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1. Introduction

There are developed many topological methods which are powerful tools in
the theory of critical points of functionals; see for example [2], [3], [5], [6], [9],
[13]-[20], [22]-[25], [27]-[29], [32], [33], [43]-]45], [47], [48], [51], [59]. It happens
quite often that functionals whose critical points are important in the theory
of differential equations are invariant under an action of a compact Lie group
G. Symmetric variational nonlinear problems have been considered by many
mathematicians; see for instance (7], [8], [10]-[12], [15], [21], [29]-[31], [34], [37],
[41], [46], [55]-[57], [62], [63].

In [55] the author has constructed a degree theory for S'-equivariant, or-
thogonal maps (the known class of S'-equivariant gradient maps is included in
the class of S'-equivariant orthogonal maps). Moreover, we have applied this
degree to research of bifurcations of solutions of S'-equivariant nonlinear varia-
tional problems. For other definitions of degree theories for equivariant gradient
maps we refer the reader to [21] (in case of S'-symmetries) and to [37] (in case
of symmetries of any compact Lie group). Degree theories for (not gradient)
equivariant maps have been constructed in [26], [39], [40].
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In [55] we have only shown how to compute the degree for S'-equivariant or-
thogonal isomorphisms (see Lemma 4.1, Theorem 4.2 and Corollary 4.3 of [55]).
Till now nothing has been known about this degree in the degenerate case, i.e.
if the linearization of an S!-equivariant orthogonal map at the origin in not an
isomorphism. Therefore the aim of this article is to develop methods of comput-
ing the degree for S!'-equivariant orthogonal maps and apply these methods to
finite-dimensional nonlinear variational problems with S'-symmetries.

Let us recall an interesting result concerning the Brouwer topological degree.
Let f: (R",0) — (R™,0) be a Cl-map such that 0 € R" is an isolated point
in f=1(0) and dim(ker Df(0)) = 1. It is known that the Brouwer topological
degree deg(f, D7,0) is equal to £1 or 0, where DI} = {z € R" : ||z|| < a} and «
is such that f=1(0) N D2 = {0}. If dim(ker Df(0)) > 1 then, generally, we know
nothing about deg(f, D%, 0). Let us restrict the class of maps considered. Assume
additionally that f = Vg is the gradient of a C?-function g : R” — R and that
dim(ker(Df(0))) = 2. Then it is known that deg(f, D?,0) = (—1)™ (Pf(O)y,
where m~(Df(0)) denotes the negative Morse index of Df(0) = V2g(0) and
p < 1 is the degree of a two-dimensional gradient map which is obtained by the
Lyapunov—Schmidt reduction. If dim(ker Df(0)) > 2 then, generally, we know
nothing about deg(f, DZ,0).

Some computations of the Brouwer degree have been done in [4], [38], [54]
in the nonequivariant case, and for G-equivariant maps in [36], [42], [48]-]50],
[60], [61].

From now on assume that V is a finite-dimensional orthogonal representation
of the group S* and that Vf : (V,0) — (V,0) is the gradient of an S*-equivariant
C?-function f : V — R such that the origin 0 € V is its isolated critical point. Fix
a > 0 such that (Vf)71(0) N D (V) = {0} and denote by DEG(V f, D, (V)) €
Z @ (P;2, Z) the degree for S'-equivariant orthogonal maps, where D, (V) =
{z eV :|z| < a}.

The above remarks on the Brouwer degree show that it would be interesting
to answer the following question:

How to compute DEG(V £, Do (V)) when dim(ker(V2(0))) > 17

Unfortunately, generally, we do not know how to do it. Nevertheless, it
turned out that, under some additional assumptions, we are still able to compute
some coordinates of this degree. Sometimes this allows us to distinguish two
Sl-equivariant gradient maps Vf1,Vfa : (V,0) — (V,0) by their degrees as
Sl-equivariant orthogonal maps.

This paper is organized as follows.

In Section 2 we prove some new results concerning the degree theory for S*-
equivariant, orthogonal maps. Lemma 2.4 is a known fact in the case of gradient
Cl-maps and continuous homotopies (see [52]) and gradient homotopies (see
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[22]). In this paper we formulate it for the class of Sl-equivariant gradient
C'-maps and S'-equivariant gradient homotopies. We will use Lemma 2.4 in
order to simplify a map whose degree as S'-equivariant orthogonal map will be
computed. Theorem 2.11 gives a useful formula for the degree in the case of S'-
equivariant gradient product maps. Combining Lemma 2.4 with Theorem 2.11
we distinguish two S!-equivariant gradient maps by our degree (see Theorems
2.13, 2.15, 2.17, 2.19, 2.21).

In Section 3 we apply the results of the previous section to S'-equivariant
variational bifurcation problems. Namely, in Theorems 3.1-3.5 we formulate and
prove sufficient conditions for the existence of bifurcation points of solutions of
nonlinear problems. Under additional assumptions we are also able to control the
isotropy group of bifurcating sequences (see Remark 3.6). The last bifurcation
theorem in this section is the finite-dimensional version of the global Rabinowitz
bifurcation theorem for S!-equivariant gradient maps (see Theorem 3.7).

Section 4 is devoted to the study of S'-equivariant nonlinear variational prob-
lems. In this section we apply the results of Section 2 to asymptotically linear
problems. In Theorems 4.1-4.3 we formulate sufficient conditions for the exis-
tence of nontrivial solutions of asymptotically linear S!'-equivariant variational
problems. Under additional assumptions we distinguish solutions of asymptoti-
cally linear problems by their isotropy groups (see Remark 4.4).

In Section 5 we give some final remarks and comments concerning this article

and the further applications of results of this paper.

Acknowledgments. The author wishes to express his thanks to Professor
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for many valuable remarks concerning the preliminary version of this article
and to Professor K. Geba from the Gdansk University for many stimulating
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author’s stay at the Institute of Applied Mathematics of the Ruprecht-Karls-
University of Heidelberg. The author wishes to express his gratitude to Professor
T. Bartsch and to Professor W. Jager for the invitation and hospitality.

2. Degree for S'-equivariant gradient maps

In [55] we constructed a degree theory for S!-equivariant orthogonal maps
and using this degree we proved some global and local results in bifurcation
theory. The aim of this section is to prove some new theorems in the degree
theory of S'-equivariant orthogonal maps. We formulate and prove them only
for gradient maps. Any gradient S'-equivariant map is orthogonal. Therefore
from now on the degree for S'-equivariant orthogonal maps will be called the
degree for S'-equivariant gradient maps.
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Let S' = {z € C: |2| = 1} denote the group of complex numbers of modulus
one and let
Zj={geS' : g=¢"for @ =2rk/j and k =0,1,...,j — 1}

be a cyclic subgroup. We denote by V' a finite-dimensional real representation

of St. If v € V then S} = {g € S* : g-v = v} is the isotropy group of v € V.

Moreover, if V is orthogonal, let (-, -) be an S'-invariant inner product in V. If

Vo C V is a subrepresentation of V' then (V5)+ = {v € V : Yoy € Vo, (v, 1) = 0}.
For j € N={1,2,3,...} define a map ¢/ : S — GL(2,R) as follows:

0’(e”) = {

For k,j € N we denote by R[k, j] the direct sum of k copies of (R?, ¢7); we also

0 _sini0
oSS TEITL L g <h<om
sinjf  cosj6

denote by R[k,0] the trivial k-dimensional representation of S'. We say that
two representations V and W are equivalent if there exists an equivariant linear
isomorphism 7°: V. — W.

The following classical result gives a complete classification (up to equiva-
lence) of finite-dimensional representations of the group S* (see [1]).

THEOREM 2.1 (Classification theorem). If V is a representation of S* then
there exist finite sequences {k;}, {j;} satisfying
(*) jiE{O}UN, keN, 1<i<r, n<...<7r
such that V is equivalent to @;_, R[k;, j;|. Moreover, the equivalence class of V
is uniquely determined by {j;}, {k:} satisfying ().

Let f: V xR — V be an S'-equivariant gradient map such that f(0,\) =0
for any A € R.

DEFINITION 2.2. A solution (v,A) € V x R of the equation f(v,\) = 0 is
said to be nontrivial if v # 0. The set of nontrivial solutions will be denoted
by N(f). A point Ao € R is said to be a bifurcation point of solutions of the
equation f(v,A) = 01if (0, A) € cl(N(f)).

The next theorem is Krasnosel’skii’s local bifurcation theorem for S'-equi-
variant gradient maps. In this theorem instead of the Brouwer topological degree

we use the degree for S'-equivariant gradient maps. For the proof in the infinite-
dimensional case see [55].

THEOREM 2.3 (Krasnosel’skil’s bifurcation theorem). Let f : VxR — V
be an S'-equivariant gradient map such that f(0,\) = 0 for any A € R. Fiz
A1, A2 € R such that (0, A1) and (0, \2) are not bifurcation points of solutions of
the equation f(v,\) = 0. If for any sufficiently small o > 0,

DEG(f( " A1)7 Da(v>) 7é DEG(f( T )‘2)? Da(V))ﬂ
then in [A1, A2] there is a bifurcation point of solutions of f(v,\) = 0.
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The following lemma will prove extremely useful in the second part of this
section.

LEMMA 2.4 (Splitting lemma at the origin). Let V be a finite-dimensional,
real, orthogonal representation of S*. Let f : (V,0) — (V,0) be an S*-equivariant
gradient C'-map such that

1. 0 € V is isolated in f~1(0),
2. Df(0) is degenerate.

Then there is a > 0 and an S'-equivariant gradient map

fO : (Da(v)vaDa(v)) - (V',V - {0})
such that

1. there is an S'-equivariant gradient homotopy H, such that
(a) Hy: (Da(V),0Da(V)) — (V. V —{0}),
(b) Hyo = f and H1 = foy,
(c) H7'(0)N D (V) = {0} for any t € [0,1],
2. there is an S'-equivariant, gradient map ¢ : (Ds(ker(Df(0))),0) —
(ker(Df(0)),0) such that if A = Df(0)jimpfo)) and v = (vi,v2) €
V =ker(Df(0)) ®im(Df(0)) then

fo(v) = fo(vi,v2) = (p(v1), Av2)).

An example of an appropriate homotopy can be found in [22].
Let V and W be finite-dimensional, real, orthogonal representations of S'.
Let Q (resp. W) be an open, bounded and S!-invariant subset of V (resp. W).

LEMMA 2.5. Let f =V : (Q,00) — (V,V —{0}) be an S*-equivariant gra-
dient map. Then there is an S'-equivariant gradient homotopy H; : (2,0Q) —
(V,V —{0}) such that

1. Ho(v) = f(v),

2. H,g91 = 5" for all t € ]0,1],

3. Hi(vy,vg) = (fSl(vl),vg) forv = (v1,v2) € V = VS @ (Vsl)J‘ na
sufficiently small neighbourhood of (fsl)fl(O) N Q.

The proof is left to the reader.

We will need the notion of S!-regular value.
DEFINITION 2.6. Let f: (Q,00UQ5") — (V,V —{0}) be an S'-equivariant
gradient map. The point 0 € V is said to be an S'-regular value of f if

1. f71(0) consists of a finite number of orbits in €2,
2. if vg € f71(0) then dim(ker(Df(vg))) = 1.
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LEMMA 2.7. Let f: (Q,00UQ5") — (V,V —{0}) be an S'-equivariant gra-
dient map. Then f can be approzimated in C°-norm by S*-equivariant gradient
maps such that 0 € V is their S'-regular value.

REMARK 2.8. The above lemma was formulated in [21]. See also Theo-
rem 7.8, p. 80 of [15].

The following two technical lemmas will be needed in the proof of Theo-
rem 2.11. Denote by Dg(R™,a) the open disc of radius § centered at a € R”™.

LEMMA 2.9. Let f : (2,00UQ5") — (V,V — {0}) be an S'-equivariant
gradient map such that 0 € V is its S'-regqular value and that f=1(0) consists of
one orbit of the action of St. Let g : (R",a) — (R™,0) be such that Dg(a) is an
isomorphism. Choose (3> 0 such that g=*(0) N Dg(R"™,a) = {a}. Then

DEG((f,g),Q x Dg(R",a)) = sign(det(Dg(a))) - DEG(f, ).

LEMMA 2.10. Let Q@ C V and W C W be open, bounded, S'-invariant
subsets such that Q5" =0 and WS = 0. Assume that f : (Q,09) — (V,V —{0})
and g : (W, 0W) — (W, W —{0}) are S'-equivariant gradient maps. Then

DEG((f,9),QxW)=0€Za& (@Z).
i=1
The Brouwer topological degree deg((f,g), 1 x Q2,(0,0)) of a continuous
product map (f,g) : (21 x Q2,0(21 x Q)) — (R™ x R™,R™ x R™ — {(0,0)})
is equal to deg(f,Q1,0) - deg(g,Q2,0). The following theorem is an analogue of
this property for S'-equivariant gradient maps. Let us equip Z & @D, | Z with
a ring structure by defining multiplication in the following way:

axf=(ay-fo, o0 B+ Po-ai,ap- B+ Bo-az,a0- P35+ Fo-as,...)

for o = (O‘Oaalva%' . ~), ﬂ = (ﬁOaﬂlvﬂQa c. ) € Z@Gaf; Z.

THEOREM 2.11 (Cartesian product formula). Let 1 C V and Qo C W be
open, bounded, S'-invariant subsets of representations V. and W, respectively.
Let f: (Q1,001) — (V,V —{0}) and g : (Q2,0Q2) — (W, W — {0}) be S'-

equivariant gradient maps. Then

DEG((f,9), 1 x Q2) = DEG(f, Q1) x DEG(g, Q2).

ProoF. Using Lemma 2.5 without loss of generality one can assume that
there exist open S'-invariant subsets U; C Q; and Us C 5 such that
L o) nuf” = 7o) nef,
2. f(v1,09) = (f5' (v1),02) for (vy,v9) €Uy CQ CV =VS @ VS
3. g7 0)NUS =g (0)N Oy,
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4. g(wy,wy) = (gsl(wl),wg) for (wi,we) € Uy C Qo C W = WS @
(W)L,
Set Wy = Q1 — (cl(Uy) UVS") and Wy = Q5 — (cl(Us) UWS') and notice that
F7HO) C Uy UWr, Uhn Wy =0, g1 (0) C Us UW,, Us N W, = 0. By the
properties of degree (see Theorem 3.9 of [55]),

DEG((fa g)vﬂl X QQ) = DEG((fa g)aul X u?) + DEG((fag)vul X WQ)
+DEG((f,g), W1 x Us) + DEG((f, g), W1 x Ws).

To compute DEG((f, g),U1 x Usz), notice that if
(v1,v2, w1, wp) €Uy X Uz C VS o (VSI)J‘ aWS @ (Wsl)l‘,
then
(F.0) (01, v2, w1, w2) = (F(1), 02, g(wn), wa) = (fF (02), 02,6 (wn), w2).
Thus by Theorem 3.9 of [55] we obtain

DEG((f,9),Ur x Uz) = DEG((f,9)%", (U x Us)>")
= DEG((f,9)%", (1 x 2)"").

To compute DEG((f, g),U1 x Wa), first notice that if
(v1, va, w1, wa) €Uy x Wo C VS & (VYL a WS & (WS')L,

then
(f,9)(v1, v2, w1, w2) = (f(v1), v2, g(w1, w2)).
In view of Lemma 2.7, without loss of generality, one can assume that
1. 0 € VS is a regular value of f5 : (Q5",005") — (VS', VS —{0}),
2. 0 € W is an Sl-regular value of g : (Wa, OWs) — (W, W — {0}).
Then

1. (fsl)_l(O) ={ay,...,ap} and Dfs' (a;) is a nonsingular matrix for any
1=1,...,p,

2. ¢710) = My U...U M, and dim(ker(Dg(a))) = 1 for any a € M; ,
1=1,...,¢q

Fix 3 > 0 such that Dg(R"™, a;) N Dg(R",a;) = 0, for all i, € {1,...,p},

i # j. Moreover, let Q1,...,Q, C Ws be open, S'-invariant, disjoint subsets

such that M; C Q; for all j € {1,...,¢}. Thus we obtain

q

DEG((f,9), Uy x W) = > DEG 9), Da(VS"a;) x Qy).

j=1i=1
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By Lemma 2.9 and Theorem 3.9 of [55] we obtain

>SS TDEG((f5,9), Da(VE ai) x Q)

j=1i=1

M=
M=

sign(det(DfS1 (ai))) - DEG(g, Q;)

i=1

<.
I
—

DEG(g,Q;) - Y_ sign(det(D % (a)))

=1

<
Il
—

I
&MQ

DEG (g, Q;) - deg(f5",Q5",0)

o

<
Il
—

q
= deg(f*",05",0)- > DEG(g, Q)

j=1
= deg(f5",0%",0) - DEG(g, Ws) = DEGg1(f, Q1) - DEG(g, Wa),

where deg(f* 1,Qf 1,0) denotes the Brouwer topological degree. Repeating the
above reasoning we show that

DEG((f.9), W1 x Up) = deg(g”", 95") - DEG(f. W)
= DEGgs1(g,Q2) - DEG(f, W1).
Finally, from Lemma 2.10 it follows that DEG((f, g), W1 x Ws) = 0.

The above computations and the properties of degree now yield

DEG((f.g), 1 % Q) = DEG((£,9)°", (1 x 22)5")
+ DEGg:(f, Q1) - DEG(g, Wa) + DEGg1(g,€22) - DEG(f, W1)
= DEG((f,9)%", (1 x 2)%")
+DEGg: (f, ) - (DEG(g, ) — DEG(¢%, 05 ))
+DEGg1 (g, ) - (DEG(f, 1) — DEG(f5,05"))
=(DEG((f,9)%" . (1 x 2)%") = DEGg1(f,€1) - DEG(¢%,05"))
+ DEGgs:(f, Q1) - DEG(g,Q2) + DEGg1(g,2) - DEG(f, 1)
~ DEGg1 (g, Q) - DEG(£5",05")
= DEGg:(f,€21) - DEG(g,€2) + DEGg1(g,$22) - DEG(f, Q1)
~ DEG((£,9)%", (1 x 2)%"). O

The Brouwer topological degree deg(f,(a,b),0) of a continuous map f :
(a,b) — Ris equal to +1 or 0. The following lemma gives an analogous property
for the degree of S'-equivariant gradient maps.
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LEMMA 2.12. Let V be a two-dimensional nontrivial representation of S*
such that V = R[1, jo]. Assume that [ : (Dy(V),0D4(V)) — (V,V —{0}) is an
Sl-equivariant gradient map. Then

L, Q=S5
DEGq(f,Da(V)) =< 10or0, Q=7Zj,
0» Q#Zjov Sl'

We omit an easy proof.

The point of the following theorem is that it allows one to distinguish two
Sl-equivariant gradient maps with isolated zeros at the origin by their degree.
The distinct coordinates of degrees correspond to the isotropy groups of points
which do not occur in the kernels of the linearizations of the maps considered.

If A is a symmetric matrix then we denote by o_(A) the set of negative
eigenvalues of A and by u()\) the multiplicity of A € o_(A).

THEOREM 2.13. Let f1, fo : (V,0) — (V,0) be St-equivariant gradient maps
such that

1. 0 € V is isolated in f;*(0) and in f5*(0),

2. ker(Df1(0)) N VS" = {0} and ker(Df2(0)) N VS = {0},

3. if V= @, Rlki,ji| and ker(Df1(0)) ~ B2, Rk, ji], ker(Df2(0)) ~

@2, R[k?, j2] then there is ji, € {j1,-...jn} — {0} such that

(a) ji, # ged{ay, ..., ar} for any ay,...,ar € {ji,....jL }.
(b) jio # ged{ay, ... ar} for any a,...,ar € {j3,...,j2}.
(c)

sign(det(D f1(0) jim(n f1(0))))
A
Z ) # sign(det(D f2(0)im(Df.(0))))

> 1(A).

A€o—(Df2(0)|rik; .55,1)

A€o (DJ"l(O)ua[zci0 ig)

)

Then there is o > 0 such that DEG(f1, Do (V)) # DEG(f2,Dn(V)). More
precisely,
DEGz, (f1,Da(V)) # DEGz, (f2, Da(V)).
Proor. Fix i € {1,2}. Set A; = Dfi(0)im(psi(0)) and take an Sl_equi-
variant Cl-map ¢; : (Dq(ker(Df;(0))),0) — (ker(Df;(0))),0) as in Lemma 2.4.
Then for any sufficiently small a > 0 we have

DEG(f;, Do(V)) = DEG(fE, Da(V)),

where f§ : D, (ker(Df;(0)) @ im(Df;(0))) — ker(Df;(0)) @ im(Df;(0)) is given
by the formula
folvi,vz) = (wi(v1), Ai(v2)).
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Notice that by assumption 2 and from the definition of degree (see [55]) it follows
that

DEGs: (i, Da(ker(Df(0)))) = 1.
Moreover, from assumptions 3(a) and 3(b) it follows that the isotropy group
of any point in ker(Df1(0)) and ker(Df2(0)) is different from Z;, . Therefore
from the definition of degree it follows that DEGZ”0 (pi, Do(ker(Df;(0)))) = 0,
i=1,2.
Applying now Theorem 2.11 we obtain

DEGz,, ({5 Da(V))
= DEGs1 (¢i, Da(ker(D fi(0)))) - DEGz,, (Ai, Da(im(Df;(0))))
+ DEGg1 (4, Do (im(Df;(0)))) - DEGz,, (i, Da(ker(D fi(0))))
= DEGrzji0 (A;, Do (im(Df;(0))))
+sign(det(4;)) - DEGz,, (93, Da(ker(Dfi(0))))
= DEGz,, (A, Da(im(Dfi(0))))

= 5 sign(det(DFO)um(r,0))) ) Hv).

A€o (D fi0)|Riky g 341)

The last equality is a consequence of Corollary 4.3 of [55]. In other words, we
have just computed the coordinate of DEG(f;, D, (V) which corresponds to the
isotropy group Zj, . Invoking assumption 3(c) completes our proof. 0

In order to illustrate the above theorem we consider the following example.

EXAMPLE 2.14. Let fi,f> : V = R[4,0] ® R[4,1] ® R[4,2] — V be S'-
equivariant gradient maps such that 0 € V is isolated in f;'(0) and in f; *(0),

and
—Id, 0 0 0 0 0 7
0 +Idy 0 0 0 0
0 0 —Idg O 0 0
DAOY=1 0 0 +Id, 0 0o |’
0 0 0 0 0-Idy 0
) 0 0 0 0  —Id,]
r—Id, 0 0 0 0 0 7
0 —Id 0 0 0 0
0 0 —Idg O 0 0
DRO)=1 0 0 +Id 0 0
0 0 0 0 +Id 0
Lo 0 0 0 0 —Id,]
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It is evident that ker(D f1(0)) = R[1, 2], ker(D f2(0)) = {0}, and that for j;,
we have j;, # gcd{2} = 2 and

6 — Z M()\ sign(det(Df1 (O)|im(Df1(O))))

- D .
A€o (Df1(0)iRrik; 44, mgn(det( f2 (0) lim(D f2(0) ))

N

1
Z /J()\):I'&

A€o (D f2(0)1rIk;y 550 1)

All the assumptions of Theorem 2.13 are fulfilled, and therefore

3 =DEGyz, (fi,Da(V))# DEGyz, (f2,Da(V)) = 4.

393

:17

O

The following theorem is analogous to Theorem 2.13. However, the set

ker(Df2(0))S" is a nonzero linear subspace of V5"

THEOREM 2.15. Let fi, fo : (V,0) — (V,0) be S*-equivariant gradient maps

such that

1. 0 € V is isolated in f;*(0) and in f5*(0),
2. ker(Df1(0)) N VS" = {0} and dim(ker(Df>(0)) N VS') =k,

3. if V.~ @, Rlki, ji] and ker(D f1(0)) =~ @2, R[kj, j}], ker(Df2(0)) ~
R[k,0] ® @2, R[k2,j?] then there is j;, € {j1,...,jn} — {0} such that

(a) jio 7é ng{a17"'aak} fOT’ any ai,...,a € {jllaa]rlzl}y
(b) jio 7é ng{a17"'aak} fOT’ any ai,...,a € {]%3337212}7
(¢) if k=1, then

> pA) # - > p(N),

Aeo_ (D f1(0)|rk A€o (D f2(0)|rik;y 5401

ig ’jiO])

forv=0,1,
(d) if k =2 then

' sign(det(D f1(0)jim(p, (0))))
sign(det(D f1(0) jim(D f(0))))

> ()

A€o (D f2(0)|Rik;y 5i01)

> p(A) #~

A€o (Df1(0)|Rrik;y .4i01)

Jory <1,
(e) if k> 2, then

> pA) # - > 10y

A€o (Df1(0)|Rrik; 55,1 A€o (Df2(0)|rIk; ;1)

fory=0,1,2,...
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Then there is o > 0 such that
DEG(f1, Da(V)) # DEG(f2, Do (V).

More precisely, DEGz, (f1, Da(V)) # DEGz, (f2. Da(V)).

PRrROOF. Repeating the same reasoning as in the proof of Theorem 2.13 we
obtain

DEGZ“O (f1,Da(V)) = %Sign(det(Dfl(O)\im(Dfl(O)))) : Z w(A)

A€o (Df1(0)1rIk;y 5501

and

DEGz;, (f2,Da(V))
= DEGs1 (2, Da (ker(D f2(0))))
-DEGz;, (D f2(0) 81k jsy» Do (im(D f2(0))))
= DEGg1 (2, Do (ker(D f2(0))))
1 .
- 5 sign(det(D f2(0)im(p f2(0)))) > B(A).
A€o (D f2(0)|rik;y 541
From assumption 2 it follows that
e if k =1, then DEGg1 (2, Dy (ker(Df2(0)))) =
o if k =2, then DEGg: (2, Dy (ker(D f2(0)))) <
o if £ > 2, then DEGg:1 (2, Dy (ker(D f2(0)))) €

+1 or O,
L,
Z.
The rest of this proof is a consequence of assumption 3(c)—(e). O
In order to illustrate the above theorem we consider the following example.

EXAMPLE 2.16. Let fi,f2 : V = R[k,0] & R[3,2] & R[1,4] — V be S'-
equivariant gradient maps such that 0 € V is isolated in f;*(0) and in f; (0),
and

[—1d, 0 0 0 0
0 —Idy 0 0 0
Df(0)=| 0 0 —Idy 0o |,
0 0 0 —Idy 0
L0 0 0 0 0-Idy
[0-1d; 0 0 0 0
0 —Idy 0 0 0
Dfy(0)=1] 0 0 —Idy 0 0
0 0 0 +Idy 0
L0 0 0 0 0-Id,
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It is evident that ker(Df1(0)) = R[1,4], ker(Df2(0)) = R[k,0] @ RJ[1, 4] and that
for j;, = 2, we have j;, # gcd{4} = 4 and

6= > n(A) # 7 > p(h) =7 -4

A€ (D f1(0)|Rik; 501 A€o (D f2(0) ik, .501)

All the assumptions of Theorem 2.15 are fulfilled, and therefore
DEGZ].i0 (f1,Da(V)) # DEGZJ;O (f2, Do (V). O

In the following theorem we distinguish coordinates of degrees which corre-
spond to the isotropy group appearing in the kernel of the linearization of one
of the maps considered.

THEOREM 2.17. Let f1, fo : (V,0) — (V,0) be S-equivariant gradient maps
such that

1. 0 € V is isolated in f;*(0) and in f5 *(0),
2. ker(Df1(0)) N VS" = {0} and ker(Df2(0)) N VS = {0},
3.V = @, Rlki, ji] and ker(Df1(0)) ~ @2, Rlk;,j}], ker(Df2(0)) ~

R[Ljio]7
4. ji, # ged{ar, ..., ar} for any a1,...,ax € {ji,...,dp, }s
5.
Z mn sign(det(D 1(0)im(p, (0))))
ign(det(D f2(0));
Ao (D H i, 1) sign(det(D f2(0)im(pf2(0))))
> pA) +v
A€o (D f2(0)1rlk;y .5501)
forv=2,0.

Then there is o > 0 such that

More precisely, DEGZ% (f1,Da(V)) # DEGZ% (f2, Do (V).

PRrROOF. Repeating the proof of Theorem 2.13, for a sufficiently small positive

«, we obtain
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DEGgz,, (fi,Da(V)) =DEGz, ((¢1,A41),Da(V))
= DEGg1 (1, Da(ker(D f1(0)))) - DEGz;, (A1, Da(im(D f1(0))))
+DEGs1 (A1, Do (im(D f1(0)))) - DEGz;, (1, Da(ker(Df1(0))))
= DEGrzji0 (A1, Do (im(D f1(0))))
+sign(det(A1)) - DEGz,, (1, Da(ker(Df1(0))))
= DEGz,, (A1, Da(im(D f1(0))))

= % sign(det(Df1 (0)|im(Df1(O)))) N Z :U'(/\)a

A€o (D f1(0) 1 Rik;g i)

where Ay = D f1(0)jim(py, (0)) and @1 is as in Lemma 2.4. Moreover,

DEGz;, (f2,Da(V)) = DEGz, ((¢2,A42), Da(V))

= DEGs1 (p2, Da(ker(D f2(0)))) - DEGz;, (As, Do (im(D f2(0))))
+ DEGg1 (Ag, Do (im(D f2(0)))) - DEGz,, (92, Da(ker(D f2(0))))
= DEGz,, (A2, Da(im(D f5(0))))

+ sign(det(Az)) - DEGz,, (#2, Da(ker(Df2(0)))),

where Az = D f2(0)}im(Df,(0)) and @2 is as in Lemma 2.4. From assumption 3
it follows that dim(ker(Df2(0))) = 2, therefore by Lemma 2.12 we know that
DEGz, (2, Dalker(Df2(0)))) is equal to 1 or 0. Consequently, we obtain

io

DEGz,, (f2, Da(V)) = DEGz,, (A2, Da(im(Df(0)))) + 6 - sign(det(As))

= % (sign(det(sz(O)im(sz(o)))) . Z H()\)>

)\EU—(Df2(O)\R[kiO>-7i0])
+ 6 - sign(det(D f2(0) jim(D 2 (0))))
1/ .
= 3 (slgn(det(sz (0)\im(Df2(0)))) ’ Z 1Y)

A€o (D f2(0)1rik;y 541

+2-6- sign(det(sz(0)|im(Df2(0)))))

= sign(det(ng(O)|im(Df2(0)))) . % ( Z M()\) +2- 5)

A€o (D f2(0)1mkyy i)

for 6 =1 or 0.

Combining formulas for DEGZ% (f1,Da(V)) and DEGZ% (f2, Do (V) with
assumption 5 completes the proof. O
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In order to illustrate the above theorem we consider the following example.

EXAMPLE 2.18. Let fi,f2 : V = R[4,1] ® R[4,2] — V be S'-equivariant
gradient maps such that 0 € V is isolated in f; *(0) and in f; *(0), and

—Idy 0 0 0 7
0 +Idg 0 0
D 0 - 9
H1.0) 0 0 0-1dg 0
) 0 0  +Idy
r0-Tdy 0 0 0 7
0 —Idg O 0
D£,(0) =
£2(0) 0 0 +Idg 0
L 0 0 0 +Id,]

Notice that ker(D f1(0)) = R[3, 2], ker(D f2(0)) = R[1, 1], and for j;, = 1 we have
Jio # ged{2} =2, and

sign(det(D f1(0)im(D £ (0))))
2= § : () Sign(det(Df2(0):imED?EO;;))
)\EU,(Dfl(O)\R[kiO ,_1i0]) ’
1
> pA) +y =76+,

A€ (D f2(0)|rik;, 4

N

where v = 2,0. All the assumptions of Theorem 2.17 are fulfilled, and therefore

DEG{e}(fh Da(v)) 7é DEG{e}(f2a Da(V))

The following theorem is similar to Theorem 2.17. The only difference is that
we assume that (ker(Dfl(O)))S1 is a nonzero linear subspace of V5.

THEOREM 2.19. Let fi, fo : (V,0) — (V,0) be S*-equivariant gradient maps
such that
1. 0 € V is isolated in f; *(0) and in f5*(0),
2. dim(ker(Df1(0)) N VS") = k and ker(D f2(0)) N VS" = {0},
3. ker(Df2(0)) ~ R[L,j;] and ker(Dfi(0)) ~ R[k,0] © @2, R[k}.j}],
V~ @ Rlki, ji],
4. jiy # ged{ay, ..., ax} for any ay,... ar € {ji,...,j5 }.
5. either

M Z n(A) # Z 1(A) + 72,

A€o (D f1(0)|rix N A€o_(Df2(0)|rk 1

igJig i Jig

where
if k=1, then vy = 1,0 and v = 2,0,
if k> 2, then v1 € Z and o = 2,0,
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or
sign(det(D f1(0)}im
. e (d (Df1(0)| (DA0))) 3 u(N)
sign(det D fo( )\im(sz(O)))) A€o (Df1(0) rik, i 1)
igJig
4 > P(A) + 72,
A€o (D f2(0)|ri; s, 1)

where k =2, v1 <1 and vy3 = 2,0.
Then there is a > 0 such that

More precisely, DEGZ.nO (f1,Da(V)) # DEGZuO (f2, Do (V).

PROOF. Repeating the proof of Theorem 2.17, for a sufficiently small positive

«a, we obtain

DEGgz;, (fi,Da(V)) =DEGz, ((¢1,A41),Da(V))
= DEGs1 (1, Da(ker(D f1(0)))) - DEGz;, (A1, Do (im(Df1(0))))
+ DEGg1 (A1, Do (im(D f1(0)))) - DEGz;, (1, Da(ker(Df1(0))))
= DEGs1 (¢1, Da(ker(D f1(0)))) - DEGz;, (A1, Do (im(D f1(0))))
= DEGg1 (91, Do (ker(D f1(0)

1 .
- 5 sign(det(D f1(0)im(p 1, 0))) - > B(A),
A€o_(Df1(0)|rk N

)
)

where Ay = D f1(0)jim(p#,(0)) and ¢ is as in Lemma 2.4. Moreover,

DEGz;, (f2,Da(V)) = DEGz, ((¢2,A42), Da(V))
= DEGs1 (2, Da(ker(D f2(0)))) - DEGz;, (As, Do (im(D f2(0))))
+ DEG g1 (Ag, Do (im(D f2(0)))) - DEGz;, (92, Da(ker(D f2(0))))
— DEGy, (4s, Dalim(D12(0))))
+ sign(det(A4s)) - DEGZ“0 (2, Do (ker(D f2(0)))),

where Az = D f2(0)}im(Df,(0)) and @2 is as in Lemma 2.4. From assumption 3
it follows that dim(ker(Df2(0))) = 2, therefore by Lemma 2.12 we know that
DEG 7, (2, Do (ker(D f2(0)))) is equal to 1 or 0. Additionally, from assumption
2 it follows that
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e if L =1, then DEGg1 (1, Dy (ker(Df1(0)))) = 1 or 0,
e if k =2, then DEGg1(¢1, Do(ker(Df1(0)))) < 1,
o if £ > 2, then DEGg1 (1, Do (ker(Df1(0)))) € Z.

Consequently, we obtain

DEGz,, (f1,Da(V))
= DEGg1 (01, Da(ker(Df1(0))))

%Sign(det(Dfl(O)|im(Df1(0)))) : Z HA)

A€o (Df1(0)|RrIk;y .5501)

1 .
=01 - 5 sign(det(D f1(0) im(p s, (0)))) > (A
A€o (Df1(0)|Rik;y 5i01)

and

DEGZ“0 (f2, Do (V) = DEGZ% (A2, Do, (im(D f2(0)))) + d2 - sign(det(As))

1 .
=5 sign(det(D f2(0)im(Df2(0)))) * Z 1Y)
A€o (D f2(0)|Riks s 1)
+ 02 - sign(det(D f2(0) (D f2(0))))
1/ .
=3 (slgn(det(sz (0)im(Df2(0)))) - Z #A)

A€o (D f2(0)|Rrik;y 5i01)

126, sign<det<Df2<o>im(ng(o»)))

= Sign(det(Df2 (0) [im(D f2(0)) ))

(= uwera)

A€o _ (D f2(0)|rik

N =

iodig))
where
eif k=1, then 5y = +£1 or 0 and §, = 1 or 0,
e if kL = 2, then then §; <1 and d3 =1 or 0,
e if K> 2 then §; € Z and 95 =1 or 0.
Combining formulas for DEGZH0 (f1,Da(V)) and DEGZ% (f2, Do (V) with

assumption 5 completes the proof. O

EXAMPLE 2.20. Let fi,f2 : V = R[1,0] ® R[4,1] & R[4,2] — V be S'-
equivariant gradient maps such that 0 € V is isolated in f;*(0) and in f, *(0),
and
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[0-1d, 0 0 0 0
0 —1d, 0 0 0
Dfi(0)=| 0 0 +Idg 0 0o |,
0 0 0 0-Idg 0
Lo 0 0 0 +Idy
[ +1d, 0 0 0 0
0 0 - Ids 0 0 0
Df(0)=]| 0 0 —Idg 0 0o .
0 0 0 +Idg 0
Lo 0 0 0 +Id,
Notice that ker(D f1(0)) = R[1,0]® R][3, 2], ker(D f2(0)) = R[1, 1], and for j;, =1

we have j;, # ged{2} =2, and
M2=m- Z ()

A€o (Df1(0)iRk, i) )

# > HN) + 92 = 6+,

A€ (D f2(0) ik i501)

where 71 = £1,0, 72 = 2,0. All the assumptions of Theorem 2.19 are fulfilled,

and therefore
DEGyc} (f1, Da(V)) # DEGey(f2, Da(V)).

In the following theorem points with isotropy group Zj, occur in the linear
spaces ker(D f1(0)) and ker(D f2(0)). Nevertheless, we can distinguish coordi-
nates of degree which correspond to this isotropy group.

THEOREM 2.21. Let fi, fo : (V,0) — (V,0) be S*-equivariant gradient maps
such that
1. 0 € V is isolated in f; *(0) and in f5 *(0),
2. ker(Df1(0)) N VS" = {0} and ker(Df>(0)) N VS = {0},
3. V=@ | Rlki,j] andker(Df1(0)) = R[1, j;,], ker(D f2(0)) ~ R[1, j;,).
4

sign(det(D f1(0)}im(p 1, (0))))
Z m sign(det(D f2(0)jim(D f2(0))))

A€o (Df1(0)|Rrik; .45, )
> p(A) + 7,
A€o (D f2(0)|rk )

igJig]
where v = £2,0.
Then there is o > 0 such that
DEG(f1, Da(V)) # DEG(f2, Do (V).

More precisely, DEGZHD (f1,Da(V)) £ DEGZ% (f2, Do (V).
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PROOF. As in the proof of Theorem 2.17 we obtain the formulas
DEGZjiO (fh DQ(V)) = Sign(det(Df1 (0)|im(Df1(0))))

( > p(A) +2- 51>

Aeo_(Df1(0)|r )

DO =

igdig)

and
DEGgz;, (f2,Da(V)) = sign(det(Df2(0)}im(D 12 (0)))

5 ) W)+ 282

A€o (D f2(0)Rik;y 541

where 1,02 € {0,1}. Combining these with assumption 4, we complete the
proof. O

EXAMPLE 2.22. Let fi,f2 : V = R[6,1] — V be S'-equivariant gradient
maps such that 0 € V is isolated in f;*(0) and in f, *(0), and

Df1(0)|:0.1d2 0 0-Idsy 0 ]

Df>(0) =
0 +Id10]’ £2(0) [o —1Idjo

Notice that ker(Df1(0)) = R[1,1], ker(Df2(0)) = R[1,1], and for j;, = 1 we have

0= 3 p(\) # > p(A) +9 =10+,

A€o (D f1(0)| Rk ) A€o (Df2(0)| Rk )

“ig Jig i dig]

where v = +2,0. All the assumptions of Theorem 2.21 are fulfilled, therefore

DEG{&}(.fla Da(V)) 7é DEG{&}(f27 Da(V))

3. Applications to bifurcation theory

In this section we formulate sufficient conditions for the existence of bifurca-
tion points of S'-equivariant variational bifurcation problems. In the proofs of
these theorems, as the main tool, we use the degree for S'-equivariant gradient
maps. More precisely, we apply the Krasnosel’skii theorem for S'-equivariant
gradient maps (see Theorem 2.3). Using Theorems 2.13, 2.15, 2.17, 2.19, 2.21 we
distinguish degrees for S'-equivariant gradient maps on two different levels of a
parameter space. In other words, we verify the assumptions of the Krasnosel’skii
theorem.

THEOREM 3.1. Let f:V xR — V be an S*-equivariant gradient map such
that f(0,A) =0 for any A € R. Fix A\, A\ € R and assume that

1. ker(Df(0,A)) NVS" = {0} and ker(Df(0,X2)) NVS' = {0},
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ker(Df(0, 1)) @R Ltl, ker(Df(0,X2)) = @D RIE?, 57,

then there is ji, € {j1,...,Jn} — {0} such that
(a) ji, # ged{a,...,ax} for any aq,...,ax € {j117-~-aj7111},
(b) ji, # ged{ay,...,ar} for any a,...,a; € {jlz,...,j%Q},

sign(det(D f(0, A1) jim(Df(0,01))))
A
Z A # sign(det(D (0, A2)|im(Df(0,72))))

> (N,

A€o (Df(0,A2) Rk,

A€o (Df(0, 1) Rk, 1)

igJig

ig’ 110])

Then in [A1, 2] there is a bifurcation point of solutions of the equation f(v, \)
=0.

Proor. Without loss of generality one can assume that A; and As are not
bifurcation points. In Theorem 2.13, put f;(v) = f(v, A;) for i = 1,2. We obtain

DEG(f1, Do (V)) # DEG(f2, Do (V)),

because the Zj, ~coordinates of the above degrees are different. Applying Theo-
rem 2.3 we complete the proof. O

THEOREM 3.2. Let f:V xR — V be an S'-equivariant gradient map such
that f(0,A) =0 for any A € R. Fix A\, A\ € R and assume that
1. ker(Df(0,A)) N VS" = {0} and dim(ker(Df(0,X)) N VS") =k
2. if V~@,_, Rk j;| and

n1

ker(Df(0,\1)) ~ @RIk, jl], ker(Df(0, X)) = Rk, 0] @@R 2 32,
i=1
then there is jio € {j1,...,Jn} — {0} such that
(a) Ji, # ged{aq, ..., ar} for any ay,...,ar € {ji,.. .. jr }.

(b) jio 7é ng{alwuaak} fO?” any ai,...,ag S {J%??JELQ}?
3. if k=1, then

> () # - > (N

A€o (DF(0.M)|RIk; 530 1) A€o (Df(0.22)|RIk; ) .5501)

where v = 0,1,
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4. if k = 2, then

sign(det(D f(0, A1) im(Df0,71))))
A .
Z () # sign(det(D f(0, A2)jim(Df(0,12))))

Xeo_(DF(OM)|Rik, i 1)
> (A

igJig
A€o (Df(0,>\2)|R[kio ,jio])

Jory <1,
5. if k > 2, then

> p(A) # - > (N,

A€o (Df(0.A1) 1 Riky 341 A€o (D f(0.A2) | Riky 541

where v =0,1,2,...
Then in [\, A2] there is a bifurcation point of solutions of the equation f(v,\)
=0.

PRrROOF. The proof is the same as that of Theorem 3.1, except that instead
of Theorem 2.13 we apply Theorem 2.15. g

THEOREM 3.3. Let f:V xR — V be an S*-equivariant gradient map such
that f(0,A) =0 for any A € R. Fix A\, A2 € R and assume that

L. ker(Df(0,A)) N VS" = {0} and ker(Df(0,X2)) N VS" = {0},
2. ker(Df(0,X2)) = R[1,7i,] and ker(Df(0,A1)) = @?211 R[k},j}], V ~

@?:1 R[kla]7]7
3. ji, # ged{as,...,ax} for any ay,...,ax € {ji,... ,j}“},
4.
Z e sign(det(D f(0, A1) jim(Df0,0))))
ign(det(D (0, X\2)im
A€o (DFON) iy 55g1) sign(det(D f(0, A2)jim(Df(0,22))))
> #(A) +7,

A€o (Df(0,X2)|Rik;y 540 1)

where v = 2,0.

Then in [A1, A2] there is a bifurcation point of solutions of the equation f(v, \)
=0.

PRrROOF. The proof is the same as that of Theorem 3.1, with Theorem 2.17
used instead of Theorem 2.13. O

THEOREM 3.4. Let f:V xR — V be an S'-equivariant gradient map such
that f(0,A) =0 for any A € R. Fiz A\, A\ € R and assume that

1. dim(ker(Df(0,A\)) NVS') =k and ker(Df(0,A2)) N VS = {0},
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2. ker(Df(0,A2)) = R[1,j;,] and
ker(Df(0,\)) ~ R[k, 0| & DRIk}, 5}],  V ~ D Rk, jil,
i=1 j

3. jig #ng{alwuvak} fOT’ any ai,...,ak S {]11,,]%1},
4. if k=1, then

N > H\) # > ) + 72,

A€o (DF(0,A) Riky .350)) A€o (DF(0,X2) | Rik; .350))

where v1 = £1,0 and 2 = 2,0,
5. if k=2, then

Y1
sign(det(D f(0, A2)im(Df(0,12)))) reo_ (DO n

sign(det(D f(0, A1) im(Df(0,01))))
[im(DS(OM) 3 ey
kighdig))

# > 1(A) + 72,
AGU*(Df(mA2MRqun0”

where v1 < 1 and vo = 2,0,
6. if k > 2, then
- > p(A) # > (A + 72,

A€o _ (Df(O,A])\R[kiO ,jio]) A€o (Df(07>\2)\R[k130 ’jf?o])

where v1 € Z and v = 2,0.
Then in [A1, \2] there is a bifurcation point for the equation f(v,\) = 0.
PRrROOF. Repeat the proof of Theorem 3.3, using Theorem 2.19 instead of
Theorem 2.17. g
THEOREM 3.5. Let f:V xR — V be an S'-equivariant gradient map such
that f(0,A) =0 for any A € R. Fiz A1, 2 € R and assume that
1. ker(Df(0,A)) NVS" = {0} and ker(Df(0,X2)) N VS = {0},
2.V = @?:1 R[klajl] and ker(Df(O’)‘l)) ~ R[Ljio]? ker(Df(OvAQ)) ~
R[Ljio]7

sign(det(D f(0, A1) jim(Df0,0))))
Z ) sign(det(D f(0, A2)jim(Df(0,12))))

A€o (DF(0.X1) Rk 5501
> 1(A) +7,
AT (Df(0.X2) Rikg dsg])

where v = +2,0.
Then in [A1, \2] there is a bifurcation point for f(v,\) = 0.
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PROOF. Repeat the proof of Theorem 3.1, using Theorem 2.21 instead of
Theorem 2.13. g

REMARK 3.6. Notice that in Theorems 3.1-3.5 we do not control the isotropy
group of the bifurcating sequence of orbits of solutions. Under some additional
assumptions one can compute these isotropy groups. In other words, we can
prove symmetry breaking bifurcation theorems. Namely, assume additionally in
Theorems 3.1-3.5 that

1. for fixed A1, Ao € R there are no bifurcation points for fs1 (v,\) =0 for
A € [A1, A2], where fS1 VS xR — VS' is the restriction of f to the
set of fixed points of the S' action,

2. {ge{i, . -.int 1 3/dio € N} = {Jis }.
Then we can show that in [\, A2] there is a bifurcation point for f(v,\) = 0
with the bifurcating sequence of orbits of zeros of f having isotropy group Zj, .
Additionally, notice that in order to exclude the existence of bifurcation
points of fS1 (v,\) = 0 it is enough to replace assumption 1 of this remark by
the assumption that DfS1 (0, A) is an isomorphism for any A € [\, \z]. This
assumption is more restrictive but it seems to be easier to verify. 0

The last bifurcation theorem we formulate in this paper is the finite-dimen-
sional version of the global Rabinowitz bifurcation theorem for S!-equivariant
gradient maps (an infinite-dimensional version of this theorem can be found in
[55]). Let V be a finite-dimensional representation of S* and let O C V x R be
open and S'-invariant. Additionally, assume that f : Q — R is an S'-equivariant
C?-function such that for any o < 3,

#({(0,) € €N ({0} x R) = det(VZ£(0,A)) = 0} N ({0} x [a, 4])) < o0

and that Vf : (V xR, {0} x R) — (V,{0}), where Vf denotes the gradient of f
and #(A) denotes the number of elements of the set A.

Fix \ge A={NeR:(0,\) € 2N ({0} xR) : det(VZf(0,)\)) = 0} and ¢ > 0
such that [A\g — €, Ao + €] N A = {A¢}. Define the bifurcation index n(Ag) by

77(>\O) = DEG(Vf( i Ao + 8)7Da(v)) - DEG(Vf( T Ao — 5)7 Da(V))7

where D, (V) denotes the disc of a sufficiently small radius a centered at the
origin. Denote by C(Ag) the connected component of the set

cd({(v,\) € Q:Vf(v,\) =0and v #0})

such that (0, \g) € C(Xo)-
Without loss of generality one can assume that V' = R[k,0]® R[k1, j1]®...®
Rk, jr], where 0 < k, 0 < k;, 0 < j1 < ... < Jpr.
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It is known that
AF 0 0 0
0 AF 0 0
0 0 . 0
0 0 0 AF

By Corollary 4.3 of [55] the coordinate 1(A\g)g of the bifurcation index n(Xo)
which corresponds to the isotropy group @ is equal to

sign(det(Ag)) — sign(det(Ay)), Q=851
0, Q= Zj, for j; & K,
% sign(det(Ay)) - era,(Aj) ()

—sign(det(47)) - Sy (4 ) #N: Q= Z;, for ji € K,
where K7 = {j1,...,j,}. It is understood that if & = 0 then sign(det AT) = 1.

V2F(0,\ £¢) =

n(Ao)g =

THEOREM 3.7 (Global Rabinowitz bifurcation theorem). If n(Ag) # © €
Z® (@2, Z) then either

(a) the component C(\g) is not compact in Q (if @ =V x R it means that
C(Xg) is unbounded), or

(b) C(Ao)N ({0} x R)NQ = {0} x {Ai,.. ., A} C{O} x A, 30 m(Xy)) =
0ecZd (P2, 7).

In order to prove this theorem it is enough to repeat the reasoning presented
in the case of the infinite-dimensional version of the Rabinowitz global bifurcation
theorem for S'-equivariant orthogonal operators (see [55]).

REMARK 3.8. All the theorems of this section give sufficient conditions for
the existence of bifurcation points of solutions of S'-equivariant gradient non-
linear problems. As a tool we have used the degree theory for S'-equivariant
gradient maps. It is natural to pose the question of global bifurcations, i.e.
whether connected sets of nontrivial solutions bifurcate from the set of trivial
solutions and if they are global in the sense of Rabinowitz. The linearizations of
our maps at (0,\) € V x R are degenerate, therefore all the trivial solutions of
f(v,A) = 0 are suspected of being bifurcation points. That is why in this situ-
ation we cannot apply the global bifurcation theorem presented in this section,
Theorem 3.7. Nevertheless, following [35], we can still work with the notion of
global bifurcation from an interval.

We say that there is a global bifurcation of solutions of f(v,A) = 0 from
[A1, Ag] if there is a connected set C' of nontrivial solutions of f(v,\) = 0 whose
closure intersects {0} x [A1, A2] and such that either C' is unbounded or cl(C)
contains a trivial solution outside {0} x [A1, A2]. In fact, using the degree for
Sl-equivariant gradient maps in place of the Brouwer degree we can adapt the
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proof of [53] to obtain a global bifurcation from a fixed interval in the parameter
space.

Degree theory is the only topological tool which is used in the proofs of
global bifurcation theorems. For instance, the change of the Conley index does
not imply that the set of nontrivial solutions bifurcating from the set of trivial
solutions is connected. Therefore, the theorems proved in this section have an
advantage over approaches via classical topological invariants other than the
degree. O

The following question seems to be important in view of Remark 3.8.

Is it possible to get the results of Section 3 working with subspaces
fized by various isotropy groups and using standard topological in-
variants like the Brouwer degree, the Morse theory and the Conley
indexr?

In order to answer this question we will consider some examples of families of
Sl-equivariant gradient maps. Let m°(B),m"(B),m~(B) denote the nullity,
positive Morse index and negative Morse index of a symmetric matrix B, re-
spectively.

EXAMPLE 3.9. Consider a l-parameter family of S'-equivariant C?-func-
tions f : (V = R[4,0] & R[4,1] ® R[4,2]) x R — R[1,0]. Assume additionally
that Vf(0,)\) =0 for any A € R, and there are A1, A2 € R such that

(a) 0 €V isisolated in Vf(-,\;)"1(0) for i = 1,2,
(b) V2£(0,)\;) = Df;(0) for i = 1,2, where Df;(0) are given in Example
2.14.
In Example 2.14 it has been shown that

3= DEG{e}(vf( T >‘1)7 D(x(v)) 7£ DEG{E} (Vf( T >‘2)7Da(v)) =4

It is easy to check that all the assumptions of Theorem 3.1 are fulfilled. Hence in
[A1, A2] there is a bifurcation point of V f(v, A) = 0. Referring to Remark 3.8 we
can say that we have proved the existence of a global bifurcation from [A1, As].

Coming back to our question, there are three possible isotropy groups of
points in V, namely, S!, {e} and Z,.

Isotropy group S'. After restriction we obtain a map (Vf)s1 L VS xR =
R[4,0] x R — V5" such that (V2f)S'(0,A;) = —1Id, for i = 1,2. Since on two
levels of the parameter space, A; and Ay, we have the same map — Id4, we cannot
distinguish them by any topological invariant.

Isotropy group {e}. After restriction we obtain a map (Vf){¢ : V xR —
V. Since m*(V2f)(0,\1) = 2 and m~(V2f)(0,\;) = 14 is even, we have
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deg(Vf(-,M1),Da(V)) < 1. Since m™(V2f)(0,X2) = 16, mT(V2f)(0,\2) = 4
and m°(V2£)(0,A2) = 0, we have deg(Vf(-,A2),D,(V)) = 1. It can happen
that both degrees are equal to 1. This means that we cannot distinguish the
maps Vf(-, 1) and Vf(-,2) using the Brouwer degree.

Since the intersection of the intervals
[m+(V2f)(O, >‘1)7 m+(v2f)(07 >‘1) + mO(VQf)(()’ )‘1)] = [47 6]

and
[m+(v2f)(07 >‘2)7 m+(v2f)(07 >‘2> + mO(VQf)(Ov )‘2)] = [47 4]

is not empty we cannot distinguish Vf(-, A1) and Vf(-, A2) using the Conley
index and Morse theory.

Isotropy group Z,. After restriction we obtain a map (Vf)%2 : V%2 x R =
(R[4,0] ® R[4,2]) x R — V% such that

r—Idy, 0 0 0
0 Ids 0 0

V2H%2(0,M\) = ,
(V=£)72(0, A1) 0 0 0.-1dy 0
L 0 0 0 —1dy

r—Idy O 0 0
0 Ids O 0
0 0 Idy 0
L O 0 0 —Id4

(V2)72(0,X2) =

Since m°((V2£)#2(0,\1)) = 2 and m~((V2£)?2(0, 1)) = 8 is even, we obtain
deg((Vf)?2 (-, M), Da(V#)) < L.

Since m—((vzf)22 (O’ )‘2)) =38, m+(<v2f)z2 (07 )‘2)> =4, mO((v2f)Z2 (Oa )‘2>)
= 0, we have deg((Vf)?2(-,\2), Do(V?2)) = 1. It can happen that both de-
grees are 1 so we cannot distinguish (Vf)%2(-, A1) and (Vf)?2(-, \2) using the
Brouwer degree.

Since the intersection of the intervals

[ (V2 £) 720, A1), m ™ (V2 )72 (0, \0)) +m°((V2£)72(0, \))] = [2,4]
and

[ (V2 £)72(0, X2)), m™ (V2 £)72 (0, A2)) +m (V2 £)72(0, A2))] = [4,4]

is not empty we cannot distinguish the two maps using the Conley index and
Morse theory. O

Similar examples can be obtained starting from Examples 2.16, 2.18, 2.20
and 2.22.
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4. Applications to asymptotically linear problems

In this section we formulate sufficient conditions for the existence of nontrivial
orbits of zeros (different from the origin) of S'-equivariant gradient maps. We

apply the results proved in Section 2.

THEOREM 4.1. Let f : (V,0) — (V,0) be an S'-equivariant gradient map
such that
1. f(@) = Ao(x) + ola| as [z — 0,
2. there is 3 > 0 such that there is an S*-equivariant gradient homotopy

H: (Dg(V) x [0,1],0Ds(V) x [0,1]) — (V;V - {0})

such that H(-,0) = f and H(-,1) = A,
3. A is a nonsingular symmetric matriz, and Ag is a symmetric matric,
4. ker(Df(0)) N VS =ker(4o) NVS" = {0},
5. if V =~ @, Rlki, ji] and ker(Ag) =~ @), R[kY, j?], then there is j;, €
{j1,-- -, jn} — {0} such that
(a) ji, # ged{an, ..., ax} for any ar, ... a; € {j1,- .., jn, },
(b)

Z ﬂ(>\) Sign(det((AO)Hm(Ao)))

sign(det(As))

A€o ((A0) ppus g 1)

igJig

> (N

A€o ((Aoo) i, 1)

Then there is a nontrivial (different from the origin) zero of f.

PROOF. Suppose that the origin is the only zero of f. From the assumptions
for 8 > 0 and sufficiently small a > 0 we have

DEG(f, Dg(V)) = DEG(Aw, D3(V)) = DEG(Awo, Do (V).
Putting in Theorem 2.13, f; = A and fo = f, we show that
DEG(f1, Dg(V)) = DEG(f1, Da(V)) # DEG(f2, Da(V)),
and consequently, by Theorem 3.9 of [55],

DEG(f, Ds(V) — cl(Do(V))) = DEG(f, Ds(V)) — DEG(f, Da(V))
= DEG(Aqs, D3(V)) — DEG(f, Do (V)
= DEG(f1, D3(V)) — DEG(f2, Da(V))

is a nontrivial element in Z®(6D;- ; Z). Applying Theorem 3.9 of [55] we complete
the proof. O
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THEOREM 4.2. Let f : (V,0) — (V,0) be an S'-equivariant gradient map
such that
1. f(x) = Ao(z) + o|z|, when |z| — 0,
2. there is 3 > 0 such that there is an S*-equivariant gradient homotopy

H: (Dp(V) x [0,1],0D5(V) x [0,1]) — (V,V = {0})
such that H(-,0) = f and H(-,1) = A,

3. A is a nonsingular symmetric matriz, and Ag is a symmetric matriz,
4. ker(Df(0)) N VS =ker(4g) N VS = R[k,0],
5. if V ~ @), Rlki, ji| and ker(Ao) ~ R[k,0|®&@D;°, Rk, j?], then there
is Jig € {J1s--+,Jn} — {0} such that
(a) Ji, # ged{ay, ..., ax} for any ay,...,ar € {37,..., 40},
(b) if k=1, then

> pA) # - > p(N),

A€o ((Aco)|Rlks isg) A€o ((A0)|RLk;y 3491

where v = 0,1,
(¢c) if k =2 then
sign(det((Ao)jim(4,)))
Z ) # - sign(det(As))

> 1(A),

A€ ((A0)|Rlky.350))

A€o ((Aco)|Rk

fory <1,
(d) if k > 2, then

> p(\) # 7 - > p(N),

A€o ((Aco) | Rikyg 5501 A€o ((A0) Rik;y 3591
where v =0,1,2,...
Then there is a nontrivial (different from the origin) zero of f.
PrOOF. Repeat the proof of Theorem 4.1 using Theorem 2.15 instead of
Theorem 2.13. g

THEOREM 4.3. Let f : (V,0) — (V,0) be an S'-equivariant gradient map
such that

1. f(z) = Ao(x) + o|z| as |x| — 0,
2. there is 3 > 0 such that there is an S'-equivariant gradient homotopy

H: (Dg(V) x [0,1],8Dg(V) x [0,1]) — (V;V - {0})
such that H(-,0) = f and H(-,1) = A,
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A 1s a nonsingular symmetric matrixz, and Ag is a symmetric matriz,
- ker(Df(0) N VS =ker(Ag) N VS = {0},
. V =~ @?:1 R[kzajz] and keI‘(Ao) =~ R[l,jio],

> o w

Z ) sign(det((Ao)|im(Ao)))

ign(det(A
)‘e"—((AO)IR[%,uol) Slgn( e( oo))

> pA) +7,

A€o ((Aco)|Rik;y i)

where v = 2,0.

Then there is a nontrivial (different from the origin) zero of f.

PrOOF. Repeat the proof of Theorem 4.1 using Theorem 2.17 instead of
Theorem 2.13.

REMARK 4.4. In Theorems 4.1-4.3 we have proved the existence of nontrivial
orbits of zeros of S'-equivariant gradient maps but we have not been able to give
a lower estimate of the number of these orbits and their isotropy groups. Under
some additional assumptions one can compute these isotropy groups. Namely,
assume additionally in Theorems 4.1-4.3 that

L (f5)71(0) = {0},
2. {j € {jlv' . ;jn} : j/]zo € N} = {jlo}
Then we can show that there is a nontrivial orbit of zeros of f whose isotropy

group is equal to Zj;, . We distinguish these orbits by their isotropy groups. U

REMARK 4.5. Notice that instead of assumption 2 in Theorems 4.1-4.3 one
can assume that f is asymptotically linear, i.e.

f(z) = Ao (x) + 0o|z| as |z| — oo.

This assumption is more natural but more restrictive than those in Theorems

4.1-4.3. U

Similarly to Section 3 we try to answer the following question.

Is it possible to get the results of Section 4 working with subspaces
fized by various isotropy groups and using standard topological in-
variants like the Brouwer degree, the Morse theory and the Conley

index?

In order to answer it we consider some examples.
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EXAMPLE 4.6. Consider an S'-equivariant C?-function
f:V=R[1,1]® R[1,2] — R[1,0].

Assume additionally that

L Vi) = V2f(0) -« + of|z]), |z — 0,
2. Vf(2) = V2f(00) - & + ofJa]), |2] — os,

3.
—1d, 0
V2£(0) =
10=170" ol
4. "
2 _ + 2 0
It is easy to check that for j;; = 1 all the assumptions of Theorem 4.1 are

fulfilled. This shows the existence of an orbit of critical points of f. There are
three possible isotropy groups of points in the representation V: S1, {e} and Z,.

Isotropy group S*. VS' = {0}.

Isotropy group {e}. After restriction we obtain a map Vf : V — V. Choose
sufficiently small o > 0 and sufficiently large 5 > 0. It is easy to see that

deg(Vf, Da(V)) =1 = deg(V f, Dg(V)).

This means that we cannot prove the existence of a nontrivial orbit of critical
points of f using the Brouwer degree. Since the intersection of the intervals

[m™(V?f(00)),m™ (V2 f(c0)) +m°(V?f(0))] = [2,2]
and
[m™(V2£(0)), m™ (V2 £(0)) +m®(V?£(0))] = [0,2]
is not empty we cannot prove the existence of a nontrivial orbit of critical points

of f using the Conley index and Morse theory.

Isotropy group Zo. After restriction we obtain a map (Vf)%2 : V% =
R[1,2] — V#2. Choose sufficiently small o > 0 and sufficiently large 3 > 0.
It is easy to see that

deg((VF)?, Da (V7)) = 1 = deg((Vf) 72, Dg(V?)).

This means that we cannot prove the existence of a nontrivial orbit of critical
points of f using the Brouwer degree. Since the intersection of the intervals

[ (V2 )72 (00)), m™ (V2 £)?2(00)) + m° (V2 £)?* (00))] = [0, 0]

and

[ (V2 £)72(0)), m™ ((V2£)%2(0)) + m® (V> £)?2(0))] = [0,2]



APPLICATIONS OF DEGREE FOR S!'-EQUIVARIANT GRADIENT MAPS 413

is not empty we cannot prove the existence of a nontrivial orbit of critical points
of f using the Conley index and Morse theory. O

EXAMPLE 4.7. Consider an S'-equivariant C?-function
f:V=R[1,0]® R[1,1] ® R[1,2] — R[1,0].
Assume additionally that

L Vf(x)=V2f(0) -z +o(|z]), |z| — 0,
2. Vf(x) =V2f(0) z+o(x]), |2| — oo,

3.
0-1d; 0 0
VifO)=| 0 +Id 0 |,
0 0 0-Idy |
4.
+Id; 0 0
V2f(co)=| 0 —Idy 0 |.
0 0 +1Ids.

It is easy to check that for j;, = 1 all the assumptions of Theorem 4.2 are fulfilled.
This shows the existence of an orbit of critical points of f.

Reasoning as in Example 3.9 we can show that standard topological invari-
ants do not work in this case. O

EXAMPLE 4.8. Consider an S'-equivariant C?-function
f:V =R[5,1] — R[1,0].
Assume additionally that
L Vf(x)=V2f(0) -z +o(|z]), |z] =0,
2. Vf(z) =V2f() z+o(x]), |x| — oo,
3.

w0~ |

0-Idy 0
0 —1Idg|’

VQf(OO) = [+Id10} .

It is easy to check that for j;, = 1 all the assumptions of Theorem 4.3 are fulfilled.
This gives the existence of an orbit of critical points of f. It is easily seen that it
is possible to prove the existence of a nontrivial orbit of zeros of f using Morse
theory. O

5. Final remarks

In this paper we have prepared a topological tool which we intend to apply
to qualitative investigations of elliptic differential equations, Hamiltonian sys-
tems, wave equations and second order ODE’s. Mainly, we are interested in
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sufficient conditions for the existence of nontrivial solutions of asymptotically
linear equations and in the existence of bifurcation points.

In order to apply our results to differential equations one can use Amann—
Zehnder saddle-point reduction. The first step in this direction is done in [58].
The degree for S'-equivariant gradient maps has also been defined in the infinite-
dimensional case, for compact perturbations of the identity. In fact, in order to
compute this invariant it is enough to compute the degree of a finite-dimensional
map. Therefore the results of Section 2 will be used in infinite-dimensional
computations.

We can distinguish orbits of critical points by their isotropy groups. It allows
one to prove multiplicity results for differential equations. Moreover, sufficient
conditions for local and global bifurcations of solutions of differential equations
can be formulated. Additionally, one can prove symmetry-breaking bifurcation
results.

In this article we have only considered problems with resonance at the ori-
gin, i.e. the linearization D f(0) at the origin was degenerate, while at infinity,
Df (o) was an isomorphism. Let f : V — V be an S'-equivariant, gradient,
asymptotically linear map whose “derivative at infinity” D f(c0) is degenerate
and let Dg(V') denote an open disc centered at the origin with sufficiently large
radius § > 0. A still open and very interesting question is

Is it possible to compute DEG(f, Dg(V')) when D f(o0) is degenerate?

T. Bartsch and S. Li [9] have recently proved an implicit function theorem
at infinity. Using their results one can prove a splitting lemma at infinity. Com-
bining the splitting lemma at the origin (Lemma 2.4), the splitting lemma at
infinity and the Cartesian product formula (Theorem 2.11), one can investigate
asymptotically linear problems with both kinds of resonance, at the origin and
at infinity.
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