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Abstract: In a market with transaction costs, the price of a derivative can
be expressed in terms of (preconsistent) price systems (after Kusuoka (1995)).
In this paper, we consider a market with binomial model for stock price and
discuss how to generate the price systems. From this, the price formula of
a derivative can be reformulated as a stochastic control problem. Then the
dynamic programming approach can be used to calculate the price. We also
discuss optimization of expected utility using price systems.

1. Introduction

Duality approach is frequently used for financial problems in incomplete markets.
This approach can also be applied to markets with transaction costs. In [12], a
discrete market with transaction costs is considered. In the market studied there
is a stock and a bond that we can trade. Let A1, A\g > 0 be the proportional costs
for selling and buying the stock. Then the replication cost at time 0 for a portfolio
Y = (YY Y1) at time T is given by

(1.1) (V) = sup{ B[Y°p" + Yp']}.

The supremum is taken over (p", p!) ((preconsistent) price systems) which depend
on Ag, A1. This will be described in details below.

A similar result for diffusion models is given in [3].

Our interest is to use price systems to calculate the price of a derivative and
find optimal strategy for hedging problem. We will also discuss the use of price sys-
tems to study portfolio optimization problem. There is a similarity between these
problems that they can be reformualted as optimization problems. We shall con-
sider binomial model (it can also be extended to multinomial model) and find a
dynamics to generate the price systems (p°, p'). A price system becomes a con-
trolled process. The optimization problems become stochastic control problems.
Then dynamic programming approach can be used.

The paper is organized as follows. In Section 2, we give notations and give the
framework. In Section 3, we describe price systems and give a price formula for
derivatives in terms of price systems. In Section 4, we discuss the optimization of
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expected utility using price systems. In Sections 5, 6 and 7, we consider binomial
models. We present a dynamics to generate the price systems. We reformulate some
finance problems as stochastic control problems. Then we use dynamic program-
ming to calculate the value functions.

2. Finite market with one stock

The framework can be described as follows.
We consider (2, F, P) a finite probability space and {F} a filtration. Let

PY(k;w), P (k;w)
be the prices for bond and stock. Then P°, P! are adapted to {F}}. Define
P(k;w) = PY(k,w)/P°(k;w),

the discounted price.
A trading strategy is given by {I(k;w)}’_,, a stochastic process adapted to
{Fr}. I(k;w) is the number of shares that the stock is bought or sold,

I(k;w) > 0, buy stock at k,
I(k;w) < 0, sell stock at k.

The portfolio values for {I(k;w)}i_, with x = (xg,x1) are given by,

k
XO(kyz, I) =2 =Y " h(I(0))P(¢)
£=0

k
Xk, 1) =2t + Y I(0).
£=0

Here ( )
. 14+ Xz, 2>0
h(z) = {(1 —A\)z, 2<0,

where A1, A\g > 0 are the proportional costs for selling and buying the stock, respec-
tively.
We are interested in the following finance problems.

Pricing derivative: Let Y = (Y°,Y!) be Fr measurable. We define 7*(Y") the
minimum of 20 P°(0) such that for some I,

Y? < XT3 (2°,0),1), Y' < X' (T3 (2°,0),1).

We say 7*(Y) is the price of Y = (Y°,Y!). The problem is to calculate 7*(Y).
Another important problem is to obtain a strategy I(-) such that for 20 = 7*(Y),
YO < XO(T; (2,0),1), Y' < X(T;(2°,0),1).

For the later use, we also define 7*(Y;2;) the minimum of z7P°(0) such that for
some I,
VO < XUT; (20, 21), 1), Y < XN(T5 (2, 21), ).

Then 7*(Y;21) = 7*(Y), where YO = YO Y1 =y — g,
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Optimizing expected utility: Let U be a utility function. Let (z°,2!) be given
such that
2" P°(0) — h(—z')P(0) > 0.

V(2% z') is the maximum of
BUX(T; (2°, "), DPY(T) — h(=X (T3 (2°, 2"), 1)) PY(T))],
where I(-) is an admissible strategy: k =0,1,2,...,T,
XO(k; (2°,2"), I)PO(k) — h(—X"(k; (2°,2"), 1)) P' (k) > 0.

We want to calculate V (2, z!') and find a strategy I that attains the maximum.

3. Price systems and a price formula

Definition. We say that (p°, p!) is a price system if p°, p! are positive random
variables such that

(a) E[p°] = P°(0);

(b) Define
L) — prkw) 1
P’ (ksw) = E[°|Fi], p'(k;w) = Elp'|Fy).
Then

(1 - )\1) < R(k,w) < (]. +>\(]), k= 0,172,...7T.
We denote P(Ag, A1) the family of price systems.

Remark. Assume there is an equivalent martingale measure Q. Then P (Ao, A1) #
(. In fact, define

dQ
0_ A 5o
pt = p°P(T).
Then a0
P (ks w) = d?\fkpo(o)

p(k;w) = p°(k; w) P(k; w).

We can show that (p°, p') is a price system.
On the other hand, in the case \g = A\; = 0, (p°, p') is a price system if and only

if
%~ @)/P0)

defines an equivalent martingale measure.

Theorem 1 ([12]). Assume P(Xo, A1) # 0. Then

(3.1) (V)= sup E[Y°" +Y!pl].
P(XosA1)
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Remark. If \g = Ay = 0, then the above is
P
(YY) =sup E[pH ———=
P

H=YPY(T) +Y'PYT).

Here
aQ
T
defines an equivalent martingale measure.

A similar result for diffusion models is given in [3].

4. Price system and optimal expected utility

In the following, we assume P°(k) =1 for all k.
Let U be a strictly increasing utility function. Define
U*(y) = sup{U(x) — xy;x > 0}.
Define
V(& x1) = inf{E[U (§p°(T))] + 2:1£E[p* (T)]}
Theorem 2. We have

V(xg,21) < EEE{V*(&%) + zoé}
This is the same as

(4.1) V(zg,21) < 5>§I},§ pl{E[U*(pr(T))] + 21 EE[pN(T)] + zo€}.
Assume there is é, pY, pt that attains the infimum. Then the above equality holds.
Moreover, there is an optimal strategy I for the portfolio optimization problem sat-
isfying the following properties.
(a) XO(T; (w0, 1), I) = =U* (£°(T)),
:XI(T; (LL‘(),LL'l),I) =0.
(b) R(l) =1+ Ao if L(I) >0,
RI)y=1-—X ifI(l) <O0.

Here U* () denotes the derivative of U*(€).
Proof. Let I be a strategy.

< U(&p"(T)) + £p°(D)(X (T 2, 1) — (=X (T2, 1)) PH(T))

(4.2) = U*(£p°(T)) + §(XO(T;.2, 1)p°(T) = h(=X (T2, 1)) P*(T)p"(T))
< U(Ep°(T)) + E(X°(Ty 2, 1)p(T) + R(T) X (T2, 1) PH(T)p*(T))
= U*(&p°(T)) + §(X(T5.2, 1)p(T) + pH(T) X (T 2, 1)).
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T
(=X hI)P')p(T) + Y 11N (T))]

1=0 =0

Then we can deduce

E[U(X(Ts, 1) = h(=X"(T;, 1)) P{T))]
(&p [ (

(4.5) < E[U*(°(T))] + €21 Ep"(T)] + £xo.

This is true for all p°, p'. The first result follows.
Assume &, p°, pt attains infimum in (4.1). Then

(4.6) E[U* (€5°(1))5°(T)) + 21 E[p"(T)] + z = 0.
On the other hand, take any (p°, p!) and 0 < a < 1, we have

E[U*(E(ap”(T) + (1 = a)p(T)] + @1 Elap!(T) + (1 — a)p" (T)] + wo
takes minimum at o = 0. We have

@) E[U* (£5°(T))(0°(T) — p°(T)))]
' +21€E[p!(T) — p*(T)] > 0.

Take
O = —U* (E°(T)), V' =0.
(4.7) implies
(Vi) = E[-U* (¢6°(T) (1)) — 21 Bl (T)] = wo.

Here we use (4.6) and Theorem 1. R
By the definition of 7*(Y;x1), there is a strategy I such that

T
z+ > 1) =Y!
1=0
Therefore,
(4 8) XO(T7 (x07x1)71) 2 U (gﬁO(T))v
' XI(T;($Q,$1),I)20.

U(XO(Tsa, 1) h(~X(T:, 1)) PY(T))
(4.9) >UC-UTENT)
— U (E0(T)) — ER(TVU (€°(T)).
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Then
BUX(T;, 1) — h(=X!(T; z, 1)) PUT))
(4.10) > BIU(¢p(T))] - EBIP(T)U™ (Ep°(T)))]
= B[U*(£5°(T))] + E(e1 B[p1(T)] + o)
> V(xo,x1).

Therefore, by the definition of V(xg, 1), the inequalities become equalities in the
above relation. We see (a) follows from the equalities in (4.8),(4.9) and (4.10). On
the other hand, (4.2),(4.3), (4.4) and (4.5) also become equalities for I = I, then
(b) follows. This completes the proof. O

5. Binomial model and price systems

VVetakeP,?=1forallk.0<d<1<u7 Aos A1 > 0.
The sample space is given by

Q={(a1,a2,...,ar);a; € {u,d}}.

For w = (ay,as,...,ar) € Q, denote

wk - (a1;a27' "7ak)'

The price of stock is
Pkl(w) = Polalag ceeap.

We also write Pl (w) = PL(wF).

F is the o-algebra generated by P! ¢t < k. A function defined on Q measurable
w.r.t. F is given by f(wF).

For w = (a1, as,...,ar) € §, the probability is given by

P{w}) =p™(1—p" ™,

where m is the number of k such that axy =u, 0 <p < 1.
pU(k), pt(k) are given by

P°(k) = E[p°|Fil, p'(k) = Elp*|Fi].
We have the characterization of p°(k), p*(k):

PO (k, ) = pp°(k + 1, (w*, w) + (1 = p)p°(k + 1, (w*,d)),
(PS1)
pl(kﬂwk) = ppl (k+1, (wk7u)) +(1— p)pl(k +1, (wk7d))‘

(PS2) (1-XM\)PL <

< <(14+X)PHLEk=1,2,3,...,T.
o) = AN

It is convenient to consider

Ay ="L k) o _o1....T.

We can now describe the price systems in a binomial market. We omit the easy
proof.
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Theorem 3 (Binomial model). Letw = (a1, as,...,ar) € Q. Given Agy a positive
constant such that

(1= APy <Ao< (1+X0)Fy.
Denote p°(0) = 1, p'(0) = p°(0)Ag. Take positive constants A", A? such that

min{ A%, A%} < Ay < max{A¥, A%}

and
(1 —M)Pju< A" < (14 Xo)Pyu,
(1 —X\)Pgd < AT < (14 X\o)Pyd.
Ifa; =u
P =LA
Ay = A"
If a1 =d
P = 1
A = A%
Define

p1(1) = p°(1)A;.
Assume we have defined Ag, A1, ..., A and

Take A%, A? measurable w.r.t. Fj, such that

min{ A%, A%} < A;, < max{A*, A%}

and
(1= M) Plu < A" < (14 Xo)Plu,
(1 —X\)Pid < AT < (14 X\o)Pld.
If ag1 = v,
14, — A
0 k
p(k+1)=p (k')pA myTh
pt(k+1) = p°(k +1)A%
if agy1 = d,
1 A -4
0 1 k
p(k+1) = Au T Ad’

pL(k+1) = p(k +1)A?
Then p°(k), p*(k) satisfy (PS1) and (PS2).
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6. Binomial model: control problems for pricing derivatives
Assume Y = (Y°, Y1) is given by

Y =Y%P}), Y =YH(P}).
Then the price 7*(Y) is given by

(V)= sup  E[(D)YO(P})+ p (DY (P
p2(T),p*(T)

This can be rewritten as

T (Y)= sup E["(T)(Y°(Pr)+ ArY " (Pp))].
PO (T),p* (T)

with Ay and p°(k) described in Theorem 3. This is viewed as a stochastic control
problem. The state variables are given by Pkl,A;67 p°(k) and the control variables
are A}, Ag.

The dynamical programming can be described as follows.

For S > 0 and A satisfying

(I=X)S <AL (14 )N)S,

define
PO(T) 0/ pl 1/pl 1

Then
(V) = sup Wo(S, A)

(1=X1)S<AL(1+X0)S

forPOl:S.Andfor0§k<l§T7

o
Wk(S, A) = SUPE[Z()((k))M/I(Pll,Al)Pkl = S, Ak = A]

It follows a recursive scheme backward in time.
(D1) Wi (S, A) = YO(S) + AY(S);
(D2) For (1 - )\1)5 é A S (]. + )\())57

Ad A*— A

A —
Wk(s, A) = Sup{ka+1(Su, Au) + 7Wk+1(5d, Ad)},

Au _ Ad
the maximization is taken over
min{A*, A%} < A < max{A", A%}
(1 —X1)Su < A* < (14 Ag)Su,
(1—X1)Sd < A% < (14 \o)Sd.

(D3) For P} =S,

(Y) = sup  {Wo(S, A)).
(1=X1)S<A<(14X0)S

It can be restated as follows.
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Theorem 4. We have
Wk‘(Sa A) = Sup{aWk+1(Su7 Au) + (1 - a)Wk+1(Sd7 Ad)}7
the mazimization is taken over
0<a<l,
ad" + (1 - a)A% = A,

and
(I —=X1)Su< A" < (14 X)Su,

(1—=X1)Sd < AL < (1+ \o)Sd.
Wi (S, A) is piecewise linear in A for all S >0 and k=0,1,...,T.

The main questions consist of the following. How to calculate Wy (.S, A)? How to
obtain an optimal strategy to super hedge Y from Wy(S, A)? Some answers can be
found in [6].

7. Binomial model: optimizing expected utility and control problem

We take 1
U(z) = 55’,0 <y<L
Then
Us(§) = ——¢",
pe 1
v—1

Then
(7.1) V(zo, 1) = 5iI>1fO’{V*(§,acl) + zok},

Ve (€m) = inf{—is*‘EKpO(T))“] + €21 B (T)]).

We shall consider 1
—pﬁ”E[(pO(T))“] + &1 Elp'(T)]
conditioning on P1(0) = S, A(0) = A. This is equal to
1
—ﬁf“E[(pO(T))”] + &1 A

We consider 0
P’ (T
PO (k)
The follwoing is an iterative scheme to calculate V4 (S, A),k =0,1,....
(PD1) Vi (S, 4) = 1,
(PD2) k=0,1,2,...,

~

Vie(S, A) = inf E[( )| Fr)-

A Ad
72 Vie(S, 4) = inf{p" (-5 )" Vi1 (Su, AY)
) A*— A
+(1=p) (@) Vit (Sd, A}
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The inf is taken over the A%, A" satisfying
min{A*, A} < A < max{A", A%}

(1 — )\1)Su S AY S (1 + /\o)Su,

(7.3) (1-A1)Sd < A? < (1+ \Sd.

(7.2) can be reformulated as follows.
(7.2)" Vi(S, A) = inf{p* *a"Vjy1(Su, A*) + (1 — p) " *(1 — @)"Viy1(Sd, AD)}
where 0 < o <1 and (7.3) and (7.4) hold,
(7.4) QA" + (1 — a)A% = A.

We consider Vr_1(S, A):

Vi_1(8, 4) = inf{p!~ a4 (1— )= (1 — a)},
where (7.3), (7.4) hold. Denote Vy_1(A) = Vi_1(S, SA). For
(1—A1) <A< (1+ N,
Vr_1(A) = inf{pl o’ + (1 - p) (1 — )"},

there are A%, A such that

’ (1= A1) <A< (1+ Ao).
(7.4) auA® + (1 — a)dA? = A,
In general, .

Then

Vie(A) = inf{p' Ha" Vi1 (A) + (1 — p) (1 — a)# Viey1 (A9},
0 < a < 1 satisfies (7.3)’, (7.4)". From
Vk(A)7 (I=X1) <A< (14N,

we have

A A
Vi(S, A) = Vk(§)7 (I=X)S <AL (14 M)S.
Theorem 5. Assume xog — h(—x1)S > 0. Then for P1(0) = S,
1 N
Viwo,a1) = Zinf{(wo+ 1 SR) (Vo(R))' 77}

the infimum is taken over (1 — A1) < R < (14 Ao).
In particular, if 1 < pu+ (1 — p)d and x1 <0, then

—_

V(xo, 1) = ;(ajo +a1S(1+ X)) (Vo (1 + X)) 7.
If1 > pu+ (1 —p)d and z1 > 0, then

Vizo, 1) = %m 2181 = M) (Vo(1 = Ap)t.
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Proof. By (7.1)
1 N
V(J)o, 3}1) = mf{—;ﬁ“Vo(R) +&x1 SR+ fl‘o},
the inf is taken over £ > 0, (1 — A1) < R < (1+ Ao).

A 1 1
T

takes minimum. The rest follows from this and Theorem 6 below. O

Theorem 6. Assume 1 < pu+ (1 —p)d. Then for
(1—=M)(pu+ (1 —p)d)T7F < A< (1+ \o),

Vi(A) = 1. For other A, Vi(A) > 1 and is decreasing in A.
Assume pu+ (1 — p)d < 1. Then for

(1=M)S <A< (L+X)S(pu+ (1 —p)d)"*,
Vk(fﬁl) = 1. For other A, Vi(A) > 1 and is increasing in A.
Vi(A) is nonincreasing in k for fized A.
Proof. We only consider 1 < pu + (1 — p)d. Define

fl@)=p' o'+ 1 —p) 1 -a)*, 0<a<l.

f takes minimum at @ = p, f(p) = 1 and f is decreasing on (0, p] and increasing

on [p,1).
Given A,
(1—=X) <A< (14 o)

We consider
inf{f(a)}.
The infimum is taken over a such that there are A%, A? satisfying
auA® + (1 — a)dA? = A,
and
(1—=X1) < A" < (14 Xo),
(I-X)< Al < (1+ o).
We consider the cases,

(i) I=M)<A<(1-)y
(i) (I—=X)u<A<(1+ Xo)d;
Assume (i),
A—dAd
uAv — dAd
For each (1 — A1) < A" < (14 Xg), the range of o defined above taken over

o =

(1-X)d<dA?< A
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is [0,(A — (1 — A1)d)/(uA" — (1 — A\1)d). Take the union of these sets over all
(1—X1) < A" < (14 Ng),

we have [0, (A—(1=X1)d)/(1—X)(u—d)]. If p is in this interval, then Vy_;(A) = 1.
The condition p is in this interval is the same as

Az (1=XA)(pu+(1-p)d).
Therefore,
Ve (A =1,1 = ) (pu+ (1 —p)d) <A< (1= \)u.
On the other hand, if
(I=X) <A< (1 —=XM)(pu+(1-p)d),
the infimum of f(«) on
0, (A= (1 =M)d)/(1 = A1)(u—d)]

is

A—(1-M\)d
Tau-a”
Therefore,
i A (1)
Vr-1(A) = f(m)
if

(I=A) <A< (1= M)(pu+ (1 —p)d).

Assume (ii). We consider A < uA" < (14 Ag)u. The range of a is given by [0, 1].
Therefore, Vr_1(A) = 1.
Assume (iii). For each A < uA" < (1 + Ag)u, the range of o of

(1—A1) < AT < (14 N)
i A—(1+x)d  A—(1=x\)d
[uA“ — (14 Xo)d ud* — (1 — Al)d}'

Take the union of these sets over all A gives

[ A—(1+ X)d 1
(T4 Xo)(u—d) ™"
We can check p is in this set. Then Vp_i(A4) =
We conclude A (1)
A — —(1=X\
VT 1( ) f((l—)\l)(u—d))
if
(I=X) <A<(1-X\)(pu+(1-p)d),
and
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if
(I=X)pu+ (1 —p)d) <A< (1+ X).

Vr_1(A) is decreasing in A. R R
We can continue this argument for other Vj(A) to prove that Vi(A) =1 if

(1= A)(pu+ (1 —p)d)"F <A< (14 o),

and for other A, Vi(A) > 1. To prove the nonincreasing of Vi(A) in A needs
additional argument. We have the following observation. Let g be nonincreasing.
Consider

9(A) = inf{p'Fatg(A") + (1 — p)' #(1 — a)*g(A))},

where the “inf” is taken over 0 < o < 1 and A%, A? satisfying (7.3)" and (7.4)". We
define
g(A) = g(4), (1-A1) <A< (1+ o),

g(A) =00, A< (1=2X),
g(A4) = g((1 + Ao)); A> (1+ o).
We claim
(7.5) 9(A) = inf{p' #arg(A") + (1 - p)' (1 — )"g(A")},

where the “inf” is taken over 0 < a < 1 and A%, A? satisfying (7.4)". First, it is
easy to see that the quantity defined by the righthand side of (7.5) is not smaller
than §(A). To prove the opposite inequality, we observe that for a given 0 < o < 1
and A", A4 satisfying (7.4)', if (7.3)’ does not hold, says

A% > (14 Xo).
We define A% = (1 + \g) and A¢ by the relation,
au(l+ Xg) + (1 — a)dA® = A.
Then A% > A9, We see A%, A¢ satisty (7.3)" and (7.4)" and

plralg(AY) + (1 —p) (1 — a)rg(AY)
> plratg(A") + (1 —p)t (1 — a)"g(A?)

by the property that g is nonincreasing. Using this observation, we can deduce that
the quantity defined by the righthand side of (7.5) is not smaller than g(A).

Now from (7.5) it is easy to see that § is nonincreasing. In fact, let B = A > 0
fora A >1.Let 0 < a <1 and A%, A? > 0 satisfying

auA® + (1 — a)dA? = A.
We take B* = A%\, B* = A%\. Then
auB" + (1 — a)dB? = B.
We have
p'iakg(AY) + (1 —p)t (1 — a)tg(A7)

> ptrarg(BY) + (1 —p)'H(1 — a)tg(BY)
> 9(B).
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This is true for any a, A%, A%. Therefore, §(A) > §(B).
Finally, we denote g(A) = Hg(A). Then H has the property that g1 (A4) > g2(A)
for all A implies Hgy(A) > Hgy(A) for all A. Take g = 1. Then

Hg = VT,l.
We have proved YA/T,l > 1. That is,
Hg > g.
We note . .
Vie = HVj41.

From these, by induction, we can show Vj, > Vk+1- This completes the proof. [

Corollary 7. Assume 1 < pu+ (1 —p)d and

(1= (pu+ (1 —p)d)T < (1+ Xo).

If x1 <0, then buy-and-hold is an optimal strategy.
Similarly, assume 1 > pu+ (1 — p)d and

(14 Xo)(pu+ (1 —p)d)* > (1 = \p).

If 1 > 0, then sell-and-hold is an optimal strategy.

Proof. Assume 1 < pu+ (1 —p)d and z; < 0. From Theorem 5 and 6,

1
V(l‘o,xl) = ;(1‘0 + 1‘15(1 + Ao))w.

Buy-and-hold achives this value and hence is an optimal strategy. Other result can
be proved similarly. O
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