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Recursive estimation of possibly
misspecified M A (1) models: Convergence
of a general algorithm

James L. Cantor! and David F. Findley?
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Abstract: We introduce a recursive algorithm of conveniently general form
for estimating the coefficient of a moving average model of order one and
obtain convergence results for both correct and misspecified MA(1) models.
The algorithm encompasses Pseudolinear Regression (PLR—also referred to
as AML and RML;) and Recursive Maximum Likelihood (RML2) without
monitoring. Stimulated by the approach of Hannan (1980), our convergence
results are obtained indirectly by showing that the recursive sequence can be
approximated by a sequence satisfying a recursion of simpler (Robbins-Monro)
form for which convergence results applicable to our situation have recently
been obtained.

1. Introduction and overview

Our focus is on estimating the coefficient § of an invertible scalar moving average
model of order 1 (MA(1)),

(1.1) Y = be_1 + e

where e; is treated as an unobserved, constant-variance martingale-difference pro-
cess. We do not assume the series y;, —00 < t < oo from which the observations
come is correctly modeled by (1.1). They can come from any invertible autoregres-
sive moving average (ARMA) model or from more general models; see Section 2.
What we seek is a 6 that minimizes the loss function

(1.2) L(9) = El(ys — ys1-1(0))*] = Ele; (0)]

where e;(0) = y: —y¢+—1(0) and y; ;1 () is the one-step-ahead-prediction of y; from
Ys, —00 < s < t — 1 based on the model defined by 6 (see (2.7) below). We define
optimal estimation procedures to be those whose sequence of estimates #; minimizes
(1.2) in the limit. This is a property of (nonrecursive) maximum likelihood-type
estimates of 0, see Pétscher [23].

In this article, we analyze a continuously indexed family of recursive procedures
for estimating 6. Recursive procedures form an estimate 6; for time t using the
observation y; at time ¢, the estimate 6, for t—1 and other recursively defined
quantities. Our family encompasses two standard algorithms, Recursive Maximum
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Likelihood (RML) which is referred to throughout as RMLy [12, 21], and the sim-
pler Pseudolinear Regression (PLR) [21]—also known as Approximate Maximum
Likelihood (AML) [24] and RML; [11, 20]. More specifically, our general recursive
algorithm generating 6, depends on an index 3,0 < 8 < 1. The algorithm reduces
to PLR when 8 = 0 and to RMLy when § = 1.

Our main convergence result, Theorem 4 1, is obtained by constructing an ap-
proximating sequence 6, for which 6, —6; £ 0 holds and which satisfies a Robbins-
Monro recursion,

(1.3) ét = étq - 6tf(ét717 B) + 6:ve

in which 74 <% 0 and &; > 0,8; <% 0, 372, 0k = o0 a.s., and

" “ 430
(1.4) 10.0)= = | e g @)

Here *% denotes almost sure convergence (convergence with probability one) and
gy(w) denotes the spectral density of the time series y;. Note that when § = 0, then

15 0.0 =~ [ o e =l 0],

and when § = 1, then

T e+ 0 1d 1-
10 100 =~ [ e = 5 EEO)] = 51'0)
where L'(6) denotes the first derivative of L(). We then apply a result of Fradkov
implicit in [8], as extended and corrected by Findley [9], to show that §; converges
to {6 € ©: f(6,08) = 0} where © is the open interval (-1,1) of real 6 with 0| < 1.
(A similar result is implicit in proofs of Theorems 2.2.2-2.2.3 of Chen [7].) Hence,
for 8 =0,0, “% {0 € ©: Ele;_1(0)es(d)] = 0} and for 3 =1, 0, “% {# € ©:
L'(#) = 0}. Here and below, 6; convergence a.s. to a set means that except on a set
of ¢ € Z with probability zero, every cluster point of 6;(€) is an element of the set.
In the incorrect model situation, in which g, (w) is not proportional to |1+6e™ |2,
for examples we have analyzed [5], these zero sets will be disjoint, establishing that
PLR converges to different values than RMLs. Consequently, under the assumptions
of Theorem 4.1, we recover the results of Cantor [4] that were given in separate
theorems and proofs, establishing that, for certain families of AR(1) and MA(2)
processes, RMLy estimates of  in the model (1.1) converge to an optimal limit (a
minimizer of (1.2)) whereas PLR estimates converge to a suboptimal limit [4, 5].
When the data come from an invertible MA(1) model, it is known that PLR
and monitored versions of RMLy can provide strongly consistent estimates of 6
[4, 11, 17, 19]. More generally, in the correct model situation for ARMAX models,
i.e., ARMA models with an exogenous input, Lai and Ying [17] provided a rigorous
proof of strong consistency of PLR (under a positive real condition on the MA
polynomial) and also of a monitored version of RMLy whose monitoring scheme
involves non-linear projections and an intermittently used recursive estimator for
which consistency has already been established. In Section 4 of [19], Lai and Ying
consider a simpler modification of RMLs in which, for monitoring, only auxiliary
consistent recursive estimates are used. They present detailed outlines of proofs
of strong comnsistency and asymptotic normality of the estimates from this new
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monitored RMLg scheme. The construction of Section II of [18] can be used to
obtain auxiliary recursive estimates with the properties required.

There is a rather comprehensive theory of recursive estimation of autoregressive
(AR) models, encompassing certain incorrect model situations for algorithms like
PLR (see e.g., [6]). There are, however, no published convergence results with rig-
orous proofs for MA models in the incorrect model situation. Ljung’s seminal work
on the convergence of recursive algorithms [20, 21] mentions the incorrect model
situation but provides only suggestive results (further discussed in Section 5).

This article has five sections. In Section 2, the assumptions on the data and some
consequences for the MA(1) model are given. In Section 3, the general recursive
algorithm is presented. The Convergence Theorem is stated and proved in Section 4.
Required preliminary technical results are given in Section 4.1 and the proof of the
theorem is provided in Section 4.2. Finally, Section 5 concludes the article with a
brief discussion.

2. Assumptions

The observations y;,t¢ > 1 are assumed to come from a mean zero, covariance
stationary scalar series, y;, —00 < t < oo defined on the probability space (=, F, P).
We use the following additional assumptions on the process y;:

(D1) y; is nonzero with probability one; i.e., P{y? > 0} = 1.
(D2) The series has a linear representation

o0 oo
(2.1) Y = Zfs’set,s such that kg = 1 and Z |ks| < 00
s=0 s=0

in which k(z) = Y oo ks2® is nonzero for |z| < 1 and {e;} is a martingale-
difference sequence (m.d.s.) with respect to the sequence of sigma fields F; =
o(ys, —o0o < s <t). Thus E[e;|F;—1] = 0. By a result of Wiener [25, Theorem
VI 5.2, k(z)™t =300 Bsz® with > oo |8s| < co, whence

(22) €t = Zﬁsyt—s (ﬁO = 1) .
s=0

(D3) The conditional variance E[e?|F;_1] is constant almost surely; i.e.,
E[€?|Fi—1] = 02 a.s. Equivalently, E[e}] = 02 and € — 02 is a m.d.s. with

respect to the F;.
(D4) {e:} is bounded a.s.; sup, |e| < K a.s. for some K < co.

From (D2)-(D3), the spectral density g,(w) can be expressed as

2 o0
(23) 90(w) = 2 (e where m(et) = 3yt
and
(2.4) 0<m<gyw)<M<ooforall -m1<w<mn

for positive constants m and M. The series y; is an invertible ARMA process if and
only if x(z) is a rational function.
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Assumption (D4) is used extensively in the proof of the convergence theorem,
Theorem 4.1, in Section 4.

Under (D2)—(D4), we can apply, for example, the First Moment Bound Theorem
of Findley and Wei [10] to show that ¢! Zizjﬂ(ysysﬂ' —5) 2% 0. Hence, from
the particular case y; = €; in (2.1) and j =0,

(2.5) t! Zeg L5 52,

s=1

We consider models for y; of the invertible, stationary first-order moving-average
type (MA(1)) given by

(2.6) yr = 0es_1 +e, —00<t<o00.

For a given coefficient § such that || < 1, the difference equation (2.6) is satisfied
with e; = e;(f) given by the mean zero, covariance stationary one-step-ahead-
prediction-error series,

(2.7) e(0) = (1+08) 1y, = Z(*@jyt—j =yt — Yaje-1(0) ,

j=0
from the MA(1) predictor yy;—1(0) = —>72,(—60)7y:—j, see (5.1.21) of [3]. Here
B is the backshift operator; i.e., By; = y;_1. The coefficient 6 is referred to as the
MA coefficient. Thus,

(2.8) yr = er(0) + Oer_1(0).

The infinite series in (2.7) converges in mean square and, from (D4) and the rep-
resentation (2.1), also almost surely. Thus, e;(6) represents the optimal one-step-
ahead-prediction-error process from the perspective of the model (2.6). The model
(2.6) is correct if e;(f) coincides (a.s.) with the m.d.s. ¢ in (2.2), in which case
Bs = (—=0)°,k > 0. Whether or not the model is correct for any 6, forecast errors
e+(0) appearing in loss functions such as (1.2) and elsewhere are calculated as in
(2.7). We emphasize that (2.1) allows data processes far more general than MA(1)
processes. In particular, the z-transform, Z:io Ksz® is not required to be rational.
For example, time series conforming to the exponential models of Bloomfield [2]
have non-rational k(z) without zeroes in |z| < 1.

Let © = (—1,1). From (2.7), the spectral density of e,(0) is ge(0,w) = gy(w) -
|14 e™|~2, so for L(#) defined by (1.2), we have

(2.9) L(9) = /7r 9y ()

TRk

By (2.4) and the continuity of g,(w), L(f) is positive, infinitely differentiable,
and nonconstant on the interior of [—1,1], i.e., on O, and infinite at the endpoints.
Therefore it has a minimum value over [—1, 1] and

(2.10) 0" = {9 €[-1,1]: 6 = arg min L(@)} ,
0€[—1,1]

is a subset of [~ K, K| for some 0 < K < 1. Also ©* C O} = {# € ©: L'(§) = 0}. We
are interested in a.s bounded random recursive sequences 6; = 0;(£) that converge
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a.s. to ©* or at least to OF. If ©f contains only one point, 6;, then 6; converges to
05 a.s. Our results will establish convergence of the sequence of estimates 6; defined
by the general algorithm presented below to the set of zeroes of f(6,3) defined by
(1.4).

3. The general recursive algorithm

For 0 < 8 <1, we define a general recursion for estimating the MA coefficient 6 of
(1.1):

(3.1a) 0, =0, 1 + Pf%@_let; 6, =0,t>2,
I Wt _ 1 _ _
(3.1b) Ptzgszlqﬁ :Pt_1+¥[¢f_1 — P, PP=0;t>2,
(3.1c) er =1y —0i_1e4_1; e1 =y1,t > 2,
(3.1d) Gr=x¢ — O0s_1¢t—1; $1=1x1,12>2,
(3.1e) Ty =y — PBO_1Ti—1; T =Y, T > 2.

From (3.1a), it follows for 0 < s < ¢ —1,¢ > 2 that

s—1

(3.2) Op_s =0, — Z(t - l)flpt__ll(?t—l—let—l )

=0

where Zl_:lo(-) = 0. From (3.1e),

(3.3) Ty = X_:(—ﬂ)s ( 9t—i> Yt—s

s=0 i=
where H?:1(~) = 1. Next, let z; = e; and, for ¢t > 2,
(34) Zr = ey + 9t71¢t,1 .

The value of the parameterization with (§ is that it enables us to simultaneously
obtain results for two important algorithms. When 3 = 0, then x; = y; from which
it follows that ¢ = e; and z; = y; and therefore (3.1a)-(3.1e) is PLR (AML,
RML;)[11, 20, 21, 24]. When 8 =1, then a; = e; and ¢y = e; — 0;_1¢:—1 and thus
(3.1a)—(3.1e) is RMLy [12, 21] without monitoring to ensure that each estimate 6,
isin © = (—1,1).

For any (3, these 0; can be expressed in the form of a regression estimate:

t

. -1
(3.5) 0; = {Z ¢§—1} Zzs¢s—1a t>2.
5=2

s=2

An induction argument for (3.5) goes as follows. Set P, = tP; = 22:2 ¢?_,. Note
that from (D1), P, > 0 for all t > 1 and therefore P! exists a.s. From (3.1a)(3.1e)
and (3.4), 02 = (1/2(1)%)71 1/2(2z2¢1) , which is (3.5) for ¢ = 2. Suppose then it is
true for some t > 2; i.e.,

t
(36) Ptﬁt = ZZS¢S_1 .
5=2
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Then

P10 = Py (6 + Pt;11¢t€t+1) = (P + ¢7)0; + breria

= Z 2ss—1 + Pe(d10: + er41) (from the induction hypothesis (3.6))

s=2
¢ t+1
=) zbe+ hrzpr = D Zeba1
s=2 s=2

Hence, (3.5) is true for ¢ + 1 and by induction therefore for all ¢.
For use below, we define the stationary analogues e;(6), z:(0), ¢:(6) and z(6) of
et, Tt, Pr and 2

(3.7) er(0) = (14 6B) 'y,
(3.8) 2(0) = (1+08B) 'y = Y _(—B0)ye—j ,
j=0
¢1(0) = (1+6B)~ :i Y, (0
(3.9)

=(1+6B)"'(1+63B )

so ¢4(0) = e;(0) when 8 = 0. From (3.7)—(3.9),

(3.10)  2¢(0) = er(0) + 0¢—1(0) = [(1+6B) " +0B(1+60B) " (1 + 08B)
From (3.7)—(3.10),

(3.11) B %(9)] :/_Tr |(1+0€iu)(11+69€iw)|29y(w)dw7
g e 1
Bl 000 = | g e gy
(3'12) s Tw "rﬂe
= [ s s g,
and

(3.13) Elz(0)¢i-1(0)] = /j (1 +6;;ij)?1(l++ﬂgiw

From (1.4) and (3.12), E[¢:—1(0)e:(0)] = —f(0,0). Let e (6) = de.(0)/df. Then,
from (3.7),

)|ng(w)dw

(3.14) —ei(0) = H%et(e) = (1+£ZB)2yt'
Since

1d /

§@E[ 2(0)] = Ele},(0)es(0)],

from (2.9) and (3.14), the derivative of L(#), L'(6), is obtained from

5L = Ea0al) = [ g3 pmn rrgmm @

L+ 0)2 (1 + fe—i)

A )
(3.15) c e
= . —‘(1 + oeiw)2|29y(w)dw7
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which is (3.12) with 8 = 1, verifying (1.6).
As a consequence of (2.4), we note that since |z] < K* < 1 implies 0 < 1 — K* <
|1 —z| <14 K*, for (3.11) with |§] < K* < 1 we have

m i 1 M
316 R S /_,T T o)1+ goemE % = Ty

4. The convergence theorem

The following result is a generalization of the PLR and RMLs results proved in [4]
for MA(1) models.

Theorem 4.1 (Convergence theorem). Consider a series y; for which (D1)-
(D4) hold. For each B such that 0 < § < 1, assume that the recursive sequence
defined by (8.1a)-(3.1¢) is such that, for some random k* = k*(§) and K* =
K*(&)(€ € E) satisfying 0 < k* < 0o and 0 < K* < 1, it holds almost surely that
|01+ | < K* for allt. Then for f(6,03) as in (1.4):

(a) The sequence Oy defined for t > 1 by

t
N 1 i 1
0, = |- E - - d
t |ﬁ [ﬂ |(1+95+k*61w)(1+ﬁes+k*elw)|2gy(w) w

! Xt: /W cosw + (1 + B3)0s4k+
t T |(1 + 95+k* €iw)(1 + ﬁ65+k* €iw

)‘Zgy(w)dw

s=1""

has the property that 6; — 6, = 0. Hence, with probability one, there is a
to(&) > 1 such that |0;] < (1+ K*)/2 < 1 holds for all t > to(§).
(b) For allt > ty(§), 0, satisfies a Robbins-Monro recursion,

(4.2) 0r =01 — 5tf(ét—17ﬁ) + 0yt s

with v, =50, 8 > 0 a.s., 6y =5 0, and Zzito_,’_l 0s = o0 a.s. where f(0,0)
has the formula (1.4).

(¢) From (a) and (b), it follows that, with © = (—1,1), the sequence 0; converges
a.s. to the compact set

(4.3) O ={0eco:f(0,05 =0}

in the sense that, on a probability one event = that does not depend on (3, for
each £ € Zg, the cluster points of 0,(£) are contained in @g. Further, when

ys is an invertible ARMA process, then @g is finite, and 6(&) = limy_,o0 0:(€)
exists for every £ € Z.

Note from (3.5), (3.11) and (3.13) that the assertion 6; — 6; <% 0 in part (a) of
Theorem 4.1 can be formulated as the assertion that

1< T

{;zd@l} S
s=1 s=1

t

_[ ZEWf(@s%*)]} %ZE[Zt(93+k*)¢t—1(9s+k*)]
s=1

s=1

| =
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tends to zero a.s. In the expression above, ¢9 = 0 and expectation is taken before
evaluation at 0, p«.

The proof of Theorem 4.1, given in Section 4.2. In [5], we provide complete
results concerning the existence of £* and K* with the required properties for
several incorrect model examples as well as for the correct model situation for
B =0 (PLR) and provide more limited results for the case 8 = 1 (RMLy) with
a particular monitoring scheme. For the latter case, we also report on simulation
results which demonstrate the existence of the variates k*, K* as in Theorem 4.1
with the consequence that monitoring becomes unnecessary for sufficiently large ¢.
In the correct model case y; = fe;_1 + € with i.i.d. €, Lai and Ying [19] show for
their monitored RMLs that this happens a.s. and the conclusions of Theorem 4.1
concerning our approximating sequence (4.1) apply.

4.1. Preliminary results

Here we present some needed technical results. We first quote, without proof, a
powerful result from martingale theory [17, Lemma 1, part (i)]. Unless specified
otherwise, all limits (liminfs, limsups, etc.) are with respect to ¢ and for simplicity
the ¢ — oo will be usually suppressed.

Proposition 4.1. Let {¢;} be a martingale difference sequence with respect to an

increasing sequence of o-fields {F;} such that sup, E[|&|?P|F;—1] < oo holds a.s.

for some p > 1. Let Z; be an Fy_1-measurable random variable for every t. Then
ES

S| Z.és converges almost surely on {322, 22 < oo}, and for every n > 1/2,

s=1"%s

Since

it is clear that a corollary of this Proposition is

Proposition 4.2. Under the assumptions of Proposition 4.1, if limsupt—' x
22:1 72 < o0 a.s., then t1 22:1 Z6 225 0.

Recall from (2.1) that y; = ¢ +Z§i1 Ks€i_s Since kg = 1. A second consequence
of Proposition 4.1 is

Proposition 4.3. Suppose that the m.d.s. € in (D2) is such that sup, E|e;|?"|
Fi—1] < oo holds a.s. for some p > 1. Then for any sequence §y = yr — Gr—1 in
which §i—1 is Fy_1-measurable, it holds that liminf ¢! 22:1 92 > 0?2 a.s., where

02 = Elef].

Proof. From (2.1), gt = ys — Ji—1 = € + 2 where Z; = —Jy_1 + Yooy Ks€r—s IS
Fi_1-measurable since Zfil Ks€i—s 18 JFy_1-measurable by (2.2) and §;—1 is Fy_1-
measurable by assumption. Then

1« 1« 2 & 1«
22@3222654‘?263534‘?22&
s=1 s=1 s=1 s=1

(4.4) ; . .
_ 1 2 2521 €sZs 1 Z =2
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Consider first the event that >°_, zs 2% ] < oo. Then t~13°0_ 22 “% 0 and,
by the preceding Proposition, ¢! Z L €s7s =5 0. Hence, from (2.5) and the first

equation in (4.4), im¢t=' S g2 =130 X 65 = 02 so the assertion holds in this

2
sls

t - t
1 S~8 1 ~
liminf; E gj?:liminf( E 24 { ﬁ—i—l}g E z?)
s=1
(4.5) 5 i} L
SZS ~
= 02 + liminf <{2ﬁ + 1} > 22> a.s.

By Proposition 4.1, Zs L€sZs/ S0 22 ©% 0. Hence, the second expression in
(4.5) is nonnegative, and the proof is complete. O

Proposition 4.4. Under (2.4), for each § € [0,1], the function f(0,3) defined
by (1.4) is infinitely differentiable on © = (—1,1), and @g defined by (4.3) is a
nonempty compact subset of ©. In the case 3 = 1, O} contains the (nonempty) set
of minimizers over © of L (6) defined by (2.9).

event. In the complementary event, $° 2% 50, from (4.4), it follows that

Proof. The differentiability assertion follows from (2.4) via the dominated conver-
gence theorem. Except for compactness of O}, which will be discussed below, the
assertions concerning L () and f (#,1) were obtained subsequent to (2.10). The
remaining assertions follow from the continuity of f (8, 3) and the limit properties

(4.6) Jim £ (0, 8) = —o0
and
(4.7) lim £ (6,3) =

Indeed, from (4.6)—(4.7), for any K > 0 there exists an 0 < (K, 5) < 1 such that

f(6,8) < —Kforallf € (—1,—1+4¢) and f(0,0) > K for all § € (1—e¢, 1). Therefore

f(6, 8) must change sign over [—14¢,1—¢]. Hence f(6, 3) is non-constant and has

a zero in this interval and, moreover, G’g C [-1+4¢€,1 —¢]. Finally, since f(0,5) is

continuous on this interval, @Q is compact. An analogous argument applies to ©}.
To verify (4.6), we note that g,(w) = g,(—w), —7 < w < 7 yields

_ T cosw + 30
s~/ i s g () e

Because 0 < § < 1, for 0 < € < 1 — 3 there is a § = §(¢) € (0,m) such that
cosw + (8 > & whenever |w| < d and —1 < 6 < 0. For such ¢, §, we obtain

. " cosw + (36
lim : —— gy (w) dw
) Tt o) (14 )|

cosw + 360
48) {/w /}|1—ew (1= o) % ()&

(4.9) + hm/ cosw + b6 —— gy (w) dw
) 105 00 (1 + )

= 00,
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because (4.8) is finite, whereas for (4.9) we have

. 0 cosw + 36
lim ; — 59y (w) dw
0—==1J_5 |(1+ fe) (1 4 B0e™)]
5
. . —2
> li 1 “) (1 " = 00.
_Emg_l)lr_ll _5‘( + fe ) ( + (B0e )‘ dw = oo
This yields (4.6), and (4.7) follows by an analogous argument. O

Proposition 4.5. Let y; be an invertible ARMA process, then for each 8 € [0,1],
the set @g ={0e(-1,1): f(0,8) =0} is finite.

Proof. k(z) in (D2) has the form & (z) = n(z) /¢ (z) where n(z) and ¢ (z) are
polynomials, of degrees d, and dg, respectively, having no common zeroes and
having all zeros in {|z| > 1}. Setting z = €™ and h(z) = (1 + 6z) (1 + £6z), we
obtain from dz = izdw that

i e + 36
10.9)= [ e )
_ Ug/ (z+60)n(2)n (=)
2mi Jjzj=1 2h (2) R (271) § (2) p(271)
_ 03/ A+dy—dy (z+ B0)n(2) {z%m (z71) } b
210 J)2 =1 h(2){z2h (271)} ¢ (2) {z% ¢ (271)}

dz

The function

SHds—dy (z+B9)n (2) {z"n (=)}
h(2){22h(271)} ¢ (2) {2z (271)}

is nonzero on {|z| = 1} and has poles interior to the unit circle at —6, —(36, at the
zeroes of z%¢ (2’1)7 and, if 1 +dg —d, <0, also at 0. If z;,7 = 1,...,n are the
distinct poles in {z: |z| < 1}, then, by the Residue Theorem of complex analysis,
e.g., (4.7-10) of Henrici [13], it follows that

w(z) =02

f (976) = - ZRGSZZZJ’U) (Z) )
j=1

where, if z; is a pole of order J > 1,

1 ) del .
Res.—.,w (z) = =) zlgr;j P {(z — Zj)]w(z)} .

Thus each Res.—. w (z) is a rational function of 6, and therefore the same is true
of f(0,3). Consequently, f (6, 3) = 0 holds for only finitely many 6 in (—1,1). O

The final preliminary result addresses convergence of a Robbins-Monro type
recursion that will be applied to demonstrate convergence of the general recursive
algorithm. It is a special case of a correction and extension by Findley [9] of a result
that is implicit in the proof of a theorem of Fradkov presented in Derevitzkii and
Fradkov [8] for the case of monotonically decreasing d;. The result below is also
implicit in the proofs of Theorem 2.2.2 and Corollary 2.2.1 of Chen [7] which cover
the case of vector § more completely than Findley [9].
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Proposition 4.6. Let ét, t > to be a non-stochastic, real-valued sequence satisfying
0 =6, 1 — 5tf(ét71) + 6y, > to

for some real-valued function f(0), with v, t > to satisfying v+ — 0 and with O,
t >ty satisfying 6 > 0, 0y — 0, and Zfit(ﬁ_l 0y = 00 . Suppose there is a bounded
open set © on which £ (0) is continuously differentiable and which is such that the
sequence 0, enters © infinitely often and has no cluster point on the boundary of ©.
Then 6, is bounded, and its cluster points belong to ©g = {# € O: f(0) =0}, ie,

6, — ©q. The set of cluster points is compact. If Oy is finite, then 0, converges to
some 6 € O.

4.2. Proof of the convergence theorem

The proof of Theorem 4.1 follows from a set of technical lemmas and propositions
given below. Proposition 4.7 provides a set of technical results needed to prove
the Theorem’s two main assertions: (i) the asymptotic equivalence of 6; and the
sequence 6, (Proposition 4.8) and (i) (Proposition 4.9) the fact that 6, satisfies a.s.
a Robbins-Monro recursion of the form considered in Proposition 4.6.

Hereafter, K or sometimes k (or these letters with decorations) will denote a
generic upper bound (not always the same one) that is finite, or when it is random,
finite a.s. A random K will be shown as K (&) with £ € E on first appearance
whenever the randomness is not immediately clear from context. Again, unless
specified otherwise, all limits (liminfs, limsups, etc.) are with respect to ¢t and usually
the t — oo will be omitted. The notation o, s (1) denotes convergence to zero with
probability one.

Proposition 4.7. Under the assumptions of Theorem 4.1, for the general recursive
algorithm, the assertions (a)—(c) below follow:

(a) liminft’{Zizl ¢2 > 0%as and (7', 627 < K(€) < o0, and thus,
from (3.1b), P * is bounded a.s.

(b) Fort > 1, e; = Zj 0 K§(t)er—j; b = Z?On?(t)et,j;mt = Z] A
and z; = Z] _o K (t)er—; where for every j, K ~(t),l€f(t),l€;(t) and K5(t) are Fy—1-
measurable. Moreover, there exist k; such that

max{ |r5()], |57 (O |65 (D1, |85 (0)]} < R

and Z;O kj < oo a.s. Hence, the sequences e;, ¢y, x¢ and z; are uniformly bounded
a.s.

(¢c) 0y —0i—1 = 04.5.(1).

Proof of (a). From (3.1d), ¢y = @y — 0i—1€4—1 = yr — Or—1(Bxs—1 + €4—1) . Since
0¢—1(Bxs—1 + e;—1) is Fy_1-measurable, by Proposition 4.3,

¢
(4.10) liminf ¢! Z ? > 0?2 a.s.
s=1

Continuing, from (4.10), for any 0 < L1 < o2, there exists tq = to(Ll7 €) such that
t=130 92 > Ly as. for all ¢ > t. Let Lg(f) = minj<ic, t1 YL, 2. Then
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0 < Ly < oo a.s. This follows since tg is finite and ¢; is a finite valued sequence
with probability one, hence Ly < 0o. Moreover, since ¢1 = y;, under (D1) it follows
that Ly > 0 a.s. Hence, (t7' 32, ¢2)~! <max{L;*, Ly'} < 0o a.s. and the proof
of part (a) is complete. O

Proof of (b). Set 8 = 0. From e; = y; and e; = yp — 0;_1€4_1,t > 2, it follows
that x5(1) = r; for all j, that x§(t) = o for all t > 1, and that £5(t) = r;(t) —
0,_ 1K ( — 1) forall t > 2,5 > 1. It follows by induction that

min(j,tfl)

(4.11) K5 = Y (=D'km 1H9t : where []_,() =1

=0

Since for some k* finite, |6;44+| < 1 for all ¢ > 1, we have that |6;] < K(§) < oo.
First suppose that K < 1. Then from (4.11),

min(j)tfl) l ]
EOI< D Imgaal [J 10—l <D0 K sl
1=0 i=1 1=0
and since K < 1, 3272 [w5(1)] < 32720 20 K kjal = 2020 K207 [kl < o0

where p = j —[. So the result holds for the case of 0 < K < 1.

Otherwise, suppose 1 < K < oo. For all t > k*, we have that |0;] < K*(§) < 1, so
K (&) = A& K*(&) for A > 1. For simplicity of notation, replace K* by p. We next
show that Hi'=1 |0:—i| < N pt for [ < t. First suppose t < k*. Then Hi'=1 |0:—i| <
Npt < XF"pl. Next suppose t > k* and | < ¢t — k*. Then, Hézl 10, _s] < pt < p'AF"
since |0;—;| < p for 1 < i <t — s*. Finally, suppose ¢t > k* and [ > ¢t — s*. Then
since [ < t,

l t—s* l
H |9t—i‘ _ H |9t—i| H |9t—i‘ < pt*s*Alf(tfs*)plf(t*s*)
1=1 =1 1=t—s*+1

_ pl>\l—(t—s*) _ )\k* )\l—tpl < )\k*pl
Hence, generally Hi:l 10:—s] < A\*"pl. Setting k$(€) = TS Op Hkj—1|, we have

J

< lmj- z|H|of i <A me | =55,
=1

=0

and since |p| < 1, 3277 K5 < 00 as.

Next, from (3.3)

min(j,t—1) 1
(4.12) RE6) = Y (=0)'kim ][O
=0 i=1

and since 0 < g < 1, an argument like that for e; can be applied and to obtain the

existence of a fif such that

(4.13) 62(t)] < kY and Y KT < coas.
j=0
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Continuing, since ¢1 = x1 and ¢y = x¢ — 6;_1¢¢—1 for t > 2, it follows similarly
that

min(j,t—1)

!
(4.14) H?(t): Z (_1)%?—1(75)1_[@—1'-

=0

From (4.12) and (4.13), substituting x§(¢) for x;, the same kind of argument can
be applied to (4.14) to yield
(4.15) |K2(1)] < Kk with 3.°° k? < oo a.s

: J =Y J=0" o

Finally, for ¢ > 2, we have, from z; = e; + 0;_1¢1_1

Z Ki(t)er—j = Z K5 (t)er—j + 011 Z H?(t —De—1-5,
=0 =0

j=0
for t > 2 from which it follows that

(4.16) KE(t) = KS(t) + 01k (t— 1),

where 2 (t) = 0. Since sup, |6 < 0o a.s.,

|3 ()] < kG + sgp |9t|/<aj-)71 a.s.,

where k%, = 0, so there is a r% such that |k%(t)| < k% and Z;io k%] < oo a.s. for

t > 2. Since 21 = ey, it thus follows that #; = max;{|x%], |/<af|, |k%|, [K%]} satisfies
> Fj < oo as.
From this, we see that e;, ¢, z; and z; are bounded a.s. For example,

oo oo
|o:] = ZH?(t)et_j < sup e Zf{j < 00 a.s.
j=0 —oo<t<oo j=0

From (4.11)—(4.12), (4.14) and (4.16), nj(t),fej’(t),n;?(t) and r73(t) are each Fy_1-
measurable for every j. Hence, part (b) of the Proposition is proved. O

Proof of (c). By parts (a) and (b), |6; —0;_1| <t~ P, ey||pe_1]| <t K (€) where
K (&) < oo and thus part (c) follows and the proof of Proposition 4.7 is complete. O

Lemma 4.1. Under the assumptions of Theorem 4.1, we have:

(a) If &;(t) are Fi_1-measurable such that |k;(t)| < &; for j > 0, with Z;io Rj <
00 a.s., then for all p > 1 and each 0 < j < oo,

¢ min(j,s—1) 1 p
1 ~ o\ — —— a.s.
CRUN. S D EBa) [ — )T Pigeiciess | 250,
s=2 =1 i=1
and
1 t min(j,s—1) 1 ~ p
(418) S DD B9 (s—i) P deiiresi | 0.

»
[
N
Il
<

=1 %
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In particular,

p

¢ !
1 ~ a.s.
(4.19) i E E Rji—i(s) | I(s — i) P siciesni | €2; =50,
(b) For any0<j < oo andi < j,

(4.20) %Z(nj’(s))zegﬂ. = % Z (k9(s —1))%€2_; + 0q.s.(1) -

(¢c) For0<jl<ooandj#]l, then

t
1
(4.21) 7 > K9 (8)es—jty (8)es—t = 0.

s=max(j+2,l+2)

Proof of (a). By the boundedness of P! ¢ e; (Proposition 4.7) and since
|Fm (t)] < Ry for all m > 0 and ¢t > 1,

1< min(j,s—1) p
E Z l%j l H 1P ¢s i—1€s—3
s=2 =1 i=1
1 t j min(j,s—1) | P
Z Z Z R H(S — i) P [ s—io1les—il
s=2 \m=0 =1 =1
1 min(j,s—1) P
<KE©; ) -4
s=2 =1 i=1
And since for all j >0, p > 1,
1 t min(j,s—1) | p K +
2D [Ts-07"] <=3 (s —minGios— 1) —0,
5=2 I=1 =1 5=2

(4.17) follows, as does (4.19), by the boundedness of e;. Similarly,

min(j,s—1) l

t
% Sl Y ma@d (=i P e i
5=2 =1

1=0

1 ¢t (min@s—1) 1 p
(4.22) 7 > > (s =)
s=2 =1 1=0
t min(j,s—1) P
K
? Z (S - i)_l — 0,
s= =0

and (4.18) follows. O
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Proof of (b). From (4.12) and the recursion (3.1a) for ;, we have, for s > j + 2,

J l
w5 () = Y (=8) it ] ] s
i=1

j l
= Z(—ﬁ)lﬁj—l H (95471 +(s— Z')_lé;lﬂssfiflesfi)

(4.23) =0 = ,
J l J l ~
= Z (—=8)' k1 H Os—i—1 + Z(—ﬁ)lﬁj—l H(S — i) P e iress
1=0 i=1 1=0 i=1
=k (s — 1) +wj(s).

where

J 1
(4.24) wi(s) = > (=) ki [[(s = ) P pamizress,
=1

=0

Continuing, from (4.14) and (4.23)—(4.24), for s > j + 2,

K?(‘S) = Z Hee i
1=0
J l
= Z(*l)lﬂzg—l(s) H (Os—ic1+ (s — i) P daiores )

=0 i=1

:ZO Hes i—1
J l
(4.25) +Z(—1)l/<c;”_l(s)n(s—l) 1P Ly i 1eei

j !
=D (DR = 1) + wiy(s)) H fs—i1

(S - i)_l—ﬁsf_li(bsfiflesfi

_|_
-
T
=
=
<h
=
VA
N—

=0 i=1
J l
+> (DR (s) [J(s =) Ps—i—1€5—i
(4.26) PR =t -
= Z(_l)l (_ﬂ)mﬁjflfm H(s _Z) ¢s i—1€s—i H 93 n—1



Recursive estimation of possibly misspecified MA (1) models 35

By (4.19) and (4.25)—(4.26),

t

¢

1 1

=2 e = 5 2 (ks = 1) + 265 (s = D (s) + () (s))?) €2
s=j+2 s=j+2

Applying an argument similar to that used for part (a), it follows by the bound-

edness of 3 and 6; and the Cauchy-Schwarz inequality that t=* > _ o (2/{?(8 -

Dwf(s) + (w?(s))?)e2_; = 0q.s.(1). Hence,

t

1

7 > (K2(s)%e2; = 7 > (595 —1))%€2_; +0a.s.(1).
s=j+2 s=j+2

Finally, since j is finite, then for ¢ < j, it follows by applying the recursion (4.25)

in /if(t) i — 1 additional times that (4.20) holds, because a finite sum of 045 (1)

terms is 0,4.5.(1). O

Proof of (c). By parts (a) and (b), for j # [,

1
7 Z K?(s)es,jnf’(s)es,l

s=max(j+2,l+2)

t min(j,s—1)
= % Z { (nj’(s - ].) + Z (_l)p'%:;fp(s)
)

s=max(j+2,l+2

l
X H(S - q>_1p51q¢sqlesq>

Il
-

—~
=
N
3

~

2

X H (5 - m)_lps__lm¢s—m—les—m> €s—]fs—l}

m=1
=- Z £2(s — D (s — 1)es—jes—t + 0a.s.(1)
J l s—jCs—I a.s. .
s=max(j+2,l+2)

Without loss of generality, suppose j < | < co. From parts (a)—(b) and applying
the argument that led to (4.27) j — 1 additional times, we have that

t

¢

1 1 , )

: Z nf(s)mf(s)es_jes_l =7 Z n?(s — ])mf(s — J)es—j€s—1+ 0q.5.(1)
s=1 s=j+1

t—j
1
=7 Y KT (9)es—j)es + 0as. (1),
s=1
LS o0y, 6
=7 D KT ()R] ()es— s + 0as. (1),
s=1
since by (D4) and the fact that |x%,(¢)] < K (&) < oo for all m >0,

1Y KY(s)A] (8)eam—jy€s = Oas (1)
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Since j < I, €5_(—j) is Fs—1-measurable, as the o-fields are increasing. Set z, =
Iid)(s),‘{?( )€s—(1—j) » Which is Fs_j-measurable by part (b) of Proposition 4.7. Then

from boundedness, limsup § St R § (sup, |®(t)|)*(sup; |e:])?> < oo, and thus

s=1 s
from Proposition 4.2, t—1 Zs:l Zees =% 0 and therefore (4.21) holds and the proof
of the Lemma is complete. O

Lemma 4.2. For each u > 0, under the assumptions of Theorem 4.1,

2

t
(4.28) %Zﬁ:lz Zn S)eaj | +rilt,u)
s=1

s=1 \j=0

where lim,, limsup, |r1(t,u)| = 0.

Proof.
1 1 t o} 2
YRR poLTO
s=1 s=1 \j=0
1 t u 2 9 t u o
5551 DTN N 31 D SO P IoTe
s=1 \j=0 s=1 \j=0 l=u+1

Let r1(¢,u) be the sum of the last two terms. Recall from Proposition 4.7 and (4.15)
that |/-@f(t)| < /@f where 377 /@j’ < o0 a.s. From this and (D4), it follows that

lim lim sup |71 (¢, w)| < K(§ hm ZH Z nl Z ;gj.’ =0,
“ ¢ 7=0 l=u+1 j=u+1
and consequently that (4.28) holds. O

Lemma 4.3. For each u > 0, under the assumptions of Theorem 4.1,

2

0'2 i
(4.29) %Z > K(s)eas | = TEZ

u

( ’(s) )2+oa,s_(1).

s=1 \ j=0 j=0
Proof.
1 t u 2 1 t u
ZZ Z 63 J ZXZZ( J €s— J+ ZZH 6s J”ig )fs—l-
s=1 - s=1j=0 s=1 j#l

Since w is finite, by Lemma 4.1, part (c),

_ ZZ K" eq JHl )63_1 = Oa.s.(l) ;

s=1 j#l
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and so it remains to consider t~* 320 _, > i=o( f(s))2 2 .. Consider the martingale

difference sequence & = €7 — Ele7|Fi—1] = €7 — o2 (recall that E[e?|Fi_1] = o2).

From (D4), & is bounded a.s., hence sup_ oy, E[|&[P|F;_1] < 00 a.s., so we can
apply Proposition 4.2 to €.

For any j < s, consider ¢} Zizl( ¢(5))2€S Since limsup ¢! Zizl(nf(s))2 <
00, by Proposition 4.2, ¢! 22:1(“?(5))258 2% 0, hence, t~* Zizl(fif(s))g(eg -
02) £% 0. By an argument like that used to prove part (b) of Lemma 4.1, it follows

€

that

t

t
1 1 L
n Z )2Es—j = =7 D (K9 (s = )€ + 005 (1),
s=1 s=j+1
1
=7 (ﬁj?(s))zes + 04.5.(1),
s=1

(H?(S))zgs + 04.5.(1) (since j < s),

w
Il
N

Il Il
& | = & | =
- i~

(H?(S))%s + OaAS-(l) = Oa.S-(l) >

s=1
ie., t713_ 1( (s))?(e2_; — 02) =5 0 for all j < w. Finally, since u is finite,
t 125 123 0( (s ))2(63 ;—02) =50, and (4.29) holds and the proof of the
Lemma is complete ]

Lemma 4.4. Under the assumptions of Theorem 4.1, for each u > 0 and 0 < k* <
o0, we have

o2 S 2 S22 M J j—l 2
TE Z (H?(S)) - ?6 ZZ <Z(_98+k*)l Z(_ﬂgs-&-k*)pﬂj—l—p)
(4.30) $=14=0 s=1;j=0 \I=0 )
. + 04.5.(1)

j !
k() = Y (—1)'kg_i () [T 05
=0 i=1
J Jj—l P l
(4.31) = Z(_l)l (Z(—ﬂ)pﬁjua H 987") H Os—i.
p=0 r=1 i=1

From (3.2) and (4.31), it follows that for s > j + 1,
J J
SRS DEIEIE) | ORED S SIDRIEE) O
1=0

(4.32) :i:(—nl(e sTIP s _res)k Hes i
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J
=2 (-1 Hfﬂ i
0
J
72( l)l 1P g, e K H09 i

=0
— 22]:(—1)1
(4.33) ]l,=0 l
x ) {(Um(osﬁf_l(s) <H98_i> sTIP by 1es) HGS p}
m=0 =2

2

J l
+ (Z(—l)ls—lps—l(bs165,%?1(8) H 951> ,
=2

and from the boundedness of §; and an argument like that used to prove (4.17), it
follows that

s=j+1 s=j+1 \I1=0

Consider next the r.h.s. of (4.34). From (3.2),
J l
Z(—l)lesm'}’_l(s) Hﬁs_i
1=0 i=2
J l
= Z( ) 0505 2"’i (S) Hes—i
i=3

J 1 !

= Z(_l)les <93 - Z(S - ) 1P_ ¢s m—1€s— m) K;‘E_l(S)Hes—i
i=3

0
J 1 l
72(71)l08 Z(Si ) lpg_ m¢e m—1€s— m'%] 1 )Has—i
i=3

Therefore, again from boundedness of #; and an argument like that used to prove
(4.17),

: 2
J

o i o? !
- > (Hf(s)y:f 3 (Z(ngn;?_l(s)ﬂes_i) + 04.5.(1).
=3

s=j+1 s=j+1 \I=0
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Applying the argument [ — 2 additional times, it follows that

2 t 2 t 7
O—E O—é x
(4.35) = > (K9(s)? = = > (Z(as)lnj_l(s)> + 04.5.(1).
s=j+1 s=j+1 \1=0
Next working on the r.h.s. of (4.35), from (4.12):
J J Jj—l P
S (-t =00 (S Tl )
= 1= p=0 r=1
J J—l ~ P
= Z(_os)l (Z(_ﬁ)p(es - 571P371¢(s—1es)5j—l—p H 93—7“)
=0 p=0 r=2
J l P
= Z (Z pesﬁ]j_l_p H 95-7~>
=0 p=0 r=2
J Jj—l ~ P
- Z(_es)l <Z(_6)p3_1ps_1¢s—1es"€j—l—p H 05—7") .
=0 p=0 r=2
Hence,
0'2 i J 1 ’
= 2 | 20K ()
s=j+1 \I1=0
0_2 t J 7=l 2
:76 Z (Z( 93)12(_ Gﬁ]szGS T) + 04.5.(1)
s=j+1 \1=0 p=0
Applying the argument p — 1 additional times, it follows that
o2 t J 2 o2 t J j—1 2
Ly (Sento) =2 3 (SeorSemes )
s=j+1 \I=0 s=j+1 \I=0 p=0
+ Oa.s.(]-) 9
and, since j is finite
o2 <& o2 J -l 2
EICHOIEEY (Z l i ) + 00.0(1)
s=1 s=j+1 \I=0 p=0
Finally, since w is finite, (4.30) follows for k* = 0.
From (3.2), for any finite k* > 0,
k*—1
05+k* = 93 + Z (S + k' — ’I") 1P5_+k;*77‘¢)8+k*—7'—168+k*—7' .
r=0
Set
E*—1

)‘(87 k*) = Z (8 +k*— T) 1PSJrlk*7T¢s+k*—7'—1€s+k*—7'~
r=0
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For every integer [ > 0, the binomial formula yields

! l
0L e = 0L + ( ) 0\ A(s k™) + o + (z N 1) O i A1 (s, E%) + A (s, K).

Substituting this result into the r.h.s. of

b2 & b2 & j j—l 2

T > (57(9))* = y > <Z(_98+k*)l Z(—ﬁesﬂc*)pﬁjlp) + 0a.5.(1)
s=1 s=j+1 \I1=0 p=0

which follows from Lemma 4.1, and noting that each resulting term involving
A(8,k*) is 04.5.(1) by (4.18), the proof of (4.30) and of the Lemma is reduced
to the result just established for £* = 0. O

Lemma 4.5. Under the assumptions of Theorem 4.1, for any finite u,

(4.36) ZZH (s —1)e2_; = %ZZ/{?(S)R?_I((S* 1)+ 0a..(1).

s=2 j=1 s=2 j=1

Proof. Since u is finite and for any finite j < w, limsupt 02|32\, K5 (s) x
?_1(5 — 1)] < oo, then the result follows by an argument similar to that used
to prove part (c¢) of Lemma 4.1. O

Proposition 4.8. Under the assumptions of Theorem 4.1, the sequence {ét} defined
by (4.1) satisfies O — 0y = 04.5.(1).

Proof. For simplicity, first assume that k* = 0; i.e., |0;] < K* < 1 for all t. From
the results of Proposition 4.7 and Lemmas 4.2-4.4, for any u < oc:

2

t
% Z P2 = % Z Z mf(s)es_j +71(t,u) (Lemma 4.2)

s=1 s=1 \ j=0
02 2
=2y (Kg’(s)) ¥ 0as (1) +71(t,u) (Lemma 4.3)
s=1 j=0
0_2 t u J J—l p 2
=== 3 <Z Haé i (=B)rj—ip Hes_r> + 04.5.(1)
s=14=0 \I=0 p=0 1
+71(t,u)
b2 [ -l 2
= Te Z <Z(_98)l Z(_ﬁes)pﬁj—l—p> + 04.5.(1)
s=1;4=0 \I=0 p=0
+71(t,u) (Lemma 4.4)

where lim,, lim sup, |r1 (¢, u)| = 0. By (2.3), Parseval’s relation and convolution [22,
pp. 61-66], it follows that

1~ [ 1
N t Z [w [(1+ 05e)(1 + BOse™)|? gy(w)dw
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and so

I 5, I [T 1 p .
5400 | e+ )

where

s=1 j=u+1 \I=0 p=0
Since |0;| < K* < 1, it follows that
o? oS : l — :
722 (lz_;—es) p;)(—ﬁ@s) i)

2 [e%s) J g1 2
E U—00
=y K*Vhjip) =50
j=u+1 l:O p:O

2
< oo. Hence,

because Z;io ( {:O(K*)l Zi;g(ﬁK*)p"ijJ*p

N————

2

, il
hmhmsup—z Z (Z —9s)l (_ﬁes)pﬁjlp) =0,

s=1j=u+1 \I=0 p=0

and consequently, lim, lim sup, |r2(¢,u)| = 0. It follows that

1
Z¢2 ot Z/ (1 6.e) (1 1 pe)p v ()%

Next, for s > 2 we use #73(s) = x5(s) + 95,1%;?_1(8 — 1) from (4.16) to obtain that
for any u < oo,

n Zzsd)s 1=5 ZZ K5 (s)€s— Z K (s = Des 1
1=0

32]()

= % Zzﬁj(s)ﬁsﬂ Z ’#(3 —Des—1—1 +73(t,u)

s=2 j=0 =0

:,ZZH K1 (s = 1)€2_; + 0q.s. (1) + r3(t,u)

s=2 j=1

N (CORRE RSO E RS LS

s=2 j=1
+ Oa.s,(]-) + r3(t,u)

a.s. 0 )

(4.37)

u

= % Zan(s)ﬁf_l(s - 1)e§7j

s=2 j=1

(4.38) F 23S 0 (W= 1) By a (1) 47 (1)
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0_2 t u
= 76 Z Z n?(s)nj’_l(s —1) (Lemma 4.5)
s=2j=1
t 7
+ ol Ziﬁg_l (/17’ (s — 1))2 + 04.5.(1) +73(t,u),
r 2V i 5.
s=2 j=1
where
1 t 0o u
ra(t,u) = n Z Z K3 (s)es—j Z m?(s —1)es—1-1
s=2 \j=u+1 =0
1 t u o]
+ n Z Zﬁj(s)es,j Z /i;z’(s —1)es—1-1
s=2 \j=0 I=u+1
1 t o] o)
+3 > Ki(s)es; > k(s —1)es 1
s=2 \j=u+1 l=u+1

By an argument similar to that applied to ri(¢,u) in the proof of Lemma 4.2,
one obtains lim, lim sup, |r3(¢, u)| = 0. As shown above, the second term of (4.38),

2
t o2y, > i1 051 (nf_l(s - 1)) , is equal to

t
1 ™ 0,
; ;/ﬂ |(1 +956iw)(1 +5aseiw)|29y(w)dw —|—7‘4(t,u)

with

ra(t,u) = t71062 Zt: i s—1 (“?71(5 - 1)>2 + 0q.5.(1)

s=2 j=u+1
and lim,, lim sup, |74 (¢, u)| = 0. Hence, it remains to consider the first term of (4.38)

From (4.11) and (4.31),

2 U
U—EZZI{i(S)H 1(s—1)
s=2 j=1
o2 tou J l
= TEZ {Z(_l)l’i]lnesz}
s=2j=1 \I=0 =1
j—1 m j—1—1 n
X (-n™ H Os—1—p < Z (=B)"Kj—1—1-n H 95_1_T> }
m=0 p=1 n=0 r=1
o2 t u J j—1 j—1—1
- TE Z {( (—es)l“j—l> ( (=0)™ Z (—595)7%]'—1—1—”)}
s=2 j=1 =0 m=0 n=0
+ 04.5.(1)

)
and, since again by (2.3), Parseval’s relation and convolution,

) J j—1 j—i—1
0! { Z(—esﬂm) (Z(—(w > (—ﬁesmun)}

m=0 n=0
™ 1 eiw
_ : . d
/ﬂ (11 Bye—) (1 + Bye) (1 + 5esew>gy(“’> “s
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the first term of (4.38), t~'02 3L, > i1 H;(S)I’ile(S — 1), is equal to

W

1 zt: 1 e
t 2 (Lt bye) (1 + 0,0)(1 + f0,e7)

gy(w)dw + 75 (t, u)

with
Ut > {(Z 9s)lf<3j—z>
s=1j=u+l 1=0
- ] -1
<Z Z 595)nﬁjl1n>}+oa.s‘(l).
m n=0

An argument like that applied to 7o (¢, u) yields lim,, lim sup, |r5(t, u)| = 0. Further,
since

[.avs o (w)de
_x (14 0e7) (14 Oge™)(1 + Bﬁsei“’)gy
T 95
+/ T 6:09)(1 1 Bose)p v (W)
/ e (1 + Bhse) + 0,
(1 +0 eiw) (1 + B6,eiw) |2 9y

gy (w)dw

(14 8)0s
/ 1+9 ¢ (1+ﬁ9 ey I (@)

we obtain

1< + (1 + )0, as.
(4.39) |¥ 8222228%71 Z/ 1+9 e)(1 + B0 e’“)|2 gy(w)dw) == 0.

Combining (4.37) and (4.39), it follows from (3.5) and (3.16) that 6; — 0, = 0,.,.(1)
where 6, is given by (4.1). Finally, since k* is finite, an argument similar to that
used for Lemma 4.4 can be applied to show that (4.1) holds for the general case
k* > 0, completing the proofs of the proposition and part (a) of Theorem 4.1. O

Proposition 4.9. Under the assumptions of Theorem 4.1 and with ty = to(§) as

in (a) of the Theorem, 0, defined by (4.1) satisfies the conditions of Proposition 4.6
for® = © = (—1,1) for a Robbins-Monro recursion with f(0) = f(6,03) as in (1.4).

Proof. For t > 2, set

~ 1
P = - - dw .
t szzl/ﬂ ‘(1+93+k*6w)(1+ﬁes+k*€w)|29y(w) w

Then from (4.1),
7 W (14 B)0syp-
b, = P! / | | ;
Z o 1 + 05+k* 6“")(1 + ﬁ95+k*€“")|2 gy(w) w

p— Y (1 B)s k-
= Pt / < T : d
t {ézzl . ‘(1 _'_QS_HC*ezw)(l +598+k*ezw)|29y(w) w

T eiw + (1 + ﬁ)9t+k* }
4.40 _ _ d
(4.40) * / T G ) (L + B ) p 0 (%
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515 5 " 4 (14 B)0tr
=P P 0, S :
t { 104 1+[ﬂ |(1+9t+k*6“")(1+59t+k*6w)|2gy(w)dw

- _ ™ 1 )
=5 F _/ ; - w dw) 0,
' {( S - |(1+9t+k*€w)(1+ﬁ9t+k*ew)|2‘gy( ) i1

! e + (14 B)0rsne }
j : d
’ /—7\' |(1+ O ™) (1 + 59t+k*e“’)|29y(w) v

) P~ " w4 (14 3)0¢1 1
Ol 1{/ — - d
t—1 t . ‘(1+9t+k*ew)(1+59t+k*e’“’)|29y(w) w

_/Tr : i1 —— g, (w)dw
o [+ Oy €) (1 + B0y g e7) 277

. ~ [ € + 304 -
=0, ,+ P! - - w)dw
t—1 t . |(1+9t+k*6“")(1+59t+k*€’“)|2gy( )
- R ™ 1
P O — 6, : : d
P s~ [ gt e

=01 — P f(Orin, B)

~ A T 1
P—l « — 0, - i
+ P, (Oryg 01—1) [ﬂ [(1 4 Oy e®) (1 + BOpypr e

=01 = P f (01 )+ P (F(60-1.8) = £(0rer.5)
~ 1 ~ T 1
+ Py (Oryn — 0i-1) [W [(1+ O g e™) (1 + BOp g™
= ét—l - 6tf(ét—1aﬂ) + 515’)/15 )

where, for ¢t > 2,

)|2gy(w)dw

)|2gy(w)dw

—1
. 11 /™ 1
4.41 =p ==z : :
( ) O t P |ﬁ ;/W |(1+95+k*6“")(1+595+k*6“")|29y(w)dw] ;

and, for t > to+1 with ¢ as in (a) of Theorem 4.1 (which guarantees that f(6;_1, )
below is finite),

%= (£, 8) = F(Ora. )

A i 1
O e — Oy ' '
+ (Orre — 0 1)/4 [(1+ Opyr-e) (1 + BOpy e’

(4.42)

)‘2gy(w)dw.

For |[9] < K* < 1, it follows from (3.16) and (4.41), there exist finite, positive
K1(§) < K3(§) such that 0 < K;(§) < td: < K3(§) < oo. From this, it follows
that §; =% 0 and 22:1 5, > K, 22:1 k~! — oo. Next since k* is finite, it follows
from 0,1 — 0,1 = 0a.s.(1) (Proposition 4.7) that 0y p« — 0,1 = 04.5.(1) and
f(Orqp,B) — f(ét_l,ﬂ) = 04.5.(1). Hence, v; 2% 0. The definition of ty in (a) of
Theorem 4.1, guarantees that the remaining condition of Proposition 4.6 is satisfied,
so the proposition is proved. (I

We can now complete the proof of Theorem 4.1. By Proposition 4.6, 0, L= @g
and therefore also 6, =% @g , which is compact by Proposition 4.4. Further, if y;
is an invertible ARMA process, then by Proposition 4.5, the set @g is finite and
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Proposition 4.6 shows 6; converges on almost every realization to one of the finitely
many 6 € @@. Consequently, on the probability one event on which 6; converges,
its limit is a random variable # with finitely many values. On the complementary
event, 0 can be defined to have any fixed value. This completes the proof of part (b)
and with it the proof of the Theorem.

5. Discussion

The results obtained here provide a rigorous foundation for analyzing PLR and
RML;y for MA(1) models. An important conclusion from our results is that under
misspecification, generally only RMLs (i.e., the general algorithm with 5 = 1), not
the simpler and more frequently considered PLR algorithm, can produce optimal
coeflicient estimates in the limit. In [5], Theorem 4.1 is applied to address conver-
gence of PLR and convergence of RMLs with a specific monitoring and modification
scheme to ensure that iterates satisfy |6,| < K* < 1. In [5] we also provide a set of
examples that show that the limits of 6; from PLR and RMLy can differ.

Ideas and techniques from the analysis of Hannan [12] of RMLy for ARMA mod-
els played a key role in our analysis, particularly the idea of approximating the
recursive algorithm’s sequence by a sequence made more analyzable, replacing cer-
tain terms by their expected values, and replacing terms in an expression by finitely
lagged values, as in our (4.20), so that martingale results like Propositions 4.1 and
4.2 can be applied. However we note that, because of a neglected o, s (1) term that
depends on 6;, Hannan did not actually establish that his auxiliary sequence, which
we denote by 6, to distinguish it from our 6;, satisfies his (nonstandard) recursion
scheme. Also, the convergence analysis he indicates for 6, if its details could be
verified, would only establish that the limit inferior of minee@(l) |§t — 0| is zero a.s.,
see p. 773 of Hannan [12]. The stronger result with the limit is needed to establish
convergence of the original recursive sequence to ©3. More information about prob-
lems we encountered with analyses in Hannan [12] can be found in [4, Appendix

The approximating sequence technique is similar to the Ordinary Differential
Equation (ODE) method independently developed by Ljung [20] and Kushner
[14, 15]. Specifically, the ODE method is a technique for providing asymptotic
analysis of a time series (discrete stochastic process) via a deterministic continuous
time stability analysis of a set of ODEs. For example, from the ODE method, Ljung
makes convergence assertions for both PLR and RMLy for ARMAX models includ-
ing in the incorrect model situation [21]. Like Hannan, however, the analysis is
incomplete. In the rigorous treatment of the ODE method presented by Benveniste
et al [1] only the correct model situation is considered. Their results, however, do
not apply to PLR or RML; [4, pp.65-67].

Clearly, the boundedness assumption (D4) is restrictive but it is typical in con-
vergence analyses like ours. For example, boundedness is an explicit assumption in
the deep correct model results obtained by Lai and Ying [17, equation (1.3)] as well
as Ljung’s ODE method assertions [21, condition S2, p.191] and is also required in
the treatment by Benveniste et al. in which 6; is assumed to be bounded to obtain
verifiable conditions to prove asymptotic results [1, Theorem 15 and Corollary 16,
p.238].

Finally, it is likely that Theorem 4.1 is generalizable to higher order moving
average models and quite possibly ARMA models. However, to obtain convergence
results, a multidimensional parameter vector 8 version of Proposition 4.6 is needed.



46

J. L. Cantor and D. F. Findley

The proof of Theorem 2.2.2 of [7] seems to provide the needed result if it can be
shown that an appropriate Liapounov function exists for the vector-valued f(8, 3)
associated with multidimensional § for 0 < 3 < 1. The generalization of the L(6)
with vector 8 provides the Liapounov function for the case § = 1.
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