.1. Let X = {X(t) : t € T} be a measurable separable stochastic process
on a separable metric or pseudometric space (T, d) with finite diameter D. Suppose
that X (t) € LY4(Q, P) and || X (¢t)— X (s)||y, < d(t,s) foralls,t € T. Let 0 < g < oo
and suppose also that there exists a probability measure p on T such that

(3.9) sup /0 ’ <1og m> 7 < oo

Then there exists a version X' = {X'(t),t € T} of X such that

D 1/q
(3.10) Esup X'(t) < Csup/o <log m) du

teT teT

for some C < co. Furthermore, if

€ 1 1/(1
3.11 lim sup/ (lo 7> du =0,
( ) =0T Jo & W(B(t, u))

then X' is uniformly continuous on T almost surely and there exists a positive
random variable Z € L¥(Q, P) such that

5 1/q
1
3.12 sup | X'(s,w) — X' (t,w)| < Z(w sup/ <log7> du
( ) d(s.tte)7;6| ( ) ( )| ( >s€T 0 ,LL(B(S,U))

almost surely. When q = oo the results continue to hold when the above integrands
are replaced by

(3.13) log™ log (W) :

(The statement Z € L¥4(€), P) means that || Z]|y, < K, a constant depending
only on ¢.)
We get the following useful corollary of Theorem 3.1

Corollary 3.1. Under the hypotheses of Theorem 3.1 there exists a constant C|,
for which

(3.14) ‘

sup |X'(s) = X'(0)] |
s,teT
d(s,t)<d

5 1 1/q
<C sup/ <log 7) du
g “ser Jo w(B(s,u))

and for any to € T,

D 1 1/‘1
3.15 X' < || X' (¢ +C / (1 7) du.
(3.15) Hggy )] [l <l <0>qu wsup [ (log s ) du
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Proof. The statement in (3.14) follows immediately from (3.12). The statement in
(3.15) follows from (3.12) by writing

(3.16) sup | X'(s)| < sup|X'(s) — X' (to)| + [X"(to)]
seT seT
< sup [X'(s) = X' ()] + | X" (to)],
s, teT
and using the triangle inequality with respect to || - [y, . O

The hypotheses of Theorem 3.1 are satisfied by Gaussian processes when ¢ = 2.
In this case it contains ideas which originated in an important early paper by Garcia,
Rodemich and Rumsey Jr., [3] and were developed further by Preston, [9, 10] and
Fernique, [1]. The fact that it can be extended to processes in exponential Orlicz
spaces for 1 < ¢ < oo is, no doubt, understood by many researchers in the field of
probability on Banach spaces. For lack of a suitable reference a proof was given in
8]

In this paper we need an extension to t,(x) for 0 < ¢ < co. Here too we're
sure many researchers are aware that this can be done, but, once again, we have
no reference. When 0 < ¢ < 1, exp(z?) — 1 is not convex, so a bit more care is
necessary. The key point is the following lemma:

Lemma 3.3. For0< g < oo, let X ={X(t):t €T} be a measurable separable
stochastic process on a precompact metric space (T, d) such that || X (t)||y, < 1 for all
t € T. Then there exists a random variable Z with ||Z||y, < Cy, such that for every
probability measure m on T and function h : T — Ry with [, h(v) m(dv) < oo

(3.17) /T X (£)|(t) m(dt)

< Z/Th(t)CDq ((/T h(v) m(dv))1 h(t)> m(dt)

where
loglog(e + ) qg= o0
(3.18) ®, = { (log(1+z))"4 1<g<oo
(2log(1+ (x/Gy))) "/ 0<qg<1,
where G4 > 0.

Proof. Define

(3.19) Z(w) = inf{a >0: / Yo(a X (t)]) m(dt) < 1}.
T

We first show that

(3.20) 1Z]|y, < Cf < o0 0<q<oo.

Let 0 < ¢ < oo; then for v > 1,

(3.21) P (Z > u) <P (/T be(u VX ()]) m(dt) > 1>



An almost sure limit theorem for Wick powers of Gaussian differences quotients 265

and by (3.4)
P( [ vt ix @) mian > 1)
Cq/Texp(u_q|X(t)|q) m(dt) > 1+ Cq)

(
=P ((0 | esptuixonm m(dw)uq > (1t cqw")
(

c, - Cq <E/qu(|X(t))m(dt)+1>
<20, <1gch>_“q

The fourth line follows from Jensen’s inequality, the sixth from (3.5), and the last
because || X (t)||y, < 1. Thus we get (3.20) when 0 < ¢ < c0.

Now let ¢ = oo. Note that for each u > 1, the function ¢,(z) = exp((logx)™) is
convex for z > e. Using Jensen’s inequality again we get that for u > 1

(3.22) P{Z>u}< P{/Texp(exp(u_1|X(t))) m(dt) > e+ 1}

= Plon( [ oot ix@D man) > .+ 1)}

IN

P{ [ explexp( () miar) > explexp(eu))

< exp(— exp(eu) /T Eexp(exp(|X (£)])) m(dt)
< (1 4 e) exp(—exp(cu))

where ¢ = log(log(e + 1)) > 0. Thus we get (3.20) when ¢ = co.
We now prove (3.17). For 1 < ¢ < oo we have

(3.23) zy < g(x) +yvy ' (y) 2,y >0.

To obtain (3.23) we first note that vy (x) > 1,(z). To see this set h(x) := 9} (z) —
q(z). We get the desired inequality because h(0)=0 and h'(z) > 0 for all z € R.
To prove this last point it suffices to show that

-1
(3.24) g(x) := o +qri~t —1>0.

To verify (3.24) note that the minimum of g(x) takes place at z; = (1/¢)"/? and
g(x1) > 0.

The inequality in (3.23) follows from Young’s inequality since 1q(x) is con-
vex and 1y (z) > 94(x). (Recall that the final term in (3.23) can be taken to be
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Jo (W) () dy. Since ¥ (x) > vq(x), (¥]) ' (y) < (¥g) ' (), and since (v4) " (y)
is increasing we get (3.23).)

When 0 < ¢ < 1 it follows from Lemma 3.4, which is given at the end of this
section, that

(3.25) 2y < Pg(2) +y (2log(1 +y/G )V a2,y >0,

for some constant G, > 0. Therefore it follows from (3.23), (3.25) and Lemma 3.2
that

(3.26) 2y <g(x) +yPy(y) x,y >0

Let h: T — R, be as in the lemma. Putting = Z~!|X(t)| and y = (J7 h(v) x
m(dv))~1h(t) in (3.26) we get

(3.27) X ()]A(t) <Z/h m(do)bo(Z1X (1))

o o) ')

Integration with respect to m, and using the definition (3.19), gives

(3.28) /T X ()| h() m(dt)

<7 /T h(t) m(dt) + 7 /T h(t)®, (( /T h(v)m(dv)) _lh(t)> m(d).

It is easy to check that « ®,(x/f), or equivalently,  ®,(x), is a convex function
for all 0 < g < 0o. Consequently, it follows from Jensen’s inequality that

(3.29) /} h(t)®, (( /} h(v)m(dv))lh(t)> m(dt)

> /Th(t) m(dt)B,(1).

Using this in (3.28) yields the inequality

[ X
<D,Z /T h(t)®, << /T h(v)m(dv)) _1h(t)> m(d).

where D, = 1+ (1/®,(1)). Changing D,Z to Z gives (3.17). O

Proof of Theorem 3.1. Using Lemma 3.3 it is easy to complete the proof of The-
orem 3.1 by following the proof of [2, Theorem 5.2.6] or [6, Theorem 6.3.3]. We
make some comments regarding the proof in [6, Theorem 6.3.3]. In place of (6.73)
we have that for some a < 00

1
30 EX0 Ml o [P - X))
1
< i) ooy ) = Xl i)
1 —k
< () /B(t o ad(u, t) p(du) < aD27%
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which is all we need to proceed with the proof. This follows because by Jensen’s
Inequality, for any convex function ¥,

o X(t) = X(u)|
Let U(x) = 94(x). Therefore, when 14(c) > 1
(3.32) EIX (1) = X(u)] < af| X () = X(w)]y,-

It is easy to see that we can take a = 1 when 1 < g < co. When ¢ < 1 the reader
can check that it suffices to take oo = xg.

When 1 < g < oo the rest of the adaptation of the proof of Theorem 6.3.3 in
[6] is completely apparent. When 0 < ¢ < 1 one gets as far as the expression on
the bottom of page 261 but with the measures multiplied by G,, (and a different
constant following Z). We need only be concerned if G, < 1, In this case we proceed
as in [6, (6.85)] and note that

(3.33) log (1 + G%) < Wl

ogx x> 2.

Using this the proof can be completed. O
Lemma 3.4. For 0 < g < 1, there ewists a constant G4 > 0 such that
(3.34) vy < dy(@) +y (2log(1 +y/Gy))' " xy>0.

Proof. It is easy to see that for all p > 0 there exists a constant D, > 0 for which

(3.35) £ >p, (65/2 - 1) Vs € Ry.

CL

Taking s = 7 this shows that there exists a constant G4, > 0 such that

(3.36) explﬁ > G (exp(z?/2) — 1) Vo € Ry.
x4 q

By (3.2)

(3.37) Yy (z) = %_(qxq) x > xo.

Consequently

(3.38) Vy(x) > Gy (exp(x?/2) — 1) T > xp.

Let A4(y) be the right continuous inverse of vy (). By (3.2) we have A,(y) = 0 for
y < K, and Ay (y) = zo for K, <y < Dyt,(z0) = gexp(al)/zy ¢, the right hand
derivative of ¥, (z) at xo. In addition, by (3.38) we see that

(3.39) Ag(y) < (2log(1+y/G)'T y> %—(an
Lo

Therefore, decreasing G, if necessary, we have that
(3.40) Ag(y) < (2log(1+ /G VyeRy,

from which we get (3.34) by Young’s Inequality and the obvious fact that
Jo Ag(s) ds < yAy(y) since Ag(s) is non-decreasing. O
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4. Proof of Theorem 1.1

Consider the Gaussian chaos X = {: XF : (g),h € (0,1]} defined in (1.22). It is clear
that this process is continuous on (0, 1]. Therefore, to show that it is continuous on
[0,1] it suffices to show that it is continuous on [0, hg] for some 0 < hg << 1. For
hyh' € [0, ho] set

(4.1) d(h,h) = : XF 2 (9)— : X\ (9)]2
It follows from (1.18) that

(4.2) i d(h, ') = 0.

Therefore, by [4, Theorem 3.2.10)

(43) Jim (] XE (9) = XE s (9)lls, = 0.

Furthermore, the same theorem states that the L? and Ly, /. are equivalent. Con-
sequently

(4.4) lim: XE ()= X§ () in Ly,
and
(4.5) I X5 ()= Xfir 2 ()|l < Cd(h, D)

for all h, A’ € [0,1].

We use Theorem 3.1 to show that X is continuous on ([0, hgl,d). To do this we
need estimates for d. We get one estimate from Lemma 2.1. Th next lemma gives
another estimate for d.

Lemma 4.1. Under the hypotheses of Theorem 1.1, for any h,h’ >0

(4.6) d(h, W)y = : X : (9)—: X : (g9)2 < C ('hh_h,h/')

Proof. Note that by (1.12)

(4.7 Xl i xio): = [ (D) g

In addition it is not hard to see that it follows from the definition of p in (1.6), that
for o’ <z,and ¢y <y

(48) B(6() - 6) (Gly) - GO) = [ ’ / "ot~ s)dsa.

(Details are given in [7, Lemma 2.2].) Therefore
(4.9) (X n(9)Xn (9)

-/ / E (Gl + ) ~ G(@) (Gl + 1) ~ G) o(x) dre (o) dy

FIL L s
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Let (X,Y) be a two dimensional Gaussian random variable. By [5, Theorem 3.9]
(4.10) E(: X" YT =k(E(XY)) ;.
Using this and (4.9) we see that

(411)  EGXF:(9): X @)

:k!// (% /:+h ! /M (s—t dtds)k o(2)5(y) dz dy.

Set

(4.12) B.(h, 1) = % %/h plz+s—1t)dtds
o z+h)+o(th’)—0(z+h h’)—a(z).

2hn’

“(

By (4.11) and a change of variables we have
(413) | xE < (o) Xy ()13
= [ [{Banm* (B = (B 1)+ (B )}
9(x)g(y) dz dy.
In addition
(4.14)  B.(h,h) — B.(h,}')

1 1 9 9
= (ﬁ — hh’) h*B,(h,h) + W (h B,(h,h) —hh’BZ(h,h'))

1 2 / 2 2 / 2
= onr (c*(z+h—N)+0*(z—h)—0c*(z— 1) —0°(2))

+ (% - ﬁ) (c*(z+h) +0*(z — h) — 20°(z)) .

We write this as
(415)  B.(h,h) — B.(h, )
(c*(z+h—NH)—0*(z) + 0*(z — h) —o*(z — 1))

(h— 1)
+W (20%(2) — 0*(z + h) — 0*(z — h)) .

= ohi

Since 02 and (0?)" are bounded we need only use the mean value theorem, on four
differences, to see that for h, h’ > 0

[ — 1|
Who

(4'16) |Bz(h7 h) - Bz(hv h/)| <C

Note that

k—1
(4.17)  BE(h,h) — BE(h,h') = BI(h,h)(B.(h,h) — B.(h,h))B¥== (n, 1),
7=0
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Therefore

RN, k—1 ) )
(18) (B - Bh) < PSS By B ().
j=0

Let fn(z) = +1jo4(z) so that the first line in the definition (4.12) of B.(h,h’)
can be written as

(4.19) B.(h ) = / / p(z+ 5 — ) fuls) f(t) ds dt.

Using Fubini’s Theorem we see that

(4.20) / / BI (h, h) B (, ) g ()g ) de dy

:// (/.../)]i:[llp(x-‘rvi_y_wi)ﬁfh(vi)fh(wi)dvidwi
k—1

i=1

I 7o) for (wi) dv; dw; g(x)g(y) da dy

i=j+1
k=1
=/---/(//Hp(x—y+vi—wi)g(x)g(y)dxdy>
J k—1
LI /i) fuwi) dvidw; T fu(wi) fur (wi) o du,
i=1 i=j+1

<C

where C is a finite constant that is independent of h and A’. In the last step we use
the generalized Holder’s inequality and the fact that p € Lfoc and g € By(Ry), to
get

k—1

(a.21) J[TL ot = v+ = wigtwlgts) dedy < .

Using (4.20) together with (4.18) we obtain

(4.22) // ‘ (Bz(h,h))k _ (BZ(th/))"C g(x)g(y) derdy < C’%.

Clearly the integral of the other two terms in (4.13) has the same bound. Thus we
get (4.6). O

Proof of Theorem 1.1. Tt follows from (2.4) that for any h > 0
(4.23) a(h,0) = |+ XE 5 (9)— 5 Xb s (9)l2 < OO

(The constant C' actually depends on k, but we take k fixed.) We use this bound
as well as the one in (4.6).
By Theorem 3.1 to prove that X is continuous it suffices to show that

Kn/? 1 k/2
(4.24) sup / (log —) du < oo,
h€[0,ho] JO )\(Bd(hﬂ))
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and

e 1 k/2
(4.25) lim sup / (log7> du =0,
€0 pe(0,h0] Jo A(Ba(h,u))

where A is Lebesgue measure. (Theorem 3.1 requires a probability measure. Rather
than bothering to renormalize we need only observe that its conclusions also hold
for positive measures with mass less than one.)

We now verify (4.24) and (4.25). We pick ho so that th/z is very small. Let
h € (0, ho]. Note that by (4.6) we have ' € By(h,u) when |(h—h')/(hh")[*/? < u/C,
or, equivalently, when |h — h/| < hh'(u/C)?. (We take C' > 1.) Since b’ < 1 and
u < th/Q, we see that on {h’ : |h — h/| < hh'u®} we have h’ > h/2. Therefore

(4.26) Ba(h,u) D {h' : |h —}'| < h*u?/(2C?)},
so that the Lebesgue measure of By(h,u) is at least h?u?/(2C?). Consequently for
any h € (0, ho] and u < Khd/*

1 1
(4.27) log log 7 + log — + log C> .
u

1
NBa(hu)) = (
5/2

Therefore for any h € (0, ho] and w < Khy

(4.28) /Ow (log m)kﬂ du

. 1 k)2 1 k)2
<C'w (log — +log — + log C’> < C"w (log — +log —)
h w h w

Let h € (0,ho] and v < th/2 and suppose that h°/4 > v. Then by (4.28) and
the monotonicity of log1/h

(120 [ (on s ) ansow(est)”

(The constants are not necessarily the same at each stage.) Now suppose that
h%/* < v. In this case using (4.28) with w = h®/* we have

. k)2
(4.30) /0 (log m> "
< Csh?/* (log 1 /h)"/?

k/2 1
< Cgh6/4 (log 1/h5/4) < Ksv (log —)
v

Ro/4

k/2

(Here we use the monotonicity of x(log1/x)*/2.)
Now consider

(4.31) /h:/4 <log m)kﬂ du.

Since d(h,z) < d(h,0)+d(x,0), we see by (4.23) that {x € Ba(h,u)} when Ch®/? +
Cx%/? < u, or, equivalently, when x < C’(u—Ch®/2)%/% Since u > h%/*, we see that
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for small h, (which we can always achieve by taking K hg/ 2 sufficiently small) we
have < C'(u — Ch5/2)2/5 whenever z < C"”u?/%, for some C” > 0. Consequently
A(Bg(h,u)) > Ku?/® and

v 1 k/2 o
(4.32) /hm <log W) du < Cv (log1/v)™~.

Using (4.23) it is elementary to see that

v k/2
(4.33) /0 (log m> du < Cv (log 1 /v)"/2

Combining (4.29), (4.30), (4.32) and (4.33) we get that for any v < th/2

v 1 k/2 k/2
4.34 sup / (10g ) du < Cwv(logl/v /2
( ) he0,ho] JO )\(Bd(hﬂi)) ( / )

The statements in (4.24) and (4.25) follow immediately. O
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