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EXISTENCE OF BOREL TRANSVERSALS IN GROUPS

J. FELDMAN AND F. P. GREENLEAF

If M is a closed subgroup of a locally compact group G,
we consider the problem of finding a measurable transversal
for the cosets G/M = {gM: q € G}—a measurable subset T'c G
which meets each coset just once., To each transversal T
corresponds a unique cross-section map 7z: G/M — T c G such
that 7oz = id, where n: G — G/M is the canonical mapping.
For many purposes it is important to produce reasonably well
behaved cross sections for the cosets G/M, and the generality
of results obtained is often limited by one’s ability to prove
that such cross-sections exist, It is well known that, even if
G is a connected Lie group, smooth (continuous) cross-sections
need not exist; however Mackey ([3], pp. 101-139) showed, us-
ing the theory of standard Borel spaces, that a Borel meas-
urable cross section exists if G is a separable (second countable)
locally compact group. In this paper topological methods,
independent of the theory of standard Borel spaces, are ap-
plied to show that Borel measurable cross-sections exist if G
is any locally compact group and M any closed subgroup which
is metrizable (first countable). The constructions become very
simple if G is separable, and give a direct proof that Borel
cross-sections exist in this familiar situation.

It is hoped that results of this sort will be helpful in efforts to
remove separability restrictions in the study of induced group re-
presentations. There are several other areas where one is limited, in
part, to studying separable groups by reliance on standard Borel space
methods in producing cross-section maps. Cross-sections are widely
used in classifying group extensions and their representations—see
Mackey [4], [5] (and Rieffel [7], where some attempts are made to
extend results of [4] to nonseparable groups). In another direction
authors such as Leptin [2] have tried to represent group algebras
LYG@) as vector-valued group algebras L'(M, X) for a subgroup M.
These constructions are successful provided we can insure that there
is a measurable cross-section of G/M.

2. We define measurability following Halmos [1], but must dis-
tinguish between several commonly used variants of this definition.

DerINITION. Let X be a topological space. By B(X) will be
meant the o-algebra generated by the closed sets, by C(X) the o-
algebra generated by the compact sets. By B,(X) and Cy(X) will be
meant the c-algebras generated by the closed G; sets and compact G,
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sets, respectively. If X is o-compact then B(X) = C(X) and By(X) =
Cy(X); if X is metrizable then B(X) = By(X) and C(X) = Cy«(X).

Let G be a locally compact group, M a closed metrizable subgroup.
Then M has a complete left-invariant metric o which gives it the
left uniformity induced from G (see [6], pp. 34-37). A metric o,y
may be introduced in the coset gM, by setting

Ogulgm,, gm,) = o(m,, m,) = o(e, m;m,) .

This is well-defined, because of left-invariance of o. Furthermore, it
gives to gM the left uniformity from G. Write G/M for the space
of left cosets {gM: g € G} with its usual topology and let =: G — G/M
be the canonical map.

DerFiNITION. We will say that AC G is of heitght <e if the
diameter of AN gM is less than ¢ for the metric p,,, for all geG.

LEMMA 1. For any € > 0, the sets of height <& form a basis
for the topology of G.

Proof. Let U be a neighborhood of the identity in G such that
U—UN M has diameter <e. Then the diameter of g,U N gM for the
metric p,, is also <e¢ for all g, and ¢ in G since p,,(gm,, gm,) =
ole, mi'm,), and if both g¢gm, and gm, are in ¢,U then m'm, is in
U—u.

We recall that any locally compact group G has a ¢-compact open
subgroup F.

THEOREM 1. Let G be a locally compact group, M a closed metri-
zable subgroup. Then

(@) There ts a transversal T for the left cosets of M which s
wm B(G). Furthermore, the corresponding cross-section, :G/M— G,
18 measurable with respect to C(G/M) and C(G).

(b) If there ewists an open subgroup of G which contains M
and whose image in G/M is o-compact, then the cross-section can
also be made measurable with respect to B(G/M) and B(G).

REMARK. The conditions on M in (b) are quite weak—see Remark
3 at the end of this note.

Proof. Let F be an open o-compact subgroup of G. Although
F need not include M (there might not be any subgroups F satisfy-
ing (b) for arbitrary G), w(F') is o-compact in G/M since w is con-
tinuous. Let L = FN M and let 6: F— F/L be the canonical map
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to the space of left cosets {fL: fec F'} with its usual topology. Then
0 is continuous, so O(F') = F/L is o-compact.

We shall begin by constructing a transversal S for the cosets of
L in F. S will be of the form ., S., where S, is of height <1/2"
(with respect to some preassigned Ileft-invariant metric on L),
S: D8, D---, and each S, N fL will be a nonempty closed set in fL.
From this it is clear that S will be a transversal.

For each fe F let C(f) and D(f) be compact neighborhoods of f
in F', with C(f) of height <1 and D(f) Ccint C(f). let {f;:5=1,2,--.}
be a sequence such that {J7, 0(D(f;)) = F/L. Such a sequence exists,
by o-compactness of F. Let C; = C(f;), D; = D(f)).

Inductively, suppose we are given compact sets Cj,....,;, soreeesdy
in F, for £k =0, ---,n, where the subscripts j; range over the positive
integers, and the sets satisfy
(1) Cj,...;, has height <1/2* if 0 <k =< n,

(2) Cipss, ©Cjgnyip, 1 =k =m,

(3) Dj,...;,<intC;,...;, if 0 =k =mn,

(4) U5 0(Dy,....;,) D O(D;,....s ) if L=k < m.

Then C;,....,;,., and D;, may be defined so that (1), ---, (4) still
hold with » replaced by n + 1. The construction is as follows. For
each feD;,..,; choose a compact neighborhood Cj,...; (f) lying in
the interior of Cj....;,, and a closed subneighborhood Dj...; (f) in
the interior of C;...; (f). Then by compactness of D; ..; a finite
subfamily f,, ---, f, may be chosen so that

JQ 0(D;,.....i, (i) D 0(D,....;,)

For 1 = j = IC, let Cjo,...,jwj = Cjo ..... jn(fj) and Djo ..... Fprd = Djo ..... jn(fj)'
If j >k, simply set D;....; ;= Cj,....i,,i = . It is then straight-
forward that (1), ---, (4) are still satisfied.

For convenience, we will also define D;....,; = ¢ whenever j, = 0.
Now set

E, = 0(D)\0(Y D:) = 6(D)\U 6(D)

(so E, = 0(D)\¢ = 6(D,)), and inductively

Note that only finitely many E; .. ; are nonempty for fixed

(Jos ***yJu-r). Furthermore Ej .. ;  is a disjoint union of the sets
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{E,..;, 0. =1,2--+} and each set Ej .., is a difference of com-
pacta in F/L.

Now look at Cj...; NO7(Ej,...,;,). Since
i, CO0(Dj,,...,5,) 0(Cjq,...i,)

it follows that 0(C;..; N07(E;..,;)) is precisely E; .., . Since
E;...;, is a difference of compacta in F/L, 67Y(E; .., ) is a difference
of closed L-saturated sets in F and, since Cj,..; is compact,

In

. . . -
Ciywri, N 07 (Ej,...,;,) may be written as a difference A; ...; \Bj,,....;, =
A \Bjg,....;, L where A; .. ; and Bj; .. ; are compacta in F with
Ajiin D B,

Jgsttt I

Note that if fLe E;,..; then also fLe Ej...; . Thus there is a
sequence j,(f),J.(f), --- with the property that fLe E; ... ;  for
each n. Then S, N fL = C;,....;i,;n N fL. Thus S, and S = N7, S,
have the asserted properties.

Now we return to the big group G and its subgroup M. Let
R = {9, a < a,} be a well-ordered family of representatives for the
cosets of F in G, and « the canonical map 7: G — G/M.

Notice that S is also a transversal for the cosets of M in the M
saturated open set F'M. To see this, we must show that SM = FM,
and that SN fM consists of only one point for each fe F. Now:
SM = SM?*> (SLYM = FM, so SM = FM. Also, if fm, and fm, are
both in S with m, and m, in M, then m, and m, are in f'SCF,
so m, and m, are in FN M = L, and since SN fF is a single point,
m, = My

Now let S = U,.,9S. We easily see that S is in B(G); indeed,
let @ be {(XC F:U,.,9X <€ B(G)}. Then clearly @ contains all open
sets, and it is easy to check that @ is closed under countable union
and complementation. Thus @ contains all sets of B(F'); in particular
SeQ, so SeB(G). Obviously we have n(S) = G/M, but S is not yet
necessarily a transversal, because ¢gM NS may contain more than one
point. We shall correct this by intersecting S with a certain closed
set so that the intersection will be a transversal. Let U =
Ueca, (0F N Us<a 9sFM). Then U is open, and we set T = S\U. Thus
T = Ua>a0(gaS\Up<agﬁFM)-

To see that n(T) = G/M, fix ge G and let v be the first ordinal
for which ¢g,F N gM is nonempty. Since SM = FM, it follows that
9;SNgM is also nonempty, containing some g. If a =+ v, then
9. FNgF=¢, 80 geg,F. On the other hand, if @ = v, then for
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B < we have gy FNgM = ¢, by minimality of v, so also gs FMNgM=4,
and g¢ g;FM. Then g¢ Us<r 9sFM. Thus

g€ U (gaFnUgﬁFM)= U7
a<ag B<a

but geg,ScS, so ge T, and n(g) = 7(g).

To see that TN gM consists of exactly one point, let g and v be
as above, and suppose gme T N gM for some me M. Then gme g:S
for some 6. By minimality of v, we have v < 4. If v =4, then g;'g
and g;7lgm are both in S, so are equal, since S is a transversal for
the left cosets of M in FM. Thus m =e. On the other hand, if
v # 0, then gm lies in both g,F and ;s 9.F'M, hence is not in T,
contradiction.

Having constructed a transversal T e B(G) for the M, cosets we
now examine the measurability properties of the corresponding cross-
section 7. For X G, we have (X)) = (TN X). Let T={XcG:
X)) e C(G/M)}. Then T is closed under countable unions and dif-
ferences. We shall show that T contains all compact X, which will
complete part (a). If X is compact, then it meets only finitely many
left cosets of F, say g.F, -+-, 9. F, so that

k
(TN X) = U (70,51 X)\ U 7(@:FM)) .
Here n(gS N X) may be written gn(S N ¢g—'X) if we let G act on G/M
in the usual way.

Now: for any compact set Y C G,

i, are subsets of F, this may be written
Ujo ..... in ((Ajo ..... j”) N Y)\Bjo ..... jnM)- Then

This is clearly in C(G/M) in view of the compactness of Y and con-
tinuity of m. Next, we show that 7(SN Y) =Ny 7(S, N Y). Clearly
7(SNY)c N (S, NY). Now, S, N fM = S,0NfL = C;ys,iyn NSL,
s0 S, NYNfM = Cjp,iyn N Y NFL. If this is nonempty for each
n, then, since Cjys,...in,) S Cigrrniny W€ have SNYNSM =
NS, NYNfM=+¢. Thus, n(f)en(SNY), and Ni,7(S. NY) =
(SNY).

Applying this to Y = g¢g'X, we get m(SNg'X)eC(G/M), so
g7(S N g~ X) e C(G/M), hence U, 7(9.,S N X) is in C(G/M), and X e T.
Part (a) is completed.
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Next, suppose the added assumption of (b) is satisfied: then F
may be chosen to contain M, so that L = M. In this case the set U
is empty, and 7 = S = U.<, 9.5. Thus T = N7, T., where T, =
Ua<o 9eSa.  Since S, = Uiy, (Ajgnri \Binoonrs, M), T(gS, N X) =
97(S, N 97'X) = Ujp,...,9(@(Aj,....5, N 97 X)\7(Bj,...,;,)). Then

(T, N X) = U g.7(S, N g:" X)

alay

= U U g.x(4,,..;, N9 X)\n(B;,,....;,)

Jo = jn a<a0

= U (U 0545, 0 02X\ (U 0.7(Bs,....0))
Joreeedp \a<ag a<ag

with the last equality valid since FDA; ..; DB, ..; and the sets
(g F') = g,m(F') are disjoint for all « < a,. Now assume X is closed.
Then Uace, 9.7(4;,,....;, N 92'X) and Uise, 9.7(Bj,...,;,) are sets in G/M
whose intersections with each of the disjoint open/closed sets g,m(F)
are closed, hence they are themselves closed sets in G/M. Thus
(T, N X)e B(G/M). A similar argument to one used in showing that
7 is measurable for C(G/M) and C(G) may now be used to show
(TN X)= N (T, N X). Thus (TN X)e B(G/M). As before, we
consider the family of sets for which (X)) = (T N X) € B(G/M).
It is closed under countable union and complementation, and contains
all closed sets; thus it contains all of B(G). Thus (b) is proved.

REMARK 1. If G/M is o-compact, then the argument evidently
becomes much simpler.

REMARK 2. Openness of the map 7 was nowhere used. Thus,
the theorem can actually be stated somewhat more generally: if the
locally compact group G acts as a transitive group of homeomorphisms
of the locally compact space X, G x X — X is separately continuous,
and the isotropy group M = {g: g(x,) = ®,} is metrizable, then there
is a measurable transversal T (this part is actually no improvement
on Theorem 1), and the cross-section map 7: X— G, given by 7(x) = that
point g in T for which gx, = 2, is measurable, in the various senses
described in the theorem (repeat the above measurability arguments
taking 7 : G — X, with n(9) = g(x), in place of n:G— G/M) .

REMARK 3. The hypothesis of (b) in Theorem 1 will be satisfied
if any of the following three conditions hold:

(i) G/M is o-compact

(ii) M is normal

(iii) M is o-compact.

For (ii), take any o-compact open subgroup F, of G. Then F =
F,M is also a group, since (fim)(fom,) = (film,fim*))(mm,), F.M is
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open in G since F), is, and the image of F' in G/M is the same as the
image of F,; but F, is o-compact, therefore so is its image.

For (iii), again choose a o-compact open subgroup F, of G, set
H=FMONMF,DF,UM, and let F = Uz, H*. H isopenand H =
H-', so F is an open subgroup. Furthermore if J, and K, are
ascending compact sets with U, J, = F, and U=, K, = M, then the
compact sets (J,K, N K,J,)" have F as their union, so F' is o-compact,
and therefore its image in G/M is o-compact.

REMARK 4. Under the hypothesis of (b), if we choose the C;,...,;,
and D; ...; to be G; sets, then T will also be B/(G)-measurable, and
= will be measurable with respect to C,(G/M) and C\(G), and with

respect to B(G/M) and By(G).

REMARK 5. To some extent, it is possible to replace local com-
pactness by the Lindelof property. Thus, for example, it may be
shown that if G is a topological group, M a closed metrizable sub-
group which is complete in the left uniformity, and G/M is Lindelof,
then there exists a B(G)-measurable transversal. However, we will
neither prove this here, nor pursue this type of generalization. More-
over, it does not seem possible to prove measurability of the associated
cross-section map in this context.

REMARK 6. It is apparent from our construction that if KCG/M
is compact, then the closure (z(K))~ is compact in G; this uses openness
of 7:G— G/M.
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