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Abstract

For a real-valued function of several real variables that is n-times
Peano Differentiable, a sufficient condition is given for the Peano deriva-
tives of order n to be Baire*1. An immediate consequence will be that
the order n Peano derivatives of an (n + 1)-times Peano differentiable
function are Baire*1.

In 1935, A. Denjoy [1] showed that if a real function f is (n + 1)-times
Peano differentiable, then the nth Peano derivative f,, has the following prop-
erty. For every nonempty closed set C there is an open interval (a,b) with
(a,b) N C # ¢ so that f, restricted to C, f.|c, is continuous on (a,b) N C.
In 1976, R. J. O’Malley [3] named this property Baire*1. Approximate Peano
derivatives were shown to be Baire*1 by M. J. Evans [2] in 1985. The no-
tion of Baire*1 extends to functions from m-dimensional space, R™, to R in
the obvious manner, replacing the one-dimensional interval (a,b) with an m
-dimensional interval. In this work we obtain the result that if f : R™ — R
is (n + 1)-times Peano differentiable, then all the order n Peano derivatives
of f are Baire*1. This is done by developing a condition that is implied by
(n 4+ 1)-times Peano differentiability that is sufficient to guarantee that the
order n Peano derivatives are Baire*1. We also show that the order n Peano
derivatives of an n-times Peano differentiable function are Baire 1.

Throughout this paper we consider real valued functions defined on a subset
of R™. For a vector h = (h1,ha2,...,hp) € R™, we define ||h|| = max;{h;}.

m
For a multiindex a = (a1, ..., ), we define [a] = 3~ a;, and (al’f’_’am) =
il -
arl o am!”
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We say that a function f, defined in a neighborhood of a point x is n-times
Peano differentiable at « if there is a set of numbers f,(z), 1 < |a| < n, such

that
Flath) =5 5 (o bt g Fol0)

lim 120 o=t
(= [[R]]™

=0 (1)

where fio,.. o) = f(z). Equivalently

=35 (0 Jaenge L

=0 |a|=1

where €,(h) — 0 as ||h]| = 0.

It is easy to check that if f is n-times Peano differentiable at a point =,
then the numbers f,(x), are unique. Therefore the functions f,, defined to be
the fo(z) from (1), are well defined, and each f, is called a Peano derivative
of f, of order |

It is also easy to verify that if f is (n + 1)-times Peano differentiable at z,
it is also k-times Peano differentiable for 1 < k < n. However, (n + 1)-times
Peano differentiable gives more than n-times Peano differentiable in that we
actually have

- ' fa(z)
Pt =35 3 (o, b

lim e =0. (2)
lIl|—0 [[Af[+s

for any 0 < s < 1.
This observation motivates considering the quotient

$+h> 2:0||Z (al, ,a,n)h?l"'hg{nfaii(!x)

for r a positive real number. If e,(h) = O(1), we say f is r-times Peano
bounded at z. By (n + s)-times Peano bounded on R™ we mean there is
a function s : R™ — [0,1) so that f is (n + s(z))-times Peano bounded at
each z. Obviously (n+ s)-times Peano bounded on R™ implies n-times Peano
differentiable. It turns out that the condition (n + s)-times Peano bounded
on R™ is sufficient to gain information about continuity properties of the nth
order Peano derivatives of f. In Theorem 5 below we show that the Baire*1
property is obtained.
The following useful lemma is easily proved by induction.
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Lemma 1 For k € N we have
k .
S -1k (k.>j’= O =0k
= J k' ifi=k,

Let Dy (u,h) = > (=1)"~ 3( )f(u+jh), an nth forward difference applied

Lemma 2 Let f be (n+ s(u))-times Peano bounded at w. Then Dy (u,h) =

n n i
h&1 ... pOm o(u) + -1 nj(> ih n+s(u).€u ).
azl_n(al,.._,am> S B falu) g ()l (i)
Proor. Writing each

wrin =3 S (L Y g g,

i=0 |a|=1

we get Da(uyh) = 3 (—1)773 (%) f(u+ jh) =

Jj=0

S (S S, e

1=0 Ia =1

HIGA O e, (1)

L QR et

1=0 |a|=1
S n - n—+s -
+> (-1 N IGRIT - eulGh).
Jj=0 J

The error term is of the desired form and we rearrange the triple sum to get

55 (S () (7L e Bt

i=0 |a|=i \j=0

n a1 L Hh%m
=2 (ahm,am)hl B faulu)

|a]=n

by Lemma 1. O
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Theorem 3 If f : R™ — R is n-times Peano differentiable, then all nth order

Peano derivatives are Baire 1.
PRrROOF. Pick m distinct primes q; > ... > ¢,,,. There are L = (mt?*l) Peano

derivatives of order n and for each natural number N we generate L vectors
h[k]}EZ! by setting each h[k]; = q’
{ [ ]}k_O y g [ } \/N

formula for D,,(u,h) in Lemma 2 with s = 0 gives L equations of the form

N [ Datws i) = 1) ( ) U ghlk)

0<k<L-1land1l<i<m. The

j=1
_ n ko kam
_(g_:n (oq,...,ozm>q1 ) fa( )
The coefficient matrix for this system, thinking of the (OL1 )fa( ) as the
unknowns, is the Vandermonde matrix constructed using {¢7" - --¢5m| 0 < k <
L—1}, that is, the entry in the ith row jth column is q§i_1)a1 e 7(711 e where

ais the jth index with |a| = n. Since o # o implies ¢7™* - - -qj‘,‘f*—q?/l . qzé" =+
0, the determinant A of this matrix will be nonzero. By Cramer’s Rule each
(o, ™o )fa(u) is of the form

n . nq '
AZN o () B cuGhIK) | A
j=1

where each Ay is the appropriate cofactor in the expansion of A about the
(k+1)st column. As N — oo, ||h[k]]] = 0so > (—1)"~ ( )"t eu(Fhlk]) —
j=1

0. Therefore each fa(u) is a pointwise limit of the sequence of continuous

functions { Z ND, (u, hlk])Ag } and is thus Baire 1. O

We will also need the following form of D,,(u, h) involving a second point
x.

Lemma 4 Let f be (n+ s(u))-times Peano bounded at w. Then

D, (u,h) = Z (Oq n N )h?l"'h%’"’fa(x)

lee|=n

3 (1 (’;) u =+ JHI™HO ey (u— @+ jh).
j=0
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PRrOOF. Expanding as we did in the proof of Lemma 2, we get

Dy (u,h) = zn:(_m—j (?) Flu+ jh) = Zn:<_1)"—j (?) fx+u—z+jh) =

Jj=0 Jj=0

00 (£ 2 o) T2 ) 4

n
=0 i=0 |a|=i —1

> (=0 (N)lu =z + bl e (u -z + jh) = T1 + T,

j=0

The term 75 is as desired. We rearrange the triple sum 73 to get T} =

Xn: 2 < ZO(_l)"*j (?) (al,.ii.,am) H(uz — Ty +jh()alfai(!z)> '

i=0 Jal=i \J ey

y
If we write each (u; — ; + jh))™ as > (9')(uy — @) P jPRP Then Ty =

p1=0 b
n e n ;
ZZ:; IaX—:i <JZ:O( ) <J) <Oé1, .. .,am>
15 a Up — Tp) e PeiPePe fa(l')

When the product inside is expanded and then summed over j = 0,...,n the

only nonzero term, by Lemma 1, will be the term containing 5. This happens
m

exactly when > p; = n, that is, when each p; = «, and |o| = n. We then
=1
obtain T} =

2 (50 o 7o) ML) 222

=1

= (B () o Lo
S (o o e fate)

ceey Qi
lor|=n

by Lemma 1. O
The main result of the paper is the following Theorem.
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Theorem 5 Let f : R™ — R be (n + s)-times Peano bounded on R™ and
let A = {z| |ez(h)| < Nfor all0 < ||h|| < % and s(x) > 3-}. Then there
is a constant K so that whenever u, v € Ay and ||u — z|| < m we have

| faltt) = fa(@)| < [lu— || ¥ K for all |a] = n.

PROOF. Let u, z € Ay with |ju — z|| < m By Lemma 2, D, (u,h) =
n = (n
RS e o () + ~1 nj( > jh nts(u) | €u(jh).
a§|=:n(a1,...7am> ; 0+ 30~ () (ih)

(4)

By Lemma 4 we also have

Doty = X (" e he o 5)

cee, Qi
lo]=n

+) (-1 (?) lu— 2+ jh||" ") g (u—x + jh).  (6)
=0

For [[u—z| < [|n]| <
bounded on Ay and

m the error terms in (4) and (6) are uniformly

n

> (= (?) (1Al =09 - €4 (5h) = llu = 2 + Gl ") - e (w =z + jh))
j=0

may be written as ||k]|"*% - e(h) where |e(h)| < H for some constant H
depending only on N. Equating (4) and (6) gives

> <a1 ! o >h‘f1...hi‘,{"(fa(u)fa($))||h||n+1b5(h)' (7)
S o

As in the proof of Theorem 3 pick m distinct primes ¢; > ... > ¢,,, and generate

I L—1 . o |‘U—$||q1k

vectors {h[k]};Z; by setting each h[k]; = —F
Substitution in equation (7) gives a system of L equaltions in the L unknowns
fa(u)— fo(x). By Cramer’s Rule each f,(u)— fo(z) = ||u— || ¥ A’A where A
is the Vandermonde determinant as in Theorem 3 and A’ is bounded and the
bound depends only on N. Thus |fo(u) — fo(z)|] < ||lu— z||¥ K where K =
%’. It remains to show that the constant K holds for u,x € Ay with ||u — z| <
To see this, let v and 2 be in Ay and pick w,,x, € Ay approaching

,0<k<L-1.

1
(I4+n)N *
u and x respectively. The calculation above shows that |fs(zn) — fo(z)] <
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|2, — z|** H, for z,, sufficiently close to z, where s, = min{s(z), 4} but H,
depends on x as well as N. A similar inequality holds for u,, and u. Then

[ fa(w) = fa(@)] < [falw) = falun)l + |falun) = fal@n)| + |fal(zn) = fal2)]
< Jlu = w1 Hy + l[un — 20|V K + ||z — @]|* Hy.

Letting n — oo we obtain | fq(u) — fo(x)| < |Ju — :c||% K as desired. O

Corollary 6 Let f: R™ — R be (n+ s)-times Peano bounded on R™. Then
the nth order Peano derivatives of f are Baire*1.

o0
PROOF. Let C be a closed subset of R™. Since |J Ay = R™, by the Baire
N=1
Category Theorem there is an open interval I € R™ and an integer N such that
C N1 is nonempty and contained in Ay. By Theorem 5, the nth order Peano
derivatives of f restricted to Ay are continuous. Therefore, the restriction of
the derivatives to the set C'N I are also continuous. (]
The next corollary follows easily from the Baire*1 property.

Corollary 7 Let f : R™ — R be (n + s)-times Peano bounded on R™. Then
there is a dense open set G C R™ such that the nth order Peano derivatives
of f are continuous on G.

Lastly, we summarize these results for (n + 1)-times Peano differentiable
functions.

Corollary 8 Let f : R™ — R be (n + 1)-times Peano differentiable on R™.
Then the nth order Peano derivatives of f are Baire*1 and are thus continuous
on some dense open set G C R™.
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