MINIMAL DOMAINS AND THEIR BERGMAN
KERNEL FUNCTION

MICHAEL MASCHLER

1. Introduction. On certain problems which arise in the theory
of conformal and pseudo-conformal transformations. Attempts to gener-
alize the Riemann mapping theorem to the case of multiply connected
domains lead to the concept of canonical domains, that is, domains of
a special geometric “shape” (for example, the entire plane slit along
parallel rectilinear lines), onto which any other domain can be mapped
conformally. The existence of such mappings, though interesting in
itself, is less useful than the Riemann mapping theorem, because the
circle has many properties other canonical domains do not possess.
Moreover, this situation is worse when.one passes to the space of several
complex variables. In fact, even in the case of a simply connected
domain, a complete set of canonical domains having a well defined
geometric shape is not known. If we return to the case of a plane
domain and note that the existence of canonical domains can be proved
by considering certain extremum problems, we are led to the conclusion
that perhaps it is worthwhile to introduce other types of canonical
domains, defined by a simpler extremum problem rather than by geometric
shape. Indeed, two important types of such domains were investigated
by S. Bergman: The minimal domains and the representative domains.
(Bergman [2, pp. 27-42]). The shape of these domains (for definition,
see §2, 6.) is in general complicated, often they are situated on non-
univalent Riemann hypersurfaces, but they possess many properties
which enable us to deduce interesting results in the theory of pseudo-
conformal transformations.

In the last century, various domain-functions were introduced and
applied successfully to all branches of analysis. It proved useful to
consider two types of problems: 1. Given some information on a
domain—to find estimates for one of its domain functions. 2. Given
properties of a domain function belonging to some domain—to obtain
information about the domain itself. Theorems of these types lead, for
instance, to distortion theorems and to solutions of various extremum
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problems.
In the present paper we consider the Bergman kernel function

K,(z,¢) of a minimal domain D with a center ¢. We start our investi-

gation by proving that K,(z, {)=constant for ze D (§3). Only minimal
domains have this property and this fact enables us to deduce various
properties of minimal domains and analytic functions defined in such
domains (8§83, 4). These properties are generalizations of theorems on
circles and they are valid only for minimal domains.

It is interesting to note that while most known applications of the
kernel function to the theory of pseudo-conformal mapping use properties
of the function K,(z, z), the theorem mentioned above deals with the

function K,(z,#) where the arguments are not necessarily the same. It
seems that this fact throws some light on the connection between
mapping of domains and a metric defined in a domain which is invariant
under pseudo-conformal transformations (Bergman’s metric) (see also
§6).

In §2 the possibility of a mapping of a domain onto a minimal
domain is considered, then in § 5 it is proved that this mapping is unique
up to a transformation with constant Jacobian—this justifies the term
“canonical domains”. Considering the case of mapping of a minimal
domain onto another minimal domain (so that the centers do not corre-
spond), we arrive at a distortion theorem. Section 6 is devoted to the
class S of domains which are simultaneously minimal and representative
with the same center. We define a domain function J,(w, ») and prove
that if a domain 4 can be mapped onto a domain of the class S, then
JA(w, T)=constant for w e 4, where ¢ is the inverse image of the center.
The function J,(w, w), for an arbitrary domain 4, but with identified
arguments, is known to be an invariant under pseudo-conformal trans-
formation.

REMARK. The theorems are stated for domains in the space of n
complex variables, n=1,2,3, ---< 0. We use both notations z and
(24, 2,y *++,%,) to indicate a point in this space. In certain cases we apply
theorems that were originally published only for n=1,2. In these cases
the extension to n>>2 is trivial. In order to state our theories in more
generality we found it useful to consider non-univalent domains and
certain kinds of domains in which points with different coordinates are
considered identified. This meant a slight generalization of the concept
of pseudo-conformal transformations (see §2). The definition of the
kernel function and known theorems we utilize in this paper can be
easily generalized to such domains.

2. Preliminary remarks. The existence of a mapping of a domain
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onto a minimal domain. In the present paper we assume that each
domain we deal with can be mapped pseudo-conformally onto a bounded
untvalent domain in the space of n complex variables, (n=1,2,3, ---).
By a pseudo-conformal mapping of a domain D onto a domain 4 we mean
a one-to-one mapping which, except in a denumerable number of analytic
segments of manifolds of complex dimensions <<»n—1, can be described
locally in the form

(2‘1) wlc=wlc(z) ’ k=17 2; cre, N, ZEDr ZE(ZU %y "'yzn)

where w,(z) are analytic functions with a non-vanishing Jacobian. We
allow w,(z) to be multi-valued functions provided that d(w.,w., - -+, W,)/
(2., 25, ***, 2,) is a single-valued meromorphic function in its domain of de-
finition. In such case we “identify” in 4 points which correspond to
the same point of D. A regular function in 4 must have, by deﬁmuon,
the same value at the identified points.

It is known that such domains possess a Bergman kernel function

Kyz,t) (2 teD)

(see Bergman [1, p. 301, [3, p. 24, 37], also (2.2)).

If D is a bounded univalent domain then K,(z, ¢) is a regular function
in z and ¢ and K,(z, 2)>>0, (2,t€ D); however, in general this is not
true. Indeed, let 4 be a domain obtained from D by the pseudo-
conformal transformation (2.1), then the relation

2.2)  Kylz H=Ka(w(z), w(t) O P 0 n) 80 wems )
A1, < vy 20) 21y o0+, 2,)
holds for z, t € D ; where w=(w,, ---, w,) (Bergman [3, p. 33], [1, p. 51]).

Hence, if 4 is a bounded univalent domain and K,(w(z*), w(t*))s40
where z* or ¢* (or both) is a point on a branch manifold of D—the type
of singularity of K,(z*, t*) is determined by the Jacobian of the trans-
formation in (2.2). If for z==z* the Jacobian exists and is equal to zero,
then K,(z*, 2*)=0.

We wish, however, to stress that it may well happen that z=z* or
t=t* (or both) is a point on a branch manifold of D but K, (w(z*), w(t*))=0
in such a way that as z—z*, £ —>¢*, the kernel function K,(z, ) will tend
to a finite value (which, by definition, is K,(z*, t*)).

DEFINITION. A domain D s called a minimal domain with respect
to a point t (¢ € D) as center if t is not a point on a branch manifold
of D and if any pseudo-conformal transformation w,=w,(z), k=1,2, -+-,n
which satisfies
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Nwy,y ==y wy) =1
a(zl’ ""zn) z=t

maps D onto & domarn whose volume 18 not less than the volume of D.

REMARK. Thus, since we are dealing only with a special type of
domains, the volume of a minimal domain is finite.

THEOREM 2.1. Any domain D (of the type mentioned at the begin-
ning of this section) can be mapped pseudo-conformally onto a minimal
domain with center at the origin by a transformation (2.1) which satisfies

(2.8) wi()=0, (k=1,2, «--, n); dw,, + -+, wy) _1,
a(zb R zn) 2=t

where t is any fized point of D which does not lie on o branch manifold.

Proof. This theorem was stated for special domains; however,
essentially, the the proof is the same for the general case. S. Bergman
showed ([2 p. 39] see also Garabedian [5]) that if such a mapping
exists, then

Kb(z’ z) =a(ujlv ) u’n)

2.4
( ) KI)(t, t) a(zlr ) zn)

and if there exists a pseudo-conformal transformation which satisfies
(2.3) and (2.4) then this transformation maps D onto a minimal domain
with the origin as center. The volume V of the minimal domain is

_ 1
Ky, )

It remains to be shown that there exists always a pseudo-conformal
transformation satisfying (2.3) and (2.4). This is trivial for n=1, and
for n>>1 it was proved for domains satisfying special conditions, even
with the condition that the transformations (2.1) will be of the type

(2.5)

w,=w,(2) , W =2,—t , k=2,3, «-n.

Among such domains are, for instance, domains of the form D=B\/
B,\J---\UB, where B,, (i=1,2, «--,m) are polyeylinders {|z,—ai|<#?,
k=1,2, ---,n} (S. Bergman [2 p. 38], Schiffer |7]). The existence of
a mapping of a general domain D onto a minimal domain now follows
directly. We map D onto a bounded schlicht domain D* in the ¢-space
by a pseudo-conformal transformation satisfying (2.3). This is possible
since # is not a point on a branch manifold. Since any point of D*
can Dbe connected to the origin by a chain of a finite number of poly-
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cylinders, we can define by the method of analytic continuation® a function
wi=wy({) regular in e D* ({==({;, L -+, Cs)) such that

ow_ K6, 0) . o0
2t Ko(0.0) "O=0

The transformation w,=w(¢), w,=¢:, k=2,8, -+, n maps D* onto
a minimal domain 4 with the origin as center, and the transformation
from D onto 4 satisfies (2.3).

A minimal domain is, in general, not univalent. In fact, by an
unpublished result of M. Schiffer, in the case n=1, except for a trivial
case, multiply connected minimal domains are not univalent domains
without identified points (see also Kufareff [6])*. The trivial case is a
circle punctured at isolated points where the center of the circle is the
center of this minimal domain (Bergman [3 p. 24]). In the case of several
complex variables there are more types of univalent minimal domains.
For n=2, sufficient conditions for the existence of a mapping of a un-
ivalent domain onto a minimal univalent domain were given by M.
Schiffer [7].

3. Minimal domains and their Bergman kernel function. Minimal
domains can be identified by the behavior of their (Bergman) kernel
function and this in turn may help us to find more of their properties.

THEOREM 3.1. A mecessary and sufficient condition for a domain D
to be a minimal domain with center at a point t (where t does not lie on
a branch manifold) is

(3.1 K (2, t)==constant for ze D.
The value of the constant is 1]V, where V is the volume of D.

Proof. If D is a minimal domain in the z-space then the trans-
formation w,=z.—t,, k=1,2, ---, n maps it onto a minimal domain 4
in the w-space with center at the origin. This transformation has a
constant Jacobian and it also satisfies (2.3), hence by (2.4) and (2.5)

Koo, D) =K (t, Z):Ilf .

On the other hand, if for a domain D and a fixed ¢e€D, we have
K, (2, t)=const. for ze D then K,(z, t)=K,(t, t)>0, since ¢ is not on a

1 Of course, since in general wi(¢) is not single-valued, there are infinitely many
minimal domains obtained in this way. This depends on our choice of “cutting” D* to
make it simply connected and “ pasting back ” the points in the image domain.

2 Kufareff [6] considers the minimal domain for the ring when the class of functions
consists of regular functions having a single-valued integral,
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branch manifold. Here, the transformation w,=z, —¢£, satisfies (2.3) and
(2.4), therefore it maps D onlo a minimal domain which is congruent
to D.

THEOREM 3.2. If D is a domain such that for a fized point te D

which does mnot lie on o branch manifold of D, we have K,(t, t)=1/V,
where V is the volume of D, then D is a minimal domain with t as center.

Proof. From Theorem 2.1 it follows that D can be mapped onto a
minimal domain 4 by a pseudo-conformal transformation satisfying (2.3).
From (2.5) it follows that vol D=vol 4, hence, by definition, D is a
minimal domain.

REMARK. It follows from these theorems that domains such as the
hypersphere [|z|*+ |2.]*+ - - - + |2,]*<[#?], the polyeylinder [|z,|< 7, |2.|< 7,
«-+, |2,1<7r,] and even the more general Reinhardt circular domains
(with center at the origin) are minimal domains with center at the
origin, since their kernel function was computed and was shown to satisfy
the condition of Theorem 8.1 (or Theorem 3.2) (see Bergman [4]).

Using the reproducing property of the kernel function, one obtains
immediately the following result, which is a generalization of a well
known theorem about a circle.

THEOREM 3.8. Let D be a minimal domain with t as center. Let
S(z) be any function of the class® .<"(D), then

(3.2) ro=1- | r@ado,

where V is the volume of D and dw is the volume element. Only minymal
domains (where t does not lie on a branch manifold) have this property.
(Compare also Schiffer [7] for the case of univalent domains).

Proof. If D is a minimal domain, then from Theorem 1 we obtain
FO=| Kot Df o= L | fe)do.
D V Jo

On the other hand, if D is a domain of finite volume such that for
each function in ."*D) (3.2) holds then (3.2) holds in particular for
f(®)=K,(z,t) (see Bergman [3 p. 22-23]). Hence
m f(z) is a regular function after transplanting its values into the bounded
univalent domain which corresponds to D, and gl)[f(z)]‘zdm< co. All integrals are taken

in the Lebesgue sense,
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1— S Kz, Hdew,— V-K(t, 1),

and from Theorem 3.2 it follows that D is a minimal domain.

4. Geometric properties of minimal domains.

THEOREM 4.1. If D is a minimal domain with the origin as center
then so is 2D (that is, the aggregate of all points of the form iz,z€ D)
where A is a complex number, 1740.

Proof. The domain 4=1D is obtained from D by the transformation
Wp=12%, k==1,2, ---, n. From (2.2) it follows that K,(0, 0)=K.(0, 0)|2|*"
and by Theorem 3 4 is a minimal domain with center at the origin, since
K. (0, 0)=1/(|2]™-V,)=1]V,.

THEOREM 4.2. A minmimal domain D cannot have more than one
center, provided that for any two different points t¥ and t* in D (not
on a branch manifold) there exists a function f(z)= f(z;tV,t®) i L*(D)
which assumes different values at t and t®.

Proof. 1If t® and t® are two centers of a minimal domain D, ¢V £t
then from Theorem 3.3 it follows that

(4.1) 1 S FR)do= (D)= f ()
Vio
for every function f(z)e D), a contradiction.

REMARK. The property of a domain D to have a function f(z) e &% D)
such that f(™)=£ f(t®) when t® and ¢t® are any given different points
(not on a branch manifold), certainly holds for bounded domains, hence
also for domains that can be mapped pseudo-conformally onto them ;
that is, for all domains considered in this paper.

THEOREM 4.3. A product domain D is a minimal domain if and
only of ts components are mintmal domains. The center of D is the
product of the centers of the components.

Proof. If D=D xD,x --+xD, and D, are minimal domains with
centers t® (1=1,2, ---,s) then, since

K (2, 1)= K (2, 1) Kop (2, )+ K, (20, 79)

2VeD,, 2=(20,2®, « -+, 29) E=(D, t®, oeu t®)
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(see Springer [8 p. 414]), it follows from Theorem 3.1 that K,(z, t)=const.,
ze D. Therefore D is a minimal domain.
The converse is also true. Let D be a minimal domain, then

1

(42) =Kyl =K (17, B) K (69, B9 Ko (117, F9)

Since 1/K,(¢", ) is the volume of a minimal domain generated from
D, and the point t? in D, (see 2.5), it follows that

(4.3) K, (9, 1) =(vol D)™, i=1,2, -, 8.

The equality holds only if D, is a minimal domain with center at #?%.
Thus

1 1 N 1

(4.4) > .o . . =
volD ~ volD, volD, vol D, volD

and the theorem is proved.

5. Transformation of a minimal domain onto a minimal domain.
Theorem 2.1. assures us that any domain D can be mapped onto a
minimal domain by a pseudo-conformal transformation which is normalized
at a point £e D (the inverse image of the center, and thus does not lie
on a branch manifold). There are, in general, infinitely many such
transformations which transform D onto different minimal domains under
the same conditions. However, we can say that up to a transformation
with a constant Jacobian these transformations are the same. More
exactly, we have the following.

THEOREM 5.1. Any pseudo-conformal transformation (2.1) which
satisfies

2wy * s Wn) _ongt,

(5.1) w(0)=0, (k=1,2,--+-,n) and
a(zlv Tty zn)

Jor every ze€ 4, where the Jacobian exists, maps the minimal domain 4,
with center at the origin onto a minimal domain 4, with the center at
the origin. Conversely any pseudo-conformal transformation (2.1) which
maps a minimal domain 4, with center at the origin onto a minimal
domain with center at the origin such that the centers correspond to each
other must satisfy (5.1) whenever the Jacobian exists.

The proof is an immediate consequence of (2.2) and Theorem 3.1.
It is of interest to study also transformation of one minimal domain
onto another in which the centers do not correspond. From Theorem 4.1
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it follows that we can limit ourselves to minimal domains of equal volume.
It is to be expected that properties of transformation of this kind are
closely connected with distortion theorems.

THEOREM 5.2. Let a minimal domain 4 with center at the origin be
an image of a minimal domain D with center at the origin under a
pseudo-conformal transformation (2.1) such that w,(£)=0, k=1,2,--<, n
and t£0. Let us assume also that the two domains have the same volume,
then

a(wly Tty wn)

(5.2) a(zl! *tty zn)

~1.

z=t

LEMMA. If D* is a minimal domain with center £ then
(53) J{gg KD*(zo E)::I{D*(C’ f)

Jor any z which does not lie on a branch manifold and the minimum s
achieved only if z=C.

Proof. Indeed, we can map D* onto a minimal domain 4* with
the normalization of Theorem 2.1 at the point z, 25%5¢. Since D has
only one center (see Theorem 4.2) we have vol D* >>vol 4*; on the other
hand

1»; R vol 4*= 771~_ ,
K&, Q) Kp(z, 2)

hence the lemma is proved.

(5.4) vol D*=

Proof of Theorem 5.2. By (2.2) we have

a(QU“V"', wn) 2
a(zu Tty zn) z=t ’

and by the lemma K, (¢,%) > K,(0,0)=1/vol D; on the other hand K,(0,0)=
1/vol 4=1/vol D, hence the theorem is proved.

(5.5) K, (t, ty=K.(0, 0) «

ExaMPLE'. Let D be a domain in the z-plane. Let K,(z, z)=constant
on a line y in D. We chose a point 4 on 7y and map D onto a minimal
domain 4, by a conformal transformation w=r,(z) which satisfies f,(4)=0

Si(A)=1, then the image of an arc A/ﬁ on 7y whose length is s lies
completely in a circle with radius s about the origin in the w-plane.

4+ This example can be generalized to the case #>1 by using the concept of B-area
(see Bergman [1]).
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Proof. Let C be any point on A/I§, which does not lie on a branch
manifold. We map D onto a minimal domain 4, by a conformal trans-

formation w= fy(z) which satisfies f,(C)=0, fi(C)=1. From K,(4, A)—

K,(C, C) it follows that vol 4,—vol 4, (see (2.5)), hence from Theorem
5.2, and (2.4) we have

o 1. KA, ©)
(5.6) ISR L @heal =1 | P2

hence |K, (A, C)|<K,(4, A).
On the other hand

2 Ko(z, A) e D
B* =§ n\& L) gy B*e AB ,
S A(B¥) 0 KA, A) Z

therefore, by chosing the path of integration to be on A/B> we obtain:
| f4(B*)|<s, from which the required result follows.

6. Minimal domains and representative domains. Attempts to
generalize the Riemann mapping theorem to the case of domains in the
space of n complex variables lead to various other classes of canonical
domains. In this section we shall be interested with the so-called
representative domains (Bergman [2 p. 27]):

Let D be a domain in the space of » complex variables z, 2., - -+, 2,.
We consider pseudo-conformal transformations of this domain, w,=
w2y, ***,2,), (k=1,2, -++,n), which satisfy

(6'1) wk(t)=t.( ’ guh =0gm » k’ m=1, 2, -, m,
d.m=Kronecker delta,

at a point te D (not located on a branch manifold).
Let?

M}QO.“O(Z’ t)a M%O“.U(z’ t)’ ) M%)O.”L(z! t)

be the functions which minimize the integral S | f(?)|*dw under the con-
D
ditions

f2)e D), F()=0, —gzi

=5kl’ l=1y RPN ()

2=t

for k=1, 2, ---, n, respectively.

5 The number of upper indices is n.
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Let M(z,t) be the function which minimizes the same integral
under the conditions

f(z)ye £D), f(t)=1.

The transformation

Mlo...o(z’ t) M%g(z’ t)
6.2 =_———I_)————+t , 2=:.»Vgn.____<_,.._-{--t'2 y oty
6.2 R 7o S 'z, t)

_ Mol‘)].“l({,i)__}_t

R 7T R

satisfies (6.1) and transforms D onto a domain 4,. This 4, is called a
representative domain having t as center.

In the following we shall make use of some properties of repre-
sentative domains which are proved in Bergman, [2 p. 27-33].

1. A necessary and sufficient condition that two domains can be
mapped pseudo-conformally onto each other by a trausformation of the
type (6.1) is that they have the same representative domain obtained
by (6.2).

2. Equations (6.2) can be expressed in terms of the kernel function
K,(z,¢) and its derivative, as follows:

(6.3) "z, t)=§l’g’g (see §2).

Let M be the (z+1)x(n+1) matrix

K Ko,f Ko,i b Ko,ﬁ
K; K;: Kg; -+ K

(64) M= Kz,'l') Kz,'i K2,'é 0 K2.774 ’
Kn 0 Kn 1 Kn p Kn "
where
(6.5) K= K0
aziacj lz2=t,8=t
Let

K,s(z, H="Er( 0

J

’
T =t

then
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0 K(z,t) Kz, t) -+ Kz, )|
()

iy

(6.6) %:2 M

M fsissensin — b -
s M|

where |M]| is the determinant of the elements of M (Bergman [1 p. 45]).
It is easy to verify from (6.8) and (6.6) that polycylinders, hyperspheres
and, in general, Reinhardt circular domains are representative domains
with their center of gravity as center (that is, for these domains (6.2)
becomes w,=z,, k=1, 2, ---,n)’. These domains are also minimal domains
with the same center. In general, however, we shall see (Corollary 2),
that minimal domains and representative domains are different.

THEOREM 6.1. If a domain D is a minimal domain and also o
_ representative domain with the same center t, then its kernel fumction
satisfies the identities

{ KO,-I(Z7 Z)=A11(zl —t)+ A=)+ oo+ A(z,—1.)

Kz, E)=A21(zl =)+ Az =)+ - o -+ Az, — 1)
6.7)

[ KO,’Tz(z! z) =1472‘1(21 - t]) + A}z2(z.: - t.’) Foeee 4+ A/w(zm - tn)
for ze D. Here A,; are constants and |A,;|5%0.

Proof. Since D is a minimal domain it follows from (38.1) of Theorem
3.1 and (6.3) that M(z, t)=1 for ze D. Also K,,, (4=1,2, -+-, n) in (6.6)
(see also (6.4)) must vanish. But D is also a representative domain
with the same center ¢, hence (6.2) becomes w,=z,. We obtain

i Ko,‘x(zy t_) Ko,’i(z; E) e Kc,ﬁ(z, i’;_)

(6.8) 2 —t,=(—1)F* e ,

k=1,2, .+, m;
where M* is obtained from M by removing the first row and the first
column and M is obtained from M* by removing the kth row. |M*|z£0
because |M|£0 hence z,—¢, satisfy the equations (6.7) where A4, are
obtained from the corresponding elements of M*,

By reversing the arguments of the proof we obtain immediately
the converse theorem

76>Vlnwfa4ct, all circular domains are representative domains with respect to their center
(Bergmanz[2 p. 32]).
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If D is a minimal domasn with t as center, and its kernel function

satisfies (6.7) with |A,;|540, then D is also a representative domain with
the same center.

COROLLARY. The constants A;; of (6.7) must satisfy
(6~9) Az.szﬂr .

Proof. From the symmetry property of the kernel function (Bergman
[3 p. 23]) Ku(z, )=K (¢, 2) it follows that

From (6.7) we obtain

P _
— Kt -, b1 Zjs bjary o oCus 0y &y 200y Cn)[ZJ:AL’J(zj—tj) ’
o
hence
) o _ I _ —
ac KD(CU ety C/z,; tn tz: ) tj-—l’ ) t,i+19 . .tn)!g-tzAij(zj_-tj) .

We consider the Taylor expansions of the function
F(z, Ef)EKn(tx, ooy tiny By byt vy b By .’Zj_l, 5’ Zjﬂ, cee, )
around the point z,=¢, and around the point &,=¢,. Since
aF(at;:' &) (z:— tz)=Zw(E,f —t,)(2—1,)
and

o UE,~T)—Aa—t)E 1)

7
we have (6.9).

Let D be a minimal domain in the z-space which is also a repre-
sentative domain with respect to the same center ¢. Let 4 be the image
of D under the pseudo-conformal transformation w, =w,(z), k=1,2, -+ -, n;
which satisfies

8(?'01;""710)1L
11 (W, =205 wa)
(61 ) a(zlr "'yzn) z=t

We use the following notation

Tk=wk(t): (k-'—"‘l, 2,0, n) ; wkEwk(C)=wk(C) )
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then, since

a(wu ttty Zgnr):AKA(T’ -T.)
(6.12) a(zu °t zn) KA(wv ;) (See (2.4) ,

it follows from (2.2) that

hence, from (6.7)

A .= Kz, €).

iJ

02,08, lg=i
[ K6 KD KD oK)
p=1vs=l KA('LU, ;) 8wM85, [KA(w’ 1_—)]3 a_a_),,
ow, A;le=e 2,

therefore, from (6.11) and (6.12)

14, | =Eale DI
[KA(w’ T)]n+1

L'il ’

_PK (w,r) 1 Ks(w,7) 3Ks(w,T) s g o .

wow, Kiw,7) ow, dw,

;;) '

By expanding the determinant |a,;| we obtain

3] e, n,

(aKA(WJ), — K, (w, )

2o, 2w,

1 _
6.13) Ayl - . ot =i,
G120
Kyw,7) oKalw,7) K a(w, 7).
awl aw”'
0Ku(w,7) Ky(w,7) |, PKi(w,7)
1 dw, dw, 0w, dw, 0w,

~Ka(w, O

ooooooooooooooooooooooooo

Ky(w,7) FKi(w,7) |, Kiw,7)
ow, ow, 2w, ow,dw,

The left side of (6.13) is constant, hence we have proved the following.
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THEOREM 6.2. If 4 is a domain in the w-space which is  equivalent ”
to a domain D; that is, 4 is the tmage of D under the pseudo-conformal
transformation [w,=wz), k=1,2, --+,n], ze D, with a non-vanishing
Jacobian at z=t,” and if D is a minimal domain and simultaneously o
representative domain with a common center at z=t, then the right side
of (6.13) is a constant for fixed r—the image of t—and we 4.

REMARK. Since K, (w, ®)=K.(w, ), it follows that J,(w, ®)=J,(o, 7),
and hence, under the condition of the last theorem, also J.(r, % )=constant
for we 4.

COROLLARY 1. Let 4 be a stmply connected plane domain the boundary
of which consists of more than one point. Such o domain can be mapped
onto a circle such that an arbitrary fixed point o of 4 will be mapped
onto the center with a non-vanishing derivative there. Since the circle
is a manemal domarn and also a representative domasn with respect to its
center 1t follows that for any such stmply connected domain 4

Kiw, o) °Ka é(_@fz,f?_)
. 1 w
(6.14) SRR =constant ,
[Ka oy @) | 3K, (w, @) 8K, (w, )
ow dwdw

where both w and o vary in 4.

A similar result can be stated for domains which are equivalent to
hyperspheres or to polycylinders, because such domains can be mapped
onto themselves with an arbitrary fixed point going to the center.

COROLLARY 2. There are representative domains which are not
minimal domains with the same center.

Proof. Otherwise, for all domains 4 the relation J,(w, @)=constant
will hold for we 4, we 4, and in particular J,(w, w)=constant for we 4.
But it is known that there are domains for which this is not true. In
fact, it was proved by Springer [8] that, in the case n=2, for certain
Reinhardt-circular-domains J,(w, ) is not constant®.

It is interesting to note that in the particular case w=w one can
look at the expression J,(w, w) from a different angle. Indeed, it was
proved by S. Bergman that for any domain (which possesses a kernel

7 The normalization (6.11) is unessential because by a similarity transformation D is
mapped onto a domain of the same type (see Theorem 4.1).

8 In [8] the expression (71775 —|T1.|2)/Ka(w, W), where Typn =0%2log Ka(w, W)/0Wndwn, is
used instead of Ja (w,®). These two expressions are equal as was pointed out by S.
Bergman ([1, pp. 52, 53])
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function) the expression J,(w, i) is invariant under pseudo-conformal
transformation ([3, p. 139]). Estimation of J.(w, ') was used by various
authors to obtain distortion theorems ([3, p. 140], [6], [9].) Thus it
appears that the domain function J,(w, ) where the argument are, in
general, different may yield some information about pseudo-conformal
properties of the domain 4. The connection between J, (w, ) and
Ji(w, w) is, in a way, the same as the connection between the kernel
function K, (w,») and the invariant metric based on the function
K (w, w).
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