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A THEOREM ON SIMULTANEOUS OBSERVABILITY

Tom LouToN

It is well known in abstract quantum mechanics, that
when two observables have a joint distribution, a state can
be found, in which both observables have a small variance.
In order to consider a converse of this, a relation between
two observables is defined. Say x and ¥ are two observables
and that when « is a state such that the variance of x in «
is small implies the variance of y in « will be small. From
the above relation it follows that there is a continuous function
f, such that f maps the spectrum of x onto the spectrum of
y. Further, y = f(x).

To make this notion clear, let us consider a commonly used
technique to observe natural phenomena accurately, namely, a statis-
tical ensemble, to which a sorting mechanism has been applied.

Say, for example, that observable A is of interest. Let a be
the property that a measurement of A4 is in £, a Borel subset of R.
Let f = ¥z, then the probability of a, in any state, is equal to the
probability of a yes answer to the question f(4). Hence, if we have
a subensemble which possesses property a, and if « is its state, then
Var ,f(4) = 0.

Suppose one wishes to find accurate values for the observable
B at the same time (in the same state) we have knowledge of A.
One resolves the ensemble re A, then the subensemble which has
property a is resolved r¢ B. However, in general, such a programm
will not work. This paper attempts to show that in the event such
a programm can be successfully carried through, it can be concluded
that A and B actually have a joint distribution.

Before beginning in earnest, we must establish some notation
and state an important formula.

The logie, &, and the state set, &, with which we will Work
have the following properties:

(1) They satifify Axioms I through VI and VIII of Mackey
(1963)—that is, all, but the Hilbert Space Axiom. We will feel free
to use the structure and vocabulary developed by Mackey and also
to be found in Varadarajan (1962).

(2) Let ac % and let us define a set, S, as follows:

= {ala(e) =1}

If a %= 0, the above axioms assure us that S, = 0. This axiom assures
us that if ¢, be & and S, < S, then a < b.
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We write for the mean of an observable, z, in the state «,

el = |t

and we write
Var .(z) = S(t — M)d

for the variance of z in the state a.

We recall that the Axiom III of Mackey deals with mixtures
of states. If a is a mixture, we write a = Yt,a,, where 3¢, =1,
t, > 0. We then have the following Variance Formula:

Let a = >, t,, with D7, ¢, =1 and ¢, > 0. Then

Var o(z) = 3t, Var (o) + 3 (e (o) — a0 -

The proof of this is straightforeward.

“Definition of £—y and a Proof of the Implied Existence of f”

Now, we want to return to the problem of simultaneously accurate
measurements. A system is in a state a, in which the measurement
of x is accurate, if the variance of z is small. Thus, we expect
with a probability of near 1, that a measurement of x will be near
tAx). Then, in the context of a statistical ensemble S,, we let «;
be the state of the subensemble, ,S,, where we have Var,(r) <d
and |, @ — t| < where t€a(x), the spectrum of . Assume that
the small variance and the proximity of g, (x) to ¢ implies that
Var,(y) <e. We then would have that a resolution of the ensemble,
S., with respect to z is also a resolution with respect to y. We
will, with this view of the problem, proceed to the following

DEFINITION. Assume that x and y are observables. We will write
x— 9y on o(x)/N provided that the following conditions hold: There
is an z-null set, N, (possibly empty) such that for each ¢ > 0 and
each M eo(x)/N, there exists d, > 0, such that whenever « is a state
for which

| #a(2) — M| < 0,

and

Var ,(x) < 9, ,
then

Var . (¥) <e.
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This definition has the interesting consequence that any two
observables so related, implies that there is a function f: a(z) — o(¥).
We will prove this as well as some of the function’s interesting
properties.

PROPOSITION 1. Suppose x —y and that {a,} is a sequence of
states such that

lim g, () =\
for some Neo(x). If

lim Var, () = 0
then t, (y) is a Cauchy sequence.

Proof. Use the variance formula on a mixture of states a, and
«,. Show that if N is sufficiently large, », m = N implies the variance
of x in the mixture is small. Thus, by z — v, the variance of ¥ in
the mixture is small. Thus, (recall that the terms of the Variance
Formula are all positive) |/, (¥) — t.,(¥)] < e.

PROPOSITION 2. Let = and y be observables with x-—y and let
N be an x-null set as in the definition of x —y. Let \e(x)/N and
assume that {a,} and {B,} are sequences of states such that

lim g, () = lim g, (%) = )
and
lim Var, (x) = lim Var, () =0,
then
lim 2, () = lim f2,,(y) -

Proof. Consider a mixture of a, and B,. Use the Variance
Formula on it and show that the variance of x in the mixture is
small when » and m are greater than N, and N is sufficiently
large. Also show that the mean of x in the mixture is near .
Thus, by x— vy, the varinace of ¥ is small, from which it follows

that | 2,,(u) — 45, (0)] < .

PRrRoPOSITION 3. Assume that x—y and let {a,} be a sequence
of states as in Proposition 2. Let ¥ = lim y, (y), then )€ a(y).

Proof. For any ¢ > 0, consider Chebychev’s inequality.
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ay)({z ]|z — ty)| = €}) = Var (y)/e
Thus, '

a(y)(¢(y) — &/2, pt(y) + €/2) = 1 — 4 Var (y)/e* .
Further, if
a) [py) — 7| <¢/2, then
(2(y) — /2, po(y) + €/2) (Y — ¢, 7 + €)

Thus, we find « such that (a) holds and such that 4 Var . (y) <1,
then, a(y)(¢y) — &, t(y) + €) = 0. Hence, for any ¢ > 0, we can
find a state a, such that a(y)(¥ — ¢, 7 + €) # 0, which implies that
7€ o(y).

PRrROPOSITION 4. Say xz—vy, on o(x)/N. Then there exists a
function, f, such that

fro@@)— a(y) .

Proof. Say : € o(x)/N. Then there exists {«,} such that limy, (x)=
A and lim Var, () =0. We define f(\) =limg, (y). f is well
defined through Proposition 2. By Proposition 3, f(o(x)) < o(y).

PROPOSITION 5. f 4s continuous in the topology induced by the
usual topology orn R.

Proof. Say neo(x)/N and € >0. Then chose d, > 0 corresponding
to /36 in the definition of x—y. If \, € o(x) such that |x, — N[ <d,/3,
find @ and B states such that |z (x) — N| < 9,/3, Var, 2 < 0,/2, and
such that |¢.(y) — F(V)| < ¢/3 and that the same relations hold with
respect to B and A,. Thus the variance of x in any mixture of «
and g is less then ¢, and further the average is with in 0, of A\.
Hence the variance of ¥ in any mixture of the two is less than €%/36.
Take a mixture of 1/2 of each and use the variance formula to show
[ #(y) — £s(y)| < /3. Then [ () — f(\)] < ¢ follows.

Thus we have that the relation of Definition 1 implies the ex-
istence of a continuous function f:o(x)/N—oa(y). We will now
consider this relation in the case where x has a discrete spectrum.

“x — y Implies y = f(x)”

Assume that « is an arbitrary observable with a countable
spectrum. Let N be the set of all A in the spectrum of x such
that () = 0. N is thus z-null. Further, any other z-null set will
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be in N. We assume now that y is an observable such that ¢ —y
on a(z)/N. We will show then that in this case, y = f(x).

LeMMA 1. If x and y are as above, \€ o(x) implies

(V) = y(F (V) -

Proof. We have that A € o(x)/N implies that
x(A) #0 in & .
Thus there is an a such that
a(z(n) =1

Therefore, Var ,(x) =0 and that 2 —y, we have that Var,y) =0
and thus by Proposition 4 we have that t.(y) = f(\). Now if a is
any state such that Var ,(z) = 0 then Var ,(y) =0 and so

a@(n) =1
implies
a(y(f(M) =1.
Therefore,
Se € Syiran -
Hence,
(M) = y(f(V) .

THEOREM 1. Let x —y as in Lemma 1, then
¥y = f(x).

Proof. By Lemma 1, and the fact that x is a o-homomorphism
we have

a(f7(M) = Ufe(M) e f7(M} = w(7)

for all v e a(y).
Now both # and y are o-homomorphisms, so we have

1= U{=(/(M7eo@)} = U{y(M|7ea()}.
Further,

Ule(F (M7 e o)} = U{w(™M)|7 e a(y)/7'}
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and thus,
(7 () = y(7) .
Thus we have shown:
y() = 2(f7() = y() for all Yea(y) .
Therefore,
¥y =7 .

We would clearly like to develop a theorem such as this for «
with a continuous spectrum. To consider this, a somewhat stronger
relation than 2 —y will be defined. We will show that the stronger

relation, which we will write as x—i»y, is fully equivalent to the
equation ¥ = f(x), with f a continuous function in the induced topology
on R on the spectrum of x for an arbitrary observable .

“p L, y is Equivalent to y = f(x)”
We will begin this section with the definition of @ — Y.

DEFINITION. Assume that x and y are observables. We say

w—s—>y iff there exists an x-null set, N (possibly empty), such that
for every ¢ > 0 and M e o(x)/N there exists a d; > 0 such that

a(@)(d — 0y + 0;) = aW)(a(y) — &, 1Y) + €)

for every state a such that Var ,(z) < 0;.

Intuitively r— y means that for an arbitrary error ¢ > 0 there is
a tolerance 0, > 0 such that the probability that v is in the interval

(#a(y) — g, )ua(y) + 8)
dominates the probability that z is in the interval
(A — 03, N + 0))

for any state @ in which z can be measured with accuracy 6,. That
is, if we measure = accurately, we can measure y accurately. This
will be shown in Proposition 6.

PROPOSITION 6. If x and y are observables and if ||y|| ewists,
then © —— Yy tmplies © —y.

Proof. Let ¢ >0 and Meo(x)/N where N is the z-null set in
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the definition of x—s—>y. We show that * ——y on o(x)/N. Now
there exists 0, > 0 such that

a@)(n — 0z M+ 0;) = aY)(Uly) — &, 1Y) + €)

for every state a for which Var .(x) < d,.
For any state a such that Var ,(x) < d,, we have

Var (y) = g[u — s W) Pda(y)E)

v — t(y))yda(y)()

g[/za<y)—¢37;za(y>+ Vel
+ | O~ m@)da)®)
g () —vi>Ve}

< ea(y)(tty) — Ve, () + V' ¢)
+ 4]y [Pa@)v |y — t¥)| >1¢e))
S e+ 4ylPatx){y |y — M > d5)) .

On the other hand, Chebyshev’s inequality implies that
da@)(fr |y — N > 9,}) = Var .(x)
and thus that
Var () = ¢ + 4[|y [["/(67) Var .(z) .

Now if we let 0 = min {d,, d%¢/(4]|¥||*)}, then 6} > 0 and for any state
a for which Var ,(x) < ) we see that

Var (y) < ¢ + 4[|y [[?0;/0} = 2¢.

It follows that x— y.

PROPOSITION 7. Let x be an observable and f: o(x)— R a bounded

Sfunction which is continuous on the complement of an z-null set.
Then

x—f—ef(x).

Proof. Let N denote the set of discontinuties of f and M =
SUDeowyy | F(E)]. For each ¢ >0 and \eo(x)/N there exists 4, >0
such that |t — \| < J; implies

@) — FV<e3.

It a is any state, we have by Chebyshev’s inequality
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1l F@) = F0)] = | | fOda@®) - [r0)dat) @)

< gffa) — FOV) | de(z)(2)

< ¢/3 + 2Ma(x)({t| [N — t] > 6,})
< ¢/3 + 2M Var ,(2)/(5?) .

Now let 07 = min {9,, 0%/(6M)}. If « is a state such that Var ,(x) <
0%, then

2M/(9?) Var o(x) < ¢/3

and |#£.(f(x)) — f(N)| < 2/3e.
Let C = o(x)/N and y = f(x), then

A= M+ ) NC N — €f3, F(N) + ¢/3)
C I (H(Y) — &, taly) + )

and
(v — 0 M+ ) = (v — 05, v+ ) N C)
= 27 (1Y) — &, ta(y) + €)
= F@)((y) — &, 1Y) + €) -
Thus,
a(@)(h — 8%, M + 87) = a(y)((y) — ¢, 1Y) + €)
hence

*—>Y.

PROPOSITION 8. Let 2 and y be observables such that x — y and
let

fio(@) — o(y)

be the map defined by Proposition 4. If € > 0 and Neo(x)/N, then
there exists 0, > 0 such that

#N — 03 M+ ) S Y(F(V) — &, F(V) +¢) .
Proof. Observe fist that the map
fio(@) — o(y)

exists. Since & —— y implies x —— y, we have by Proposition 4 the
existence of f. Also we know that f is continuous on o(x)/N. Let
€>0 be given. Say that neo(x). By the definition of f there
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exists 0; > 0 such that if a is a state such that
[ttal) — N < 0%
and
Var ,(») < 9}
then
[ ay) — FV) ] < ef2.
Moreover, since @ — y, there exists 67 > 0 such that
a@)( — 07, n + 07) < ay) (1Y) — €/2, t(y) + €/2)

for every state a for which Var ,(z) < d7. Let

0, = 1/4 min [0}, 0}, 1] .
We intend to show that

o(v — 05, M+ 0) S Y(F(N) — &, (V) + 9

by showing that for every state a for which

a@)(h — 0, M+ 0;) =1
if follows that

ay)(f(N) — & f(AM) +6) =1.

The desired conclusion will then follow.
This is easy; if « is a state such that

a(zy (v — o+ 0) =1
then we see that
Var () < 49, and |¢.(x) — N[ < 9,
and

L =a@)(™ — 0, N + 0)) = a@)(Ualy) — &/2, 1Y) + ¢/2)
= a@)(f(N) —e f(M) + 9.

Thus the proposition follows.

PROPOSITION 9. Let x and y be observables such that x—-s—> Y.
Then there is a function

Sfio(@) — a(y)
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which is continuous on the complement of some x-null set and which
has the property that y = f(x).
Proof. Let
fio(@) — o(y)

be the function defined by Proposition 4.
We first show that

o(fT(B)) < y(E)
for any open set E. For ve E choose ¢, > 0 such that
r—e,7+e)ES E.

If C denotes the set of points of o(x) at which f is continuous then,
for each

ref ' (v—e,7v+e)NC
there exists 0, > 0 such that
N=0uyNn+)No@S (T —¢e,7+ &),
By use of Proposition 8 we see that we can assure that

e — 0; M+ 0;) S y(f (V) — dyy, F(V) + d)

where
d; =min[[f(\) — (V= &), [FO) — (v + &)l -

But

FON) —dy, F) +d) (Y — &, 7+ &)
and thus

e — 0, M+ 0) S Y(F(N) — dy, SN + d) S Y(Y — &, 7 + &)
s Y& .

Now

f'r—¢e,7+e)NnC
S U{N=0, N+ 8)Inef(Y—¢&, 7 +¢&)NC}

and thus there exists a sequence {)\;} in
7 =e,7+¢&)NnC
such that
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f—1(7 — &, 7 + 57) ncc U (>"i — 51;, N+ 31;)

(recall that a subspace of a separable space is separable). Thus,

o(f (Y — &, Y+ &) =a(fT(T—¢&,7+ )N C)
=Uaz(n — 51,-, N+ 0z,)

= y(E).
Now FE is seperable and
E =ng(7 —&,7+8),
thus there exists a sequence {7,} in E such that
E = L{j O — &, i+ &)
Then
FHUE) = U £ = &y T+ &)

and

#(fHEY) = o(U £ — &y 7+ &)
SU(f7 (7 — &, 7+ &)
= u(B) .

It follows that x(f Y(E)) < y(E) for every open set E. Now let
ac E. We will show that

2(f (@) = y({a}) .
If
e f Y a)n C
then by Proposition 8 there exists 6, > 0 such that
2N — 0, N+ N) S y((e—¢,a+ ¢€).

Since f~(a) N C is separable, there is a sequence {\;}i, in f(a) N C
such that

FHONCTY (= 03y N+ 82
Thus,
z(fa)) = 2(f" (@) + C) = U 2(\ — 03, M + 02)

i

<yla—c¢a+e).
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Now
o(f () = y(@ — ¢, a + ¢)

for arbitrary ¢ thus

a(f (@) = N v(@ — 1n, a + 1/n) = y(a)) -

Finally, let E = (a, b) be any open interval. Thus
E° = (—c0,a)U{a} U {p} U (®, +)
and if
U= (—co,a)U (b, +co)
then U is open and
a(f(U)) = y(U)
and further

z(f(a)) = y(a)
x(f7'(0)) = y(0) .
If follows that
#(f (B = o(fHU) U @) U F0)
= 2(f7(U)) U 2(f(a)) U 2(S (b))
= y(U) Uy({a}) U y({d})
= y(&°) .

Thus
Y(E) = a(fTE)
and
Y(E) = o(f (&)
for every open interval E. Clearly
y(E) = o(f (&)

for any open interval (finite or not) by a minor modification of the
above argument. Since every open set is a disjoint union of open
intervals

yY(E) = x(f(E))

for every open set E.
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To complete the proof of the proposition, observe that the collection
A = {Be B(R)|y(B) = 2(f'(B)}

is easily shown to be a ¢ algebra which contains all open sets. Since
B(R) is the smallest such ¢ algebra we have that A = B(R) and thus
that

Y(B) = 2(f(B))

for every Borel set B.
We now present the following theorem as a synopsis.

THEOREM. Let x and y be observables. Let
fro(@)— a(y)

be the naturaly induced mapping when x—y.
(1) f is continuous on the complement of an x-null set,

(2) the relation AN y 18 equivalent to the fumctional calculus
equation y = f(x),

(3) the relation x LN Yy 1mplies x —y, and

(4) if x has a countable spectrum and x — y on the complement

of N={x|z(\) =0}, then y = f(x), i.e., x—y is equivalent to @ — Y.

Finally we note that we do not know, in general, whether or not
x—y implies ¥y = f(x), but we rather suspect that this is not so.
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