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NEW ASPECTS OF THE L-CONDITION
FOR ELLIPTIC SYSTEMS
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Dedicated to O. Ladyzhenskaya

Introduction

In this paper, the L-condition for an elliptic system (A,B) in a bounded
domain © C R” is reformulated in a new algebraic form. A square matrix
function, AJBF, defined on the unit cotangent bundle, ST*(91), is constructed
from the principal symbols of the coefficients of the boundary operator, B, and
a spectral pair for the family of matrix polynomials associated with the principal
symbol of the elliptic operator, A. The L-condition is equivalent to the condition
that the function, AE, have invertible values.

This paper is divided into three sections. In Section 1 we give the defini-
tion of elliptic systems and the L-condition. In Section 3 the L-condition is
reformulated in various equivalent forms, which include (in addition to the new
form indicated above) the Lopatinskii condition, the complementing condition
of Agmon—Douglis—Nirenberg and a condition of Fedosov. The purpose of Sec-
tion 2 is to briefly state the definition of a spectral triple for a matrix polynomial,
which is needed for the proof of the equivalence of all these conditions.

1. Elliptic systems and the L-condition

Let Q be a bounded domain in R", a domain being a connected, open set.
We will consider systems of linear differential equations A(z, D)u(z) = f(z),
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x € Q, where v and f are p-vector functions and
A(Z‘,D) = [Aij(l‘,D)]pxp, x Gﬁ,

is a p X p matrix such that the elements, A;;, are linear differential operators

A;j(z, D) = Z aE?)(x)Da

la|<aij

with smooth coefficients, ag;-‘) € C*(Q). Here the usual multi-index notation
is being used: D® = D{*'...D%", |a| = a1 + ... + an, and for convenience
when operating with the Fourier transformation, the basic derivatives include
the factor 1/i, that is, D; = i719/0x;, where i = /—1. The boundary, 9, of
the domain €2 is assumed to be C*°.

Let a;; denote the order of A;;. If A;; = 0, then we set a;; = —0o. Now
suppose that we have integers si,...,5p,%1,...,¢, such that the operator A;;
has order

Qi < 8 + 1,

where it is to be understood that A4;; = 0 if s; +t; < 0. Clearly, any given s;,¢;
may be replaced by s; + constant, t; — same constant.

Then we let A};(z, D) denote the sum of terms in A;;(x, D) which are exactly
of the order s; + t;, with lower-order terms replaced by zeros. For arbitrary
real £ = (&1,...,&,) € R™ we define the DN principal part 7p.A(z,&) as the
polynomial p X p matrix

7TD.A({£,§) = [A;j(mvg)]lﬂxp = [WSithinj(x»g)]PXP'

DEFINITION 1.1. The operator A(x, D) is said to be elliptic at x € Q if there
exist DN numbers si,...,5p,%1,... ,t, such that the characteristic polynomial

x(§) = detmp A(z, &) # 0
for each 0 # £ € R™.

Note that the choice of DN numbers (if they exist) is not unique. Never-
theless, from now on we write m.A instead of mp.A for the principal part. The
characteristic polynomial x(£) is homogeneous in £ of degree m = > (s; + t;),
that is,

(1) x(c€) = c"x(§), ceR.

The differential operator A(z, D) is said to be elliptic on € if it is elliptic at each
point z € Q with a fixed set of DN numbers.

Let v : 9Q — T(R™) be the inward-pointing unit normal along 9, and let
n : 0Q — T*(R") be the image of v by the index-lowering operator T(R") —
T*(R™) that maps 9/0z; to dz;. Because the space of conormal vectors at a
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point = € 9N is one-dimensional and n(x) # 0 for each z, every £ € T, (R") can
be written uniquely in the form

(2) §=¢&+& n(),

where £ € T (99Q), &, € R. This defines a vector bundle isomorphism T*(R™) ~
T*(99Q) ® (99 x R) and we are justified in writing for each £ € T}, R",

(2 £= (%),

where &' € T (99), &, € R.

The boundary, 012, is a compact C°° manifold. When dealing with a bound-
ary operator for an elliptic system it is important to be able to work with pseudo-
differential operators on 0f); this makes it possible to modify the order of the
boundary operator. For any compact C'° manifold M, let OS™(M), m € R,
be the set of pseudo-differential operators (p.d.o.’s) of order m on M as de-
fined in [5, Chapter 18]. For each m € R, we define the “classical” p.d.o.’s to
be those operators, A € OS™(M), that have a well-defined principal symbol
wA € C™(T*(M)\0), positively homogeneous of order m. The properties of
classical p.d.o.’s are studied in detail in [8, Chapter 8].

We now turn to the formulation of boundary value problems for a (properly)
elliptic operator A, with DN numbers si,...,sp,t1,...,t,. As usual, we let
D,, = i719/0n, where n is the inward-pointing unit (co)normal vector field on
0f). Points on the boundary will be denoted by y € 9f). Let r be the number
of roots of the polynomial P(\) = detmA(y, (¢,\)) in the upper half-plane
Im A > 0, i.e. half the order of the characteristic polynomial x. In addition to
the p equations, A(z, D)u(z) = f(z), in , we consider r boundary conditions

p
> Bij(y. Dyui(y) = gr(y), k=1,....r,
Jj=1

that is, B(y, D)u(y) = g(y), where B(y, D) is the matrix operator [By; (y, D)]rxp-
The boundary operators By; are taken in the form

l;

Byj(y, D) =Y by, D')Dy, y€dQ,
k=0

where b7 (y, D) are (classical) pseudo-differential operators on the manifold 9€2.
The principal parts are denoted by 7b;(y,¢'), (y,£') € T*(9Q)\0, and we also
write (3 = ord by;;.

The DN principal part of the boundary operator B is defined as follows. Let

my; = maxord(by; Dyy) = max(8y; + k)
K K
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(the numbers my; can be negative and also non-integer, i.e. my; € R) and then
let

my ;= max (mg; —t; k=1,...,r
1§j§p( 5= L) ey

so that my; < my+t;. The DN principal part of the boundary operator B(y, D)
is defined as the r x p matrix

By, &) = Bl . lrxps  Biy(,6) = 'abf(y,€)Er,

K

where Z; denotes the sum over those terms with B,’jj + Kk = my +t;. In other
words, Bj, ; (y, &) consists of the principal parts of the terms in By; which are just
of order my, + t;, with the other terms replaced by 0. As usual, { = (£/,&,),§ €
T,(092) \ 0 and &, is conormal at y. Normally we denote the DN principal part
by 7B rather than wpB.

REMARK. The operators bgj can have negative order, ﬁgj < 0.

Consider the decomposition (2), (2) of the cotangent space T} (92) at the
boundary point yg € 9 where yq is fixed. We substitute &, by i~'d/dt and fix
&’ # 0 in the DN principal part of A to obtain the system of ordinary differential
equations (with constant coefficients)

(3) WA(yo, (S’, 1i)>w(t) =0, t>0, ¢ €T (0)\0.

The solutions of this equation are p-columns of exponential polynomials of the
form > p; (t)e*i* where the p;’s are polynomials in ¢ and the A;’s are eigenvalues
of L(A). The solution space I = M(E’') of (3) decomposes directly into

M=9M oM™,
where 9™ consists of all solutions w(t) with w(t) — 0 as t — oo.
DEFINITION 1.2. The pair of operators
Aly, D), B(y, D), y €09,

is said to fulfill the L-condition if for all y € 9Q, 0 # ¢ € T, (99), the zero initial

value problem
, 1d
- t)=0, t
wA(y, (g’idt w(t) =0, t>0,

B <ya <£,7 1i>>w(t)||t—0 =0,

has in M+ = M*(¢’) the unique solution w(t) = 0.

Now we state the definition of L-ellipticity of a boundary value problem.
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DEFINITION 1.3. The boundary value problem
Az, D)u(z) = f(z), z€9Q, B(y,D)uly)=g(y), yeIN,

is said to be L-elliptic in Q if:
(i) the operator A(z, D) is elliptic for all x € Q (see Definition 1.1);
(ii) A(y,D),B(y, D) satisfies for all y € 9Q the L-condition of Defini-
tion 1.2.

As an aside, we mention that the elliptic operator A(z, D) is said to be proper
at x € 99 if for each 0 # &' € T (09Q) the polynomial in A € C,

PA) =x(&, ) = det mA(z, (£, N)),

has as many roots, r, in the upper half-plane Im A > 0 as in the lower half-plane,
Im A < 0, counting multiplicities. It is not hard to see that if (A, B) is L-elliptic
then .4 must be properly elliptic at each x € 9, due to the homogeneity (1) of
x with ¢ = —1. In this case, the degree, m, of the polynomial P is necessarily
even, i.e. m = 2r.

Recall that a Fredholm operator is a bounded linear operator between two
Banach spaces whose kernel has finite dimension, «, and whose image has finite
codimension, 3; the indez of this operator is defined to be a— 3. It is well known
that L-ellipticity is the necessary and sufficient condition for the boundary value
problem operator (A, B) to define a Fredholm operator (in appropriate Sobolev
spaces). For the proof, we refer the reader to [8, Chapter 9].

The next section develops a spectral theory of matrix polynomials which
makes it possible to reformulate the L-condition in various equivalent algebraic

forms in Section 3.

2. Spectral triples for matrix polynomials

For any finite-dimensional vector spaces 9, M, let £L(9M,N) denote the set of
linear maps from Mt to N. A triple of operators (X, T,Y) is called an admissible
triple if X € LN, CP), T € L(M) = LN, IM) and Y € L(CP,IM). The vector
space 901 is called the base space of the admissible triple. Two admissible triples,
(X,T,Y) and (X', T',Y"), are called similar if there exists an invertible operator
M e L(9V,9M) such that

X' =XM, T'=M1'TM, and Y' =M"'Y.
The admissible pair (X, T) is referred to as a right admissible pair, while (7,Y")
is called a left admissible pair. If S; € L(9,M;), j = 1,... ,n, we define
S1
CO](Sj)?:l = S 13(93?, M Pb...PD ‘ﬁn)
Sn
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Similarly, if T; € L(01;,N), j =1,... ,n, we define
I'OW(T]‘);-Z:l = [Tl, e ,Tn] € E(ml D... @Dﬁn,‘ﬂ)

Let L(\) = Zﬁ:o A;N be a p x p matrix polynomial. A complex number g
is called an eigenvalue of L(\) if det L(A\g) = 0 and the set of all eigenvalues is
called the spectrum of L()\), denoted by sp(L), i.e

sp(L) ={A € C: det L(\) = 0}.

Now let v be a simple, closed (rectifiable) contour not intersecting sp(L).
Also let G denote the region inside ~.

DEFINITION 2.1. A ~-spectral triple for L(\) is defined to be an admissible
triple (X4, T4,Y,) with the following properties:
(i) sp(T4+) C G (i.e. inside 7),
(i) L=1(\) — X+(I)\ —T4)~'Y, has an analytic continuation in G,
(iii) col(XJrTj )] o is injective,
(iv) row(TY4 )5 J;o is surjective.
Also, we say that (X4,T) is a (right) ~v-spectral pair for L(\) and (T,Y,) is a
left v-spectral pair for L(\).

Note that property (ii) can be replaced by

(ll/) 27‘[‘1 / )\jL d)\ == X+T1Y+, ] == 07 1, ..
Indeed, property (ii) holds if and only if
1
5 M{L7TYN\) = X (IN-Ty) 'Y, }dN, §=0,1,...
e

.
Since sp(T4) C G, this is equivalent to (ii’). Let 9y, denote the set of solutions
u € C*(R,CP) of the equation L(d/dt)u(t) = 0. Every u € M, can be written
in the form

4) u(t) = Zpi(t)eﬂ”,

where the p; are CP-valued polynomials, and the complex numbers \; are eigen-
values of L()\), i.e. roots of the polynomial equation det L(A\) = 0. (Essentially,
the coefficients of p; form Jordan chains for the matrix polynomial L(A).) It is
well known that the dimension of 91, is equal to the degree, a, of det L(A).

Let 9} denote the subspace of 9, consisting of solutions of the form (4)
such that the eigenvalues A; lie inside . One can show that every u € smz has
the representation

~

-1

(5) u(t) = —— / AL ST Ly (Vu) (0) dA

211 -
J

I
o
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where L;(A\) = A; + Aj A+ ...+ AN 5 =0,...,0. This expresses u in
terms of its Cauchy data at ¢ = 0.

THEOREM 2.2. Let v be a simple, closed contour not intersecting sp(L).
Then there exists a y-spectral triple for L(\). Any two ~v-spectral triples for L(\)
are similar.

SKETCH OF PROOF. We define an admissible triple (X, 7T, Y, ) with base
space SUIJLF as follows:

du 1 1
it g L .
) 2m£e () dA

Xiu=u(0), Tiu=
(Note that if u € 9} then du/dt € M} .) The fact that (ii’) of Definition 2.1
holds is an immediate consequence of the definition of (X;,7%,Y,}). Since
u(0) = X+Tiu, the injectivity of col(X+Ti)§;é follows from (5); this proves
(iii). Tt is also easy to see that the representation (5) implies (iv), i.e.
rOW(TiY+)§;é is surjective. The proof of (i) and of uniqueness of spectral triples
requires somewhat more work.

REMARK. If (X;,T4,Y,) is a y-spectral triple for L(A) then it can be shown
that sp(T}) = sp(L) N G.

The Calderén projector. For any u € MM, the column vector I € CP*
defined by
U = col(u (0))}
is the Cauchy data (or initial conditions) of u at t = 0. Recall that every u € 90t}
has the representation

i/eﬂL—l(A) [Li(A), ..., Le(\)] dX\-U.

= omi

(5) u(t)
By taking initial conditions on the left-hand side of this equation we obtain
U =P, -U, where

I
(6) P, = —/ : LY\ - [Li(\), ..., Le(N) ] dA.
Y )\é—l[

The following theorem shows that P, is a projector, which we call the Calderdn
projector (because of the reference to Calderén in [7]).

THEOREM 2.3. P, is a projector in CP. The image of P, is equal to the set
of all Cauchy data, U, of functions u € Emz

ProoF. In view of the equation &/ = P, - U, the set of Cauchy data of
functions u € M} is contained in the image of P,. On the other hand, the
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image of P, is contained in the set of Cauchy data for if ¢ = [co,... ,ci—1] € crt
let

-1
_ 1 tAr—1
ult) = Qm‘/f L ()‘)’jz::OLjH()\)Cj dA.

Then u € M} and its Cauchy data is U = col(u?) (0 ))] o = Pyc. The fact that
P, is a projector is now clear, for the equation &/ = P, -U implies that P, is the
identity on its image.

COROLLARY 2.4. Let (X+,T+) be a ~y-spectral pair of L(X\) (Definition 2.1).
Then P, and COI(X+TJ) hcwe the same image. Hence every u € M} has a
representation

u(t) = Xpel+e

for a unique ¢ in the base space of (X, Ty).

The “left” Calderén projector is
Li(N)
7 P =_— : LY\ [1,... A7) ax.
7) A CHIRPC)
Le(N)
Note that P§ is just the transpose of the Calderén projector for the transposed
matrix polynomial LT(X) = 37 AT M.
THEOREM 2.5. P, is a projector in CPt. Also, if (T, Y+)- is any left y-spec-
tral pair of L(\) (see Definition 2.1) then ker P!, = ker row(TiYJr)?;(l)

For details on the proofs and further information about properties of spectral
triples, the reader is referred to the book [8]. One should also note that the
spectral theory of matrix polynomials has been developed extensively in [4], and
for rational matrix functions in [2].

3. Alternative versions of the L-condition

Let A be an elliptic operator with DN numbers s1,...,$p,t1,... ,t,. Asso-
ciated with the DN principal part of A on the boundary 912, there is the p x p

matrix polynomial

4
Lye(\) = mA(y, (€,0) = > Aj(y,
7=0

y € 09,0 # ¢ € T, (09), where £ < max(s;+1;). We suppose that A is properly
elliptic, so that det L, ¢ () has r roots in the upper half-plane Im A > 0 and r
in the lower half-plane.

REMARK. Recall that (£, ) is the short notation for & + X - n(y).
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Let B be a boundary operator of the type considered in 1 with DN numbers

Mmi,... ,Mp,t1,...,tp. We can write it in the form
n
(8) B(y,D) =Y Bu(y,D')Dj
k=0

where the coefficient-operators, B, = [sz], are r X p matrices of classical p.d.o.’s
on 0. Note that the order of sz is my +t; — k. The integer p > 0 is the
transversal order of the boundary operator and is the maximum of the orders of
the normal derivatives that occur in the entries of 5. Associated with the DN
principal part, 7B, there is the r X p matrix polynomial

12

Bye(N) :=mB(y. (&, 3) =Y Bj(y, &N,
§=0
y € 09, 0 # ¢ € T, (0N), where B; = 7 is the principal symbol of the j-th
coefficient-operator, B;.

REMARK. To simplify the notation, we often suppress the variables y, £’ and
write just L(A) rather than L, ¢ (A\). The same is done for B(\).

The goal of this section is to reformulate the L-condition for elliptic boundary

value problems in several equivalent versions. We start with an abstract, quite
general formulation, and use the matrix notation of Section 2.
Let L(\) = Z?:o A;N be a p X p matrix polynomial. Suppose that det L(\) # 0
for A € R and let v* be a simple, closed contour in the upper half-plane Im A > 0
that contains all the eigenvalues of L(\) there. By 2 there exists a yT-spectral
triple (X, T¢,Y,) for L()\), and the base space of the v -spectral pair (X, ,T})
has dimension 7, where 7 is the number of roots of det L(\) = 0 inside y. We let
mt = Dﬁz(i_ld/dt) denote the subspace of C*°(R, CP) consisting of the solutions
of L(i~'d/dt)u = 0 such that u(t) — 0 as t — oo. Recall that dim 9t = r and
by Corollary 2.4 every u € 9™ admits a representation of the form

u(t) = X e+,

for a unique c € C".

REMARK. The matrix polynomial L(i~')\) has the spectral pair (X, iT})
with respect to the eigenvalues in the half-plane Re A < 0.

From now on we omit mention of the contour y*, i.e. we write | . instead
of f7 + because the value of the contour integral depends only on the residues
in the upper half-plane Im A > 0, not on the particular contour. Recall that
the (right) Calderén projector, i.e. Py = P+, is defined by (6); in this case
the image of Py is equal to the set of initial conditions Col((i_ld/dt)ju(O))ﬁ;é.
Similarly, P} = P,’y + denotes the left Calderén projector defined by (7).
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THEOREM 3.1. Let B(\) = ;‘:0 BjN be an r x p matriz polynomial of
degree . The following statements are equivalent:

(a) For anyy € C", there is a unique u € MY such that

1d
Bl=-Z
(idt)u

(b) If (X4+,T4) is a ~y-spectral pair for L(\), where Xy is an p X r matriz

t=0

and T, is a v X v matriz, then the r X r matriz A, = Z?:o B]-XJFT_{r

s invertible, i.e.

I
(9) det AL, = det (Z BjX+T_{) £ 0.

Jj=0

PROOF. As we remarked above, any u € 9™ can be represented in the form
u(t) = XyeT+c for a unique ¢ € C". The equivalence of (a) and (b) is clear

1d & :
J
B(idt>u (§ OBjX+T+) .
i

The matrix theory of 2 can now be applied to the L-condition for elliptic

since

t=0

systems (A, B). In the following theorem, no assumptions are made concerning
the transversal order, p, of the boundary operator (@ > ¢ is permitted). In
part (v) of the theorem, L()) denotes the cofactor matrix of L(\), i.e. the matrix

polynomial such that L(A\)L(\) = L(A\)L(\) = det L(\) - I.

THEOREM 3.2. Suppose that the operator A(x,D) is properly elliptic, let
B(y, D) be a boundary operator as in (8), and fizy € 09, 0 # &' € T, (99). The
following statements are equivalent:

(i) The initial value problem

ﬂA(y, (g’, 1;))1@) =0, t>0,
o e 1)

has for every choice of g € C" a unique solution u € mz(i,ld/dt). As

(10)

=9
t=0

usual, zmz(i,ld/dt) is the space of solutions of (10) such that u(t) — 0
ast — oo (i.e. corresponding to the eigenvalues of L(\) with a positive
imaginary part).

(i) The r x pl matriz G = Gy ¢ defined by

(11) G- /+7r3(y, (€ ) mA(Y, (€)1, A1 d)
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has rank r, where f+ denotes the integral along a simple, closed contour
't in the upper half-plane containing all roots of det Ly ¢/(X) = 0 with
a positive imaginary part.

(i) If (X4 (0, €). Ty (5. €), Ve (4.€)) is a *-spectral triple for Ly (N),
where X4 (y,£') is a pxr matriz, Ty (y,£) arxr matriz and Yy (y, &)
an v X p matriz (existence by Theorem 2.2), then

m

(12) derafn) = det (X B )X L0 E)) 20,
7=0

(iv) There is a unique pf X r matriz S = Sy ¢ such that GS = I, and

SG = P!, where P = P;JF is the left Calderdn projector for Ly ¢(N).

(v) Let us factor the scalar polynomial, det Ly ¢/(N), as 0~ (A) 01 (N), where

ot

below the real axis. If E(/\) denotes the matriz polynomial

contains all the roots above the real axis, and o~ contains all roots

L(A) =det Ly e (N) - L, & (N,
then the rows of By ¢/ (\) -L(\) are linearly independent modulo o™ ().

The first condition is of course the L-condition stated in Section 1. Condi-
tion (ii) is known as the Lopatinskii condition; the matrix (11) is the Lopatinskii
matrix, and was introduced by Lopatinskii in his paper [6]. Fedosov used con-
dition (iv) in a series of papers beginning with [3] where he developed an index
formula for elliptic boundary value problems. The last condition (v) is called
the “covering” or “complementing condition”, and was introduced and used by
Agmon, Douglis and Nirenberg in their fundamental paper [1]. For the proof of
the theorem above see [8, Chapter 10], where it is proved using spectral triples.
Applications of our new form (12) of the L-condition (and the spectral theory of
matrix polynomials) are also considered in that book; these applications include
topics such as: theorems of Agranovié—Dynin type, construction of homotopies of
elliptic boundary value problems, reduction of an elliptic boundary value prob-
lem to an elliptic system on the boundary 92, and an index formula for elliptic
systems in the plane.
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