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A FIRST RETURN EXAMINATION OF THE
LEBESGUE INTEGRAL"

Abstract

It is shown that a Lebesgue integrable function comes equipped with
a sequence of points which one can use in conjunction with a simple “first
return — Riemann” integration procedure to compute the integral.

First return limiting processes have yielded interesting insights into gener-
alized derivatives [2, 5, 9, 11, 13] and have given rise to new characterizations
of the class of Baire one (B;) functions [1, 8, 12], as well as several standard
subclasses of By [3, 4, 6, 7, 10]. Thus, it seems natural to investigate whether
a first return technique might be available for computing Lebesgue integrals.
The goal of this paper is to prove the following theorem, which shows that
such a procedure is, indeed, available and is closely akin to that of Riemann
integration.

Theorem 1. Suppose f : I™ — R is a Lebesgue-integrable function. Then
there is a countable dense set D in I™ and an enumeration (x, : p € N) of D
such that for each € > 0 there is a § > 0 such that if P is a partition of 1"
having norm less than 0, then

> 1= [ 1

JeP

< €,

where r(J) denotes the first element of the sequence (x,) that belongs to J.
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Before proving this result, we need to establish some notation and verify an
elementary lemma which will be used repeatedly in the proof of the theorem.
Throughout this work the dimension n of our Euclidean space R is fixed and
I™ denotes the unit “square” in R™; that is, I is the cartesian product of n
copies of the unit interval [0,1]. We shall use A(A) to denote the Lebesgue
n-dimensional measure of a measurable set A C R™ and shall use 9S and S°
to denote the boundary and interior, respectively, of a set in S C R™. By a
“rectangle” we mean a set J of the form

J = [a'17b1] X [a2ab2] X X [an7bn]7

where each a; < b;; we call each [a;, b;] a “side” of J.

A partition P of I" is a finite collection of non-overlapping rectangles whose
union is I"”. (By non-overlapping, we mean that if J; # Jo belong to P, then
A(J1 N Jz) = 0.) An elementary fact that we shall use in the proof of the
lemma is that no point of I belongs to more than 2™ rectangles J € P. The
norm of P, ||P||, is the maximum of the lengths of the sides of all of the J € P.

Let i € N and for each j = 0,1,...,2% let ¢; = QL The uniform i-partition
of I, Q;, is the collection of all rectangles of the form

[y s Cjv1] X [y Cipgr] X - X [cy,, ¢4, 11],

where each integer j satisfies 0 < j, < 2°. If A C B C I, we say that A is
i-fine in B provided that for each J € Q; for which J°N B # ), it follows that
J°NA#0Q.

We shall let B(n) denote the number of (n — 1)-dimensional rectangles of
(n — 1)-dimensional measure one which form the boundary of I". In proving
the lemma we shall make use of the elementary fact that if J C I" is any
rectangle, then the number of elements of Q; which intersect the boundary of
J is at most B(n) - (2¢)"~ L.

Lemma 1. [The Blocking Lemma] Let A C I™ be measurable, let F be a finite
subset of 1"\ A and let n > 0. Then there is a finite subset Sy C A such that
if P is any partition of I™ and

G={JeP:JNF#0and JNS4 =0},
then A (ANU,eg J) <n-

Proor: Let F = {y1,y2,...,yx}, A, and n be as described. We may assume
that A has positive measure. Choose 7 € N so large that KBQL)Q < n. Let

Q; denote the uniform i-partition of I". For each I € Q; which intersects A,
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select a point s; € TN A. Let Sa denote the collection of all such selected
points.
Now let P be a partition of I" and let

G={JeP:JNF#0and JN Sy =0}

Fix a y; € F and fix a J € G containing y;, if such a J exists. There can be at
most 2" such J’s containing y;. Without loss of generality suppose that ANJ
has positive measure. Since JNSx =0,if I € Q; and I C J, then TN A = (.
Thus, if T € Q; satisfies I N (J N A) # 0, then I NdJ # (. However, there are
at most B(n) - (29)"~! such I € Q;. Hence,

A (Aﬁ U J) <2n~K'B(n)~(2i)n71(2})n _ KB;?)Qn

Jeg

<,

completing the proof. O
PrROOF OF THEOREM. For each j € N we set

Aj=A{z:j-1<|f(@)] <},

and note that since f is integrable, the series Zj’;l JA(A;) converges. It will
be convenient to denote the tails of this series by ¢; = Zzosz EX(Ay).

For each j we use Lusin’s Theorem repeatedly to obtain a sequence, {A;},
of pairwise disjoint, perfect subsets of A; such that )\(Aé») = )‘(Q‘éj) and the
restriction of f to A%, f|A%, is continuous. Thus, for each j we have

o0

A(4)) =D M4,

i=1
Also, for each j we set

J

i oo >
Bi=JU4, ¢=J A and D;=J U 4
k=1:1=1

k=j+1 k=1i=j+1

and note that A(B;)+A(C;)+A(D;) = 1. Furthermore, we set B} = B;\ B;_1,
where we take By = (). Note that for each j, f|B; is continuous and is in
absolute value less than j. For each j € N, apply Tietze’s extension theorem
to obtain f; as a continuous extension of f|B; to all of I" with |f;(z)| < j for

all z € I". For each j € N let ¢; = 5 and let §; be a positive number such
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that J; witnesses the Riemann integrability of f; over I" with respect to ¢;;
that is, if P is a partition of I" with norm less than J;, and for each J € P,
s(J) denotes any point in J, then

< €. (].)

> s - [ 5

JeP I

Our next goal is to inductively by stages define the sequence (z, : p € N).
At stage 1, we choose a finite set S C Bj so that S is 1-fine in B;. We list
these points in any order as xi,a,...,%p,. Now, suppose stage j has been
completed with x1, s, ..., T, having been selected and ordered. We proceed
to stage j+1. First, select a finite subset S; 1 C Bj,, such that ;1 is (j+1)-
fine in B, ,. We are going to apply the blocking lemma j times, each time
taking n = W Initially, apply the blocking lemma with F' = S;; and
A = B; to determine a finite subset S; C B} which satisfies the conclusion of
that lemma. We may clearly assume that S; is (j + 1)-fine in B} and contains

no x,,p < p;, since all of the sets A% are perfect. Next, assume that
Sj C B;, Sj_l C B;—lv .. .,Sj_k C B;—k

have been selected for some 0 < k < j — 2. Apply the blocking lemma
with F' = Uf:q Sj—iy A = Bj_;_4, to yield a finite set S;_x_1 C Bj_, ;.
Again, we may assume that S;_j_; is (j + 1)-fine in B;_j_, and contains no
Zp,p < pj. We do this for each 0 < k < j — 2. We now complete stage j + 1
by appending the points from Ufc;l_l Sj_y to (w1, 22,...,2p,), first appending
those from S; (in any order), then those from S (in any order), ..., and
finally those from S;;;. This completes stage j + 1 and we have defined
xl,acg,...,xpj,mijrl,...,pol.

Once all stages have been carried out, the sequence (z, : p € N) has been
completely specified and it remains to show that this sequence accomplishes
what the theorem claims. First, note that if D = {x, : p € N}, then D is
clearly dense in I™.

Before proceeding to see that the rest of the conclusion holds, we wish to
make an additional observation. Fix a j € N and let P be any partition of I".
If k € N and

Gr, ={J € P:r(J) ¢ Bj, and r(J) was appended during stage j + k},
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then

J
A(Bjm U J) :ZA(B;m U J)
JeGy i=1 Jegy
1 1

(5 + k)22j+k < (j+ k)2j+k'

(2)

<j-

Now, let € > 0, choose j so large that SJHQ +4¢; <€, andset 6 = 9;. Let P
be any partition of I" having norm less than 0. Let Pr={J e P:r(J) € B;}
and Py = P\ P;. Then, adopting the notation | JP; for the union of all the
J’s in Py, we have

> s - [ 1

JeP

<| S fr)I - /Upf|

JePy

| S s - /U%f‘

JEP,

<|' S fe - /Uplfj

JePy
+ > L))

/ P1 JePy
+ [ s
U P2

We shall obtain estimates on each of the four terms on the right hand side of
the final inequality.

+

For each J € P53, employ the mean value theorem to select a point s; € J
such that f;(ss)[J| = [, f;. Also, for each J € Py, set s; = r(J). Then

(4)

1
<€j:§,

S £ - /Upfg

JeP,

=D filsnlI] - /Hn fi

JeP

where the inequality follows from (1) and the fact that ||P]| < ;.
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Next,
/U%(fjf) < /Bjmupl(fjf) + /Cmupl(lfjlﬂfl)‘
| (5)
+ /Djmupl(lfjlﬂfl)‘
<o+ [ QA1+i)+ [ A1+,
Now,
/ (1] + ) = 2/ U1+ < 3 (k+)AA)
Ci k=j+1 k=j+1
(6)
< Z 2kA(Ar) = 2¢;,
k=j+1
and

/|f|+y ZZ/ 1)< S (bt Al

k=1i=j5+1 k= 1’L__]+1
J )
SIPWCTE LD RUND I I
k=1li=j+1 i=j+1
27 J 27
:—ijlA(Ak)_Q—J

Thus, from (5), (6), and (7) we have

/Ljpl(fj_f)

Next we turn our attention to ) ;cp, [f(r(J))[[J]. For each i € N, let

2j

'Pz,i:{JEIPQ:T’( )EB*-H}
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f(r(7))I|J]. Now,

Then 3= cp, [F(r(IIT| =220 X gep,,

S FEODII = D F(D)NT N Byyia)
JeP2 ;i JEPs 4
+§:|f NIAT N Djti1)
JEP2,i
(9)
£ 3 FEONNT A Crn)

JEP2,i
<(J+)ANUP2; N Bjyi—1) +
+ (] + i))\(U,PQ’i n Cj+i,1).

Keeping in mind that 7(J) could have been appended to the (z,) sequence
we have from (2) that

(J+)MUP2; N Djyi1)

during any stage j +i+m, m=0,1,...,

> 1 2
ANUPo;NBii—q) < — — < —— 10
( 7327 7+ 1) ot (j+l+m)2j+l+m (]—FZ)QJ—H ( )
Next,
j+i—1 oo
(UP2% ﬂDJJrZ 1) < )‘( J+i— 1) < Z )‘<Agc+l+m)
k=1 m=0

I i

IN(Ay 2

S Z 2j+1 < 27+t

k=1
From (9), (10), and (11), we obtain
2 . 2 o
[fr(IDI] < 55 + G+ i) 55 + (G + )MUP2,: N Cgit)
27+i 27+
JEP2 ;i
Consequently,
= 2 >, 2
Z |f(r ‘|J‘—ZW+Z(]+Z)QJ'+¢
JEP; i=1 i=1

+ 3 (G +D)AUP2i N Clyini)

2 i+ 4) =,
=5t (J2j ) +Z(] +)A(P2,i N Cjri1)

2410 X
=2+ 2+ DMUP2 N Cyrina),

i=1

=1
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Keeping in mind that the sets UP,; and UPs s are disjoint for ¢ # i/, that
Ciyio1 = Uzczj_“Ak, and hence that A;,,NCj1;—1 = 0 for i > m, it is readily
seen that

oo

Z(j + ) A(UP2,; N Cjyi1) Z J+DMAj) = G-

=1

Thus,

S e < 220 L (12)

2
JEPy

Next, from the right hand side of (3) we consider the term

Lo 0= Lo 1% L 15 [ 19
SJ‘MUPmBjH/Cj |f+/Dj 7

Keeping in mind that for J € P, we know that r(J) ¢ B; and hence was
appended to the sequence (x,) at some stage (j + ¢), i € N, we observe from
(2) that

(13)

> 1 =1 1
; B)<iS —— = 14
FAUP, N j)—j;(j+i)2j+l<;2]+l 5 (14)
Next,
/|f| Z/ < S M) =G, (15)
k=j+1 k=j+1
and

/1= zz/ <Y Y my <

k=li=j+1 k=1i=j+1 k=1i=j-+1 (16)
J o) . i
. 1 J
NP S INURES )
k=1 i=j k=1

Thus, from (13), (14), (15), and (16) we obtain

o
Lonsgrarg =576 a7)
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Combining (3), (4), (8), (12), and (17), we obtain

T 7~ / f‘ <(5)+ (24 %)

+(2j+10+<j)+ <H+cj>

23 23
55 + 12
Y + 4Cj <€,
and this inequality completes the proof. O
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