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QUASISIMILARITY OF NESTS

KENNETH R. DAVIDSON AND DOMINGO A. HERRERO

The purpose of this article is to provide a complete classification of
nests modulo quasisimilarity. Sample result: if every initial segment
of the nest .# is uncountable, then ./ is quasisimilar to a continuous
nest.

1. Introduction. A chain .# of subspaces is a family of subspaces
of a complex, separable, infinite dimensional Hilbert space /#, totally
ordered by inclusion, and containing {0} and Z. A nest is a chain .#
of subspaces which is closed under intersection and closed span.

Two chains of subspaces, .# and .7 are similar (unitarily equiva-
lent, resp.) if there exists an invertible (unitary, resp.) W in & (%)
(:= the algebra of all bounded linear operators acting on /#) such that
# = {WN: N €} (and therefore # = {W~IM: M € #}). It is
completely apparent that similarity and unitary equivalence are equiv-
alence relations for chains of subspaces. Furthermore, a chain similar
to a nest is also a nest; that is, it is complete. We shall write .# ~ ./
(# ~ ., resp.) to indicate that .# and .#" are similar (unitarily equiv-
alent, resp.).

The classification of nests up to similarity is simply stated. It is
necessary and sufficient that there be an order isomorphism of .#" onto
# which preserves the dimension of intervals N; & N, for N, < N;
in ./ [1] (see also [6]). For the finer relation of unitary equivalence,
more invariants are required. Given any nest .#", one can choose an
order isomorphism y onto a compact subset I" of the real interval [0, 1]
with y({0}) = 0 and y(#) = 1. Moreover, there is a spectral measure
E () supported on I such that E([0,¢]) = y~!(¢) for all ¢ in T". (Here
we identify a projection with its range.) As in the case of Hermitian
operators, the spectral measure is determined by a scalar measure and
a multiplicity function which are unitary invariants for .7 [4].

If an element N in .#" has an immediate predecessor N_ in .7, then
N e N_ is an atom of .#. In this case y(N_-) =59 < tp =y(N),and I’
is disjoint from (sg, ¢y). Furthermore, E({¢p}) = P(N & N_). It is not
difficult to see that an order isomorphism between two nests preserves
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dimension if and only if it preserves the dimension of atoms. The

reader is referred to [2] for additional information about nests.
Recall that X € Z(#) is a quasiaffinity if X is injective and has

dense range. Given a chain of subspaces .#" and X € Z (%), we define

XN ={(XN)": Nes).

1.1. DerFINITION. Two chains of subspaces .# and ./ are quasisim-
ilar if there exist quasiaffinities X, Y in & (#) such that

M=XNV and N =Y A

(in symbols, # ~gs A).

It is straightforward to check that ~¢ is an equivalence relation for
chains of subspaces. Unfortunately (as we shall see later, in §5), this
relation does not preserve completeness. Nevertheless, it is possible to
provide a very simple classification for nests, modulo quasisimilarity.
Note that we do not require the induced order homomorphisms from
" onto .# and vice versa to be reciprocal. Indeed, they need not be
even order isomorphic.

In §2, we obtain a classification of nests up to quasisimilarity. In
§3, we try to make this more precise for countable nests by giving ex-
amples and theorems in special cases. In §4, we show that a nest is
quasisimilar to the Volterra nest precisely when every initial segment
is uncountable. The general uncountable case is briefly considered.
In the last section, we clarify which chains are quasisimilar to nests.
Finally, we give further evidence that our definition of quasisimilar-
ity for nests is the correct one by disposing of the only other likely
candidate.

2. The basic construction. The first lemma is routine, and is left to
the reader.

2.1. LEMMA. Let # and .V be chains of subspaces and let X be a
quasiaffinity such that /" = XA . Then card(/") < card(#) and for
each pair of subspaces M, M, in # with M, C M),

dim(XM, e XM,) < dim M, © M.

If dim M| < oo, then this is an equality. Furthermore, if {M; .,k > 1}
and M = \/; 5| My, belong to #, then

XM = \/ XM,.
k>1
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Note that the quasiaffinity X determines an order preserving epi-
morphism @y of .# onto.#. The lemma shows that 0y is a dimension
reducing and left continuous map which preserves the dimension of
intervals M, © M; when M, is finite dimensional. The converse is the
key to our theorems.

2.2. LEMMA. Let /" be a nest. Then there is a compact quasiaffinity
K in 7 () such that KN = N for every N in#. (Here 7 (/) = {T €
B(#): TM C M for all M in 4} is the nest algebra associated with
M)

Proof. Let {A,,n > 1} be the atoms of .#". Choose compact quasi-
affinities K, in % (A4,) with ||K,|| < n~1. Let P be the projection onto
(X5 D An)t. Then P#|PZ is a continuous nest. This is similar
to the Volterra nest [6]. Use this similarity to produce a compact
operator K, in 7 (P.#") similar to the Volterra operator V. Since

VM, =M, ={f e L*0,1): supp(f) C [0, 1]}
for all 0 <t < 1, it follows that K has the same property in .7 (P./").

Now
K=Y DK,

n>0

has the desired properties. |

2.3. THEOREM. Let # and ¥ be nests, and let 6 be a dimension
reducing, left continuous order epimorphism of # onto ¥ such that

dim(6(M>) © 6(M,)) = dim(M, © M)

whenever dim M; < oo and M, M, belong to #. Then there is a
compact quasiaffinity X such that 6 = 0.

Proof. Since 6 is monotone, @ is strictly increasing except for count-
ably many proper disjoint intervals 6=!(N;) = {M!, M;] which are
closed or half closed. Add to this list the atoms 6~ 1(N;) = {M;} =
(M, M;] such that dim(N; © N;) < dim(M; — M;"). In both these
circumstances, the hypotheses imply that dim(N;) = co. Let P, =
P(Mj — Mj) and Q; = P(N;© 6(M))). Let P=3", P and @ = }_; 0;.
Let .# be the restriction to .# to P-#, let %, be the restriction of
A to Q%, and let 0p(My) = Q+0(Mp) for My in #. Then 6, is a
dimension preserving order isomorphism of .#; onto .%;.
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By the Similarity Theorem [1], there is an invertible operator S in
B(P+#,Q+%) implementing 6. For each j and M| < M < M;,

rank Q; = dim (M) © 6(M;) < dim M © M;.

Thus it is possible to choose a projection R; < P; with rankR; =
rank Q; such that (R;M)~ = (RanR;)~ forall M > M;. Let U; = U;R;
be a partial isometry carrying R;# onto Q;#. Then the operator
Y = SP++3; U; is easily seen to have the property that Y M = 6(M)
for all M in .#. However, Y is generally not injective.

Let K be an injective compact operator in .7 (.#'), provided by
Lemma 2.2, so that KN = N for every N in .#. Since N; is al-
ways infinite dimensional, it is routine to obtain pairwise orthogonal
infinite rank projections E; < P(N;). Let K; be compact injective op-
erators in & (P;#, E;#) so that Ran(}; E;K;P;) NRan(K) = {0} and
|K;|| < 27/. Define

X =KY + ) E;K;P,.
J
It is easy to verify that X is injective and

XM =YM=60(M) forall M in .#.
Thus X is the desired operator. m|

This theorem yields, as an immediate corollary, a necessary and
sufficient condition for two nests to be quasisimilar. For any nest ./,
let

Neo=\{Ner: dimN = oo}.

2.4. THEOREM. Two nests # and /¥ are quasisimilar if and only
if there are dimension decreasing, left continuous order epimorphisms
o: M —N and y: N — A such that

p{Med: M <My} and y|{Ne#/:N< Ny}

and reciprocal maps.

Proof. From Lemma 2.1, it follows that a quasisimilarity between
A and /7 yields the desired epimorphisms ¢ and y which in partic-
ular effect a dimension preserving order isomorphism between {M €
MM < My} and {N € #: N < Ny}. Conversely, the fact that
P{M < My} and y|{N < N} are reciprocal and dimension reduc-
ing means that they are dimension preserving isomorphisms. Now the
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quasiaffinities are produced by Theorem 2.3, showing that .# and ./
are quasisimilar. O

3. The countable case. It is immediate from Lemma 2.1 that qua-
sisimilar nests have the same cardinality. In particular, one is count-
able if and only if the other is. Although Theorem 2.4 is, in a certain
sense, a complete classification up to quasisimilarity, it is not always
easy to recognize when the conditions are met. The following results
and examples illustrate some of the phenomena involved.

3.1. COROLLARY. If .# is a finite nest and M ~qs N, then M ~ N .

3.2. CorROLLARY. Suppose that # is order isomorphic to w + 1 and
all its atoms are finite dimensional, that is

M={My={0}c M CM,C---CM,C---CH#},

where {dim M;}2, is a strictly increasing sequence in N U {0}. If

M g5 N, then # = .

However, the presence of a single infinite dimensional atom can
produce a quite different picture. Indeed, we have

3.3. EXAMPLE. Let
M ={My={0cMiCM,cM3C---CM,C---CX}
and
N ={Ng={0}CNyCN,CN3;C---CN,C---CH}
(#,V ~w+ 1), where M, and N, are infinite dimensional,
dim{My;41 © My;) =1
and
dim(M>; © My;_) = dim(N;;; © Nj) = 2

for all j = 1,2,...; then ¢({0}) = w({0}) = {0},9(#) = () =
%3(0(M2j+1) = (0(M2]) = Ma !//(]Vj) = AJ] for ] = 2,33-” ’ and
¢(M;) = Ny, y(N;) = M, define epimorphisms satisfying the hypothe-

ses of Theorem 2.4.
Therefore, # ~qs /. However, .# and .#" are not similar. 0

3.4. ExaAMPLE. Two quasisimilar countable nests need not be order
isomorphic. In fact, they need not have initial intervals which are
isomorphic. Let

M=1+ - +D+P +7 +P (ordinal sum)
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and
N=1l4+ +@+ P+ P+ + P+ (ordinal sum),

where &, have order type w + 1 with one dimensional atoms and &
have order type 1 + w* with one dimensional atoms.

Define ¢ from .# onto .# by sending the atoms of & onto the
corresponding atoms of & in ./, likewise sending &5, onto &, and
annihilating @, _; for k > 1. This is easily seen to produce an order
surjection. To define an epimorphism y, of .#* onto .#, we proceed
in a similar way. Map &} onto & in the natural way; and map %
onto %, and annihilate %, _; for k > 1. Again this is seen to be a
dimension reducing order epimorphism. By Theorem 2.4, # ~gs /.

On the other hand, it is apparent that no initial segments of .# and
" are order isomorphic.

Now, let us consider nests order isomorphic to 1 + w*. Let Aqﬁf’zu
denote the nest order isomorphic to 1 + w* with all atoms of rank p,
1 < p < oo; and let #'?). denote the nest with atoms 4, satisfying

1+w*
rank 4, = n for n > 1.

3.5. THEOREM. A nest # is quasisimilar to a nest of order type
1+ w* only if # = 1+ w*. Furthermore, if A, are the atoms of #,
(1)/l~qs/lfl( 1 <p < oo if and only if

+wt’
sup dim 4, = limsupdim 4, = p;
n—oo
(il) M ~qgs /I/1 ‘o U and only if dim 4, < oo for all n and

supdim A4, = oc;
(iii) M ~gs A, () “if and only if dim A, = oo infinitely often.

1+w*
In general suppose that my is the integer such that

dim A,,, > sup dim 4, = limsupdim 4, = p.

n>my n—o0
Let ,S’ be the finite nest with atoms Apm,, Amy—15-..,A1. Then # ~q
/Vl o T Z- Similarly, if Ap, is infinite rank and Ay is ﬁmte rank for

n > my, but supdim A4, = oo, then # ~s /Vl .+ Z.

Proof. The only homomorphic images of 1 + w* are finite or iso-
morphic to 1 + w*. Furthermore, if

M ={My={0}C---CM,C---CM,C My =X#},
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then any quasiaffinity X such that X.#Z is a nest must satisfy
() XM, =XM, ={0}.

n>1

Thus if # ~g /", then /" is order isomorphic to 1 + w*.

Suppose # ~ /Ifl(fc)u From Theorem 2.4, it is clear that the atoms
A, =M,eM, of A cannot exceed p in dimension, and dim 4,, = p

must occur infinitely often. Whence

supdim 4, = lim supdim 4, = p.
n n—oo

Conversely, suppose dim A,,k = p for an infinite sequence n; < ny <
. Define ¢: # — 1] 1+w. by ¢({0}) = {0},

p(M)= N, forall M in[M,  #]

and
(M) = N, forall M in [M,, , M, ), k> 2.

Likewise, define y: /’/1( P by w(Ny) = My for k > 0. It is not

+or
difficult to verify the hypotheses of Theorem 2.4. Hence .# ~¢s /] )

14+w**
The remaining cases are similar and are left to the reader O

3.6. REMARK. A similar analysis can be made of nests order iso-
morphic to w+1 which contain an infinite dimensional atom to permit
absorption of atoms as in Example 3.3. For example, let .#" have or-
der type w + 1 and atoms of dimension p except for the first which is
infinite dimensional. Then .# ~g ./ if and only if dim M; = oo and

supdim 4, = limsupdim 4, = p.
n>2 n—o0

3.7. ExamrLE. If .# and ./ are order-isomorphic to 1 + w* +
0+ w*+---+1, and M., and N;,,- are the subspaces of .#
and, respectively, of .#", corresponding to 1 + w* in this order, then
the dimensions of the atoms of /[Ny, = {N € #/: N C Nijo}
(thought of as a nest on N,-.) are related to the dimensions of the
atoms of .#|M, - according to the same rules as in Theorem 3.5.

But this is not necessarily true for the atoms in the segments corre-
sponding to (1 + w*, 1 + w* + w*], etc.

For instance, if all the atoms of .# have dimension one, and all the
atoms of .7 have dimension one, except for the one corresponding to
1 + w* + w*, which has infinite dimension, then we still have .# ~qs 4!
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To see this, define
9({0}) =yw({0}) ={0}, @(Z)=w(Z)=7,

Nl+(w*—n)a 1fk=0, m=0,1,2,...,
Nl+w*+(w*—n—l)’ lszl, n=1,2,...,
M * L J— = .
P M1tk (@ —m) Nivorions ifk=2,n=0,1,2,...,

Nl+w‘(k—l)+(w‘—n)a 1fk23, n=0,1,2,...,
and
W(Nl+w*k+(w*—n)) =M1+w*k+(w‘—rz) for k,n =O,1,2,....

Now the result follows from Theorem 2.4. Indeed, .# ~4 .#" provided
all but finite atoms of each of the segments (N ¢k, Nyye-k+1)] fOr
k > 1, as well as all the atoms of the initial segment of .#" have
dimension one.

4. Uncountable nests. In some ways, things become simpler for
uncountable nests. The prototypical continuous nest is the Volterra
nest /" = {N,: 0 <t < 1} where

N; ={f € L*(0,1): supp(f) S [0, 1]}

The fundamental step in our analysis is the classification of nests qua-
sisimilar to .7,

4.1. THEOREM. A nest # is quasisimilar to the Volterra nest if and
only if every initial segment of # is uncountable.

Proof. First, we note that there is a quasiaffinity X such that X.7
is a nest . if and only if .# contains no non-zero finite dimensional
elements. Necessity follows from Lemma 2.1. Conversely, suppose
Z has order type I', a subset of [0, 1] containing {0, 1} such that ei-
ther 0 is a limit point of I'\{0} or infr\(p} » = o corresponds to an
infinite dimensional atom. Define a map ¢: [0,1] — T by ¢(s) =
inf{y e I': y > s} for s > yp; if yo > 0, set ¢(s) = yo for s in (0, yo].
Then ¢ is a left continuous order epimorphism. Moreover, every non-
trivial interval of .#" has infinite dimension, so ¢ is dimension reduc-
ing. By Theorem 2.3, . is a quasiaffinity of .7".

Now, suppose X is a quasiaffinity such that X.# = .#". For any
nonzero My in .#,XM, is infinite dimensional and thus 0y takes
{M € #: M < My} onto a nontrivial initial segment of .#". As the
image is uncountable, the initial segment of .# is necessarily uncount-
able as well.
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Conversely, if every initial segment of .# is uncountable, one can
choose M} = % D M, > --- D M,... so that M, = {0} and
[M) ., M,;] is uncountable for every kK > 1. Every uncountable com-
pact subset of R contains a Cantor set, from which we deduce that
there exists an order epimorphism of the set onto an interval. Let ¢
be such a map which carries the interval [M, |, M;] onto [(k + 1)7!,
k=!] for each k > 1, and takes {0} to 0. It is clear that the image of
an interval of .#Z is nonzero only if the interval is uncountable, and
thus is infinite dimensional. Therefore, ¢ is dimension reducing. By
Theorem 2.3, ¢ is implemented by a quasiaffinity. Hence .# ~g /.0

This result and its proof yield the following generalization.

4.2. COROLLARY. Let A and % be quasisimilar nests on an infinite
dimensional space. Let .# be any uncountable nest, and let .V be the
Volterra nest. Then

A+ M ~gs D+ N

Proof. Let ¢p: A — % and y: 4 — A be the dimension reducing
epimorphisms given by Theorem 2.4. As in the previous proof, it is
possible to extend y to a map ¥ of 4 +.#" onto A +.# by taking any
surjection of .#" onto .#. On the other hand, .# contains an element
M so that every proper interval [M, M) is uncountable. Thus, extend
¢ to @ by setting D(M) = Z &0 = ¢(ly) for M in [0, My] and
mapping [M,,#] onto .#" as in the previous theorem. Now ® and ¥
satisfy the requirements of Theorem 2.4. S0 A + .4 ~¢s B +.#. O

For example, if .# and .#* are uncountable nests with initial seg-
ments {0} = My c M C ---C M, and {0} = Ny C N, C --- C Ny
such that dimM; = dim N, < oo for 1 < k < n -1 and dimM, =
dim N, = oo, then A ~q A,

4.3. REMARK. It should be noted that for the proof of Corollary 4.2
to work, it is only necessary that there be quasiaffinities X and Y so
that X.# is an initial segment of %3, and Y % is an initial segment of
A. However, we have been unable to construct an example in which
this additional generality is required.

The analysis that we have made of certain special cases leads us to

4.4, CONJECTURE. Let .# and .# be countable nests, and let .#" be
the Volterra nest. If ¥ + .7 and .# + .#" are quasisimilar, then there
exist quasisimilar initial segments % and .#] of ¥ and .# respectively
acting on infinite dimensional spaces.
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5. Quasisimilarity does not preserve completeness. First, let us look
at two examples.

5.1. EXxAMPLE. Let .7 be the nest {0} = Ny C ---C N, C --- C
N, = # where dim Nt < oo for k > 1, and (5 N = Ng = {0}. If
X is any quasiaffinity, let M,, = XN,; and .# = {M,, n > 0}. Then
either ./ is finite (whence .# is a nest but is not quasisimilar to /")
or .# is infinite. Then M,, =(,~, M, belongs to the complete chain
generated by .#. Indeed .# is a nest if and only if M = {0}.

However, if M, # {0}, # cannot be quasisimilar to .#". For if Y is
any quasiaffinity,

N YM,2Y (ﬂ Mn) =YM, # {0}.
n>1 n>1
Thus it is not possible that Y (.#\{0}) = #\{0} as this latter set has
zero intersection.

Note that a similar argument holds if .#" has subspaces N, with
finite dimensional intersection. O

5.2. EXaMPLE. Let .#; be the nest on Z @ Z given by {0},# & 0,
and # ® N,, where N, € .# of Example 5.1. If #4 = X/ is a
quasiaffinity of .7g, then X(#Z @ 0) is infinite dimensional. If it is of
finite codimension, then .4 is finite and is not quasisimilar to .#5. So
after a suitable unitary equivalence, we may assume that X(# & 0) =
# @ 0. Following the reasoning of the previous example, .4 is finite
or of the form {0}, # ® 0,7 & M,,n > 1 where M; = #. The
completion of .4, contains % & M,, where M, =, Mp.

For .#; to be quasisimilar to .#;, it is necessary that the dimensions
of dim N, © N,,; and dim M,, © M, be related as in Theorem 3.5.
However, it is not necessary (as it was in Example 5.1) that M, = {0}.
To illustrate this, let us suppose that

Think of .#; as the chain of subspaces of .7 @ # & # given by {0},
Ze000,Z0# & N,y,n2> 1.

Let K be an injective compact operator on % such that KN, = #
for all n > 1. For example, the Volterra operator on L?(0, 1) has this
property with respect to N, = span{l,x,...,x" 2}*. Fix a basis e,
for #, n > 0. Choose integers 1 = k; < k; and vectors x; in Ny, © N,
such that

llil‘(l)’lo Kx(2i+l)2n = éy.
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Now let d; = (i||x;]| + 1)~!, and define an injective compact operator

D =Y diP(Ny, ©N_,).

i>1

Now define X: Z @ % - #Z &% &% by
I 0

X=1|0 K|.
0 D

Then X(#00)=#¢0,and X(Z S N,) =#Zd# & N, forn > 1.
To see this latter identity, note that
0 0
KXiv1y2x | = | ek

Dx@jq 1y 0

Thus it is apparent that X(Z @ N,) contains # ®.# ©0. Since DN, =
N,, it follows that X (#Z & N,) = #Z & # & N,. So XN = A,.
To reverse the process, it suffices to “bury” 06 Z @0 in Z & 0. Let
J be a quasiaffinity with RanJ N Ran D = {0}. Define
J D 0
Y= [0 0 D} :

Then YZ 000 0=#@0and YZ# o0 =# &0 also. It is now
clear that YZ®# ® N, = #Z ® N,, whence Y .4, = AHy. So Ay ~qs .0

The lesson of these two examples is that as long as there are infinite
dimensions available, a “gap” can be created and swallowed up again.
A modification of this example yields a complete characterization of
chains quasisimilar to nests.

limX[ 0 ]:lim }
X(

k—o0 2i+1)2+ k—o0

5.3. THEOREM. A chain # of subspaces of a separable Hilbert space
is quasisimilar to a nest if and only if # is closed under spans, and for
each finite dimensional element M in A,

Mt = /\{M' eM: M > M} belongsto #.
Proof. If .# is quasisimilar to a nest .#", then the epimorphisms
p: # — W and y: N4 — # are left continuous by Lemma 2.1. Thus

# must be closed under spans. The argument of Example 5.1 shows
that if M is finite dimensional, then .# contains

NM €.x: M > M}

So we consider the converse.
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Let .#' be the completion of .#. Since .# is closed under spans,
#'\A is a countable set {M, } and each M} has an immediate prede-
cessor My in .#. Let 7% = (\/; M} © M)+, and let /" = #|%. Then
W is a nest. The map ¢ (M) = M N7 is an order isomorphism of .#
onto .#* which preserves dimension. It will be shown that # ~g /.

By hypothesis, each M} has infinite dimension, so N, = ¢(M;)
does also. Thus it is possible to choose pairwise orthogonal infinite
dimensional subspaces E; in # so that E; < N,. By Lemma 2.2,
there is a compact injective operator K on # so that KN = N for
every N in.#". Choose compact injective operators K from M; © M,
into E; such that > @ K|, is a compact operator with range disjoint
from Ran(K). Define

X =KP(#%)+ Y _ P KiP(M; © My).
k

It is routine to verify that X is a quasiaffinity such that X.# = 7.

To reverse the process, note that each N, is also infinite dimen-
sional as .#" contains a sequence Ny , > N such that A, Ny , = Ny.
One can choose pairwise orthogonal projections R, in .#” so that
Ry P(N,) =0but R, P(N) #0 for all N > N,. (The details are left to
the reader.) Now (by dropping to a subsequence) choose the sequence
Ni » described above so that Ry (Ng , © Ni 1) contains a unit vector
Xy n- Let Fy = span{xy ,;n > 1}. The spaces F; are pairwise orthog-
onal, and N N F; has finite codimension in Fj for every N > Nj in
A . As in Example 5.2, we can choose a norm one compact injective
operator Cy in & (Fy, M; © M;) such that C; (N N Fy) = M; © M for
every N > N,.

Further mimicry of Example 5.2 suggests that we choose vectors
Vi in Ri(Ni , © Ni ) so that

lim Cpyi 1)z = €k,
Jj—oo
where {e;;: i > 1} is an orthonormal basis of M; © M;. Define

positive constants dy; = (j|lyx |l + 1)~!, and the positive injective
operator

L
D= (Z RkP(Nk,l)) +D D di jReP Ny, © Nic,.,)-

k>1 k>1j>1
As in Example 5.2, we see that

lim [Ckyk’@fﬂ)z'] - [ek’f].
j=oo | DYk caj+1)2: 0
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Now define an operator Y in Z(#,#Z) by Y =D + 3 ;. CkRy.
This is clearly injective. Moreover, the previous computation shows
that whenever N > N;,Y N contains M; © M. On the other hand,
since DN = N for all N in ./, it follows that YN = ¢~ !(N) for all N
in /. Hence # ~qs .#". We also note that Y can be replaced by YK,
where K is obtained by Lemma 2.2. So Y can be taken to be compact
if desired. O

Since ~gs does not preserve completeness, perhaps we should con-
sider the possibility of replacing this relation by the following relation
for nests:

A = if there exist quasiaffinities X, Y such that /" =
strong closure (X.#) and .# = strong closure (Y.#).

Clearly, = is reflexive and symmetric, but unfortunately is not tran-
sitive (and therefore = is not an equivalence relation).

5.4. ExampLE. Consider the following nests
N ={{0}cPc---clPeMyclPeM clPal*}

on 2 @ [2, where My, = {e} }x>n,{€x}$>, an orthonormal basis of /2,
4 ={{0}clPcl’PeCc---clPeCoM,c’eoCoM, c ’oCal*}
on 2@ Ca/? and

&= {_{O}clzclzeaCclzeaCzc

cleCeoMcleCoMcloCol)

onl’aC?a /2

Let De, = ¢, /k (k=1,2,...) and pick any u ¢ Ran D. Define

X(xoy)=xa(,u) oD%,
Yx®idy)=(Dx+Au)dy.

It is straightforward to check that X and Y are quasiaffinities, Y.Z =
A, and XA # A, but

strong closure (X./') = #.
Hence, .# = .7". Define

Wixeiloy)=xoia(y,u)e D%,
Zxedioudy)=Dx+pu)®i0y;
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then W and Z are quasiaffinities, Z.¥ =4 , W.# # Z,
strong closure (W.#) =%,

and YZ¥ =, but
strong closure (W X.7")
={{0}clPcl’eC’c---clPaCaoM,
cleCloMclPoCol’ 2.
This indicates that the obvious quasiaffinities, YZ and W X, do not
implement the relation ./" = .%.

Indeed, v and Z are not related at all! For, if R: ?0I? — 2eC2l?
is any quasiaffinity such that

strong closure (R./")
>{{0}clPc---clPaC’oM,
clPeCl’oM clPeoC’ol?},
then
(RI*)™=1* and [R(I*&M,)]” =& C* & My

for a suitable non-decreasing function 4(n) of n such that A(n + 1) —
h(n) <1 and h(n) — oo (B — 00).
Therefore,

strong closure (R7") = (R/#") U {“one point”}
= {R7}U [0 C* & My}
= {R/}U [ﬂ{ﬂ ®C2 o M,,};,“;l]
={R/}U{?®C*}

cannot contain /2 @ C.
We conclude that = is not an equivalence relation.
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