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This paper treats a linear equation
Av =0,

where A € F**" and b € F™. Here, F is a set of floating point numbers. Let u be the unit
round-off of the working precision and x(A4) = ||A||oo||A™!||cc be the condition number
of the problem. In this paper, ill-conditioned problems with

1 <uk(A) < oo

are considered and an iterative refinement algorithm for the problems is proposed. In
this paper, the forward and backward stability will be shown for this iterative refinement
algorithm.
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1. Introduction

In this paper, we will consider the convergence of an iterative refinement for a
linear equation

Av =D, (1)

where A € F"*™ and b € F". Here, F is a set of floating point numbers. Nowadays,
usually the double precision floating point number system defined by IEEE 754
standard is used for F. For this case, the normalized floating point number has
64 bit length and its mantissa has 53 bit length. In this case, we call the double
precision is the working precision and 27°3 ~ 10716 is the unit round-off. Usually,
numerical computations are done in working precision. Sometimes, higher precision
calculations are used auxiliary. For example, a floating point number system with
128 bit length is used in some cases. In this case, we call a calculation by the floating
point number system with 128 bit length is called done by an extended precision.
In this paper, we treat a general case of F. Namely, let u be the unit round-off of
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the working precision. Let further £(A) = ||Al|oo||A™! || be the condition number
of the problem. Here, | - ||o is the maximum norm defined by
HU”OO: nax |vi|7 fOI”U:(’Ul,'UQ,...,'Un)TGRn (2)
15is<n
and
n
[Alloe = 121?5)(”2"4”" for A = (Aj;) € R™". (3)

The superscript T denotes the transpose and R is the set of real numbers. For
well posed problems, i.e., in case of uk(A) < 1, it has been shown [1]-[4] that
the iterative refinement improves the forward and backward errors of computed
solutions provided that the residuals are evaluated by extended precision, in which
the unit round off @ is, for example, the order of u?, before rounding back to the
working precision. Skeel [5] showed that iterative refinement with one iteration in
working precision (not extended precision) is backward stable.

In this paper, we will treat ill-conditioned problems with

1 < uk(4) < . (4)

We can assume without loss of generality that for a certain positive integer k the
following is satisfied:

u"k(A) < B < 1. (5)

In [6], Rump has shown that for arbitrary ill-conditioned matrices A, we can
have good approximate inverses Ry.; satisfying

[RinA —Illoc S o < 1. (6)
Here, Ry.; is obtained as
Ry =Ri+Ry+---+ Ry (7)

with R; € F"*™ and I is the n-dimensional unit matrix. In [7], we have partially
clarified the mechanism of the convergence of Rump’s method. Very recently, one of
the authors (S.M. Rump) has further developed the convergence analysis of Rump’s
method [8].

Let A, B,C € F"*™. In floating point calculation, usually AB — C' cannot be
calculated correctly because of the existence of rounding errors. In this paper,
we assume that for any positive integer k satisfying £ < K with K being a certain
sufficiently large positive integer, we can calculate Dy, Do, ..., Dy € F"*" satisfying

k

> Di—(AB-C)

i=1

< cu*|AB - O| . (8)

oo
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Such algorithms have been proposed, for instance, by the authors [9]-[10]. We
also denote

Dip.=Dy+Dy+---+ Dy. (9)
We further use a notation like
Dy, = [AB — Cly, (10)

which means that Dy., = Dy + Do + -+ - + Dy, satisfies (8).

Similarly, for A € F*"*™ and b, ¢ € F" we assume that for any positive integer
k satisfying k < K with K being a certain sufficiently large positive integer, we can
calculate dy,ds, ..., d; € F" satisfying

k
> di— (Ab—c)
i=1

Such algorithms have also been proposed, for instance, by the authors [9]-[11]. We
also introduce a notation

< cub || Ab — €| o (11)

o0

dig = dy +do + - - - 4 di. (12)

We further use a notation like
dy., = [Ab — g, (13)
which means that dy.x = dy + do + - - - + dj, satisfies (11). It should be noted that
[AB — (1 coincides with [AB — C];, with k = 1. Similarly, [Ab — ¢]; coincides with

[Ab — ]y with k = 1.
Now we propose the following iterative refinement algorithm:

v' = [v— Ryx[Av — bg1- (14)
Put rp = [Av — D] and let &(v) = [v — Ry.x7k]1- Then, we can write
v = &(v). (15)
The following holds:
v =v— Rix[(Av —b) + e;] + em, (16)
where e, = r, — (Av — b) and e, € R™ satisfying
lerlloo < cu®||Av — bl (17)

and

”em”oo é Cll”’l) - Rl:krk”oo- (18)
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In this paper, we will show the forward and backward stability of the iterative
algorithm (14). Furthermore, numerical examples are also given for illustrating
the forward and backward stability of the iterative refinement algorithm (14). The
forward stability of the algorithm guarantees that approximate solutions generated
by the algorithm converge, while the backward stability means the stability of the
algorithm against the rounding errors.

2. Convergence theorem: forward stability

Let us consider

Av

I
o

(19)

where A € F™"*" and b € F™. Let
1 <uk(4) < . (20)

We assume that we have a good approximate inverses Rj.; satisfying (6). Here,
R1.; is defined as
Rip=Ri+Ro+ -+ By (21)

with R; € F"*™. As mentioned in the previous section in [6], Rump has proposed
a method of calculating such approximate inverses and in [7], we have partially
clarified the mechanism of the convergence of Rump’s method. Further, we assume
also that the following is satisfied:

u"k(A) < B < 1. (22)
We propose the following iterative refinement algorithm:
Uy = P(vp_1), P(W) =[v—Rygrkh, m=[Av—0bly (n=1,2,...) (23)

with any starting vector vg € F”. The aim of this section is to show the following
theorem:

THEOREM 1. Let v, be generated from (23) with any starting vector vy € F".
We assume that assumptions (6) and (22) hold. Let v* = A=1b. If

7= (a+ Bt caB)(l+eu) <1, (24)
the relative forward error ||v, — v*||oo/||V*||co Teduces until

lvn — v*||oo cu
~u-+ . 25
ol - 2

Here, for real numbers a and b, a = b means that a is approxzimately equal to b.
This implies the forward stability of the iterative refinement algorithm (23).
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Proof. Let v € F™ and v = ®(v). The assumption (6) implies the existence
of A=!. Thus, from (23), we have for v* = A~b

[V = v"[loo = [lv = v" = Ruigrr + emloo
S v —v" = Rigrklloo + llemlloo- (26)
We first note that
[v—=v" = Rigrilloo = [[v —v" = Rix[(Av — b) + €;][| o

= (I = RixA)(v —v") — Ryperlloo
1 — RikAllsollv — v*[|oo + [[Rikllooll€r |l o

=
S aflv = v oo + [1R1:k o ller oo (27)

On the other hand, from (17) and (22), we can estimate ||R1.;|lcoller|loo as

| Riillscllerlloe £ cu*| Rullocll dv — blloc

< c0¥)| Rulocll Al llo = v loc
< k(Ao — v*
<

Bllv = v"sc- (28)
Here, ¢’ = ¢||R1.k||co||Allco/K(A). Further, from

HerkHoo < HA_l”oo + ||A_1 - Rl:k”oo

— A oo + (I = Rik A

< A oo (1 + I = Ry Alloo)
< (14 a)[[A™ oo, (29)
it turns out that
d S c(l+a). (30)

Thus, from (27), (28) and (30), it follows that
lv —v" = R1kTk|loo S (a4 c8+ caf)||v — v ||o- (31)

Moreover, from (31) and (18), we have

lemlloo S cullv — Ririllso
S cu(lfv —v" = Rigrglloe + |07 o0)
= cu((a+ B+ caf)|v— v + [[v"]0)- (32)

Therefore, from (26), (31) and (32), we have finally

v—v" — Rl:krk”oo + Hern”oo

[v) = v*]lo = |
< (a4 B+ caB)(1+ cu)||v —v"]oo + cul|v||co- (33)
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Summing up the above mentioned arguments, for
Up = P(vp_1) (n=1,2,...), (34)
with some starting vector vy € F", we have

[on = v"[lee = Yon—1 = vl + culvl

=
< P lvn-2 = v*[loc + cu(l + 7)o"l

cu

A

700 = "o + T 10" e (33)

provided that
v=(a+cf+caB)(l+cu) < 1. (36)

This implies that if v < 1, the relative forward error reduces until

[vn = 0"l cu
[[0* | L—n

3. Backward stability

In this section, we will show the backward stability of the iterative refinement
algorithm (23).
A normwise backward error of an approximation v is defined by

n(v) =min{e: (A+ AA)p =b+ Ab, ||AA|lx = €||Alloos [|Ab]loo = €l|b]loo}- (38)

It is known [14] that

e
Tl + ol

n(v) (39)

Here, r = Av — b.

The next theorem shows the backward stability of the iterative refinement
algorithm (23):

THEOREM 2. Let v, be generated from (23) with any starting vector vy € F".
We assume the assumptions (6) and (22). If

v=(a+cB+caf)(l+cu) <1, (40)
the backward error n(v,) reduces until

n(vn) S c2u, (41)
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where cq is a certain constant. Here, for real numbers a and b, a < b means that
a is approzimately equal to b or a is less than b.
This implies the backward stability of the iterative refinement algorithm (23).

Proof. Let v = &(v), i.e.,
v' = [v— Ryx[Av — blgr. (42)
Put r = Av — b. We have
vV =v—Rix(r+e.)+ em, (43)
where e, = r; — r and e, € R" satisfy
lerlloo < cu®llAv = blloe, llemllos < cullv — Ruwreco- (44)
Put " = Av' — b. Then, it follows from (43) that

v =r+ AR —v)
=r+A(—Rii(r+e.) +em)
=r+A(-AT + AT = Rig)(r +en) + em)
= —e, + A[(I — RixA)A (1 +€,) + ey
= —e, + A[(I — Ry A)(v —v* + A7 e,) +em). (45)

Here, v* = A~1b. Thus, from (45) together with (17), (6) and (22), we have
17 loe = llerlloo + 1 AllscllT = RakAllsslv = 0"l
+lAlloll7 = RrrAllsoll A lsollerlloo + 1 Allollemllo

< c®rllos + all Allsllv = v*[loo + caBlrlloo + | Allolemlloo
c(af +uh)llrlloc + allAllscllv = v* [l + [ Allscllem oo (46)

We now recall (18):
Hem”oo g Cll”’l) - Rl:krk”oo' (47)
It is note here that

v — Ryxrr = v — Rygr — Ryper
= v — [A_l — (A_l — Rlzk)]r — Ri.re,
=v— A+ (A7 — Ryp)r — Ryge,
= 0" + (I — Ri.zA)A™'r — Ryge,. (48)

Substituting (48) into (47) and noticing (29), it follows

||€m||oo < CuHU* + (I — Rl:kA)(” —v*) — Rl:ker”oo
< ([l + aflv = v*[loo + (1 + @) [[A™ o llerloo)- (49)
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Thus, from (46) and (49), we have

I lse < [e(a +u") + (1 + @) ful ||l
+a(l 4+ c)[[Alloo[[v = v*[loo + cul|Aflco][v™ |- (50)

From the condition v < 1, if v is an approximate solution sufficiently refined by
the iterative refinement (23), then Theorem 1 implies that [|v — v* || = ¢’u||[v*]| 0
and v’ = v, i.e., 7’ = r. Here, ¢’ =1+ ¢/(1 —~). Thus, in this case, we have

I7llse £ wlirlloo + crul|Allos [[0"[loc, (51)

where ¢; = ¢’a(1 + cu) + ¢ and w = c(af + u¥) + (1 + a)Bu.
We note here that from (22) it is seen that

7y —w=a(l+cu)+u®(ck(A) —1) >0, (52)
which implies
w< 1. (53)

Thus, we have

eruf| Al ||| .
Irllee & == 7= = c2ullAlloollv” oo + blloc) (54)

with co being a suitable constant, which gives a small backward error
n(v) S cou (55)

provided that v is an approximate solution sufficiently refined by the iterative
refinement (23). O

4. Numerical examples illustrating forward and backward stability

In this section, we will present numerical examples illustrating the forward and
the backward stability of the iterative refinement algorithm (23).

We have used the IEEE 754 double precision floating point number system in
these numerical calculations. Thus, in the following calculations, the unit round-off
u is given as

L11x107% <u =277 < 1.12 x 107, (56)

4.1. Hilbert matrix
Let H be the n x n Hilbert matrix. Let further A = sH. Here, s is the
minimum common multiplier of 1,2,3,...,n — 1. Furthermore,

b= Az, (57)
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where, z = (1,1,...,1)T € F*. We have solved Az = b for n = 20. In this ex-
ample, 1.92 x 100 < ||A]» < 1.93 x 1016, 1.92 x 100 < ||b]|» < 1.93 x 1016 and
2.44 x 10?8 < k(A) < 2.45 x 10%.

In this case, a good approximate inverse can be constructed with k = 2
such that

[Ri2A — Il < =416 x 1074, (58)

where
Rio=Ri+ R (59)
with suitable Ry, Ro € F. The iterative refinement algorithm (23) converges with

3 iterations. We finally have an approximate solution with the relative maximum
error about 1.92 x 10716, Furthermore, it is seen that

B =u’k(A) < (1.2 x 10719)% x 2.45 x 10*® < 3.08 x 107%. (60)

Table 1 shows the relative errors
[v" = villoo

[v* [l

(61)

and the backward errors n(v;) of approximate solutions obtained by the iterative
refinement calculations (23). These calculations are done by MATLAB on Intel
core 2 duo CPU. The initial approximation vg is given by

Vo = [Rl:gbh = [(Rl + Rg)bh (62)

Since Rj.2 is a good approximate inverse satisfying (6), the first a few digits of
vg already coincide with those for v*. This is consistent with the result shown in
Table 1, which shows that the first a few digits of ||v;]|s are the same. According
to the progress of iterative refinement, the forward errors

[vn — v*lloo

[[0*[loo

(63)

decrease up to the unit round-off u.

Table 1. Hilbert matrix (n = 20)
i v = villoo/ [V oo | llvilloo 7l oo n(v;)
0 3.50 x 1074 1.16 | 1.89 x 10'* | 4.55 x 107
1 4.03 x 1079 1.16 | 1.71 x 106 4.12 x 1011
2 5.10 x 10~ 14 1.16 | 2.09 x 10 5.04 x 10716
3 1.91 x 1016 1.16 | 7.37x1072 | 1.77 x 10~ 18
4 1.91 x 10716 1.16 | 7.37x 1072 | 1.77 x 10718

On the other hand, the backward errors are proportional to the residuals ||7; || so-
Since, the residuals are decreasing, the backward errors also decrease up to around

the unit round-off u.
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4.2. Rump’s matrix (n = 100)

Let A be n x n matrix with an anticipated condition number being 10'°° gen-
erated by Rump’s algorithm [13]. We choose n = 100 and b = (1,1,...,1)T € F».
In this example, 1.04 x 1016 < [|A » < 1.05 x 10, ||b]|cc = 1 and 1.74 x 10107 <
k(A) < 1.75 x 10107,

In this case, a good approximate inverse can be constructed with k =8
such that

[RisA—I]jo < @ =1.86x 1077, (64)
where
Rig=Ri+Ry+---+ Rg (65)

with suitable Ry, Ra, ..., Rs € F. The iterative refinement algorithm (23) converges
with 3 iterations.
Moreover, it is seen that

B =ulk(A) < (1.12 x 1071%)® x 1.75 x 10'°7 < 4.34 x 1072 (66)

Table 2 shows the relative errors and the backward errors of approximate solutions
obtained by the iterative refinement calculations (23). The calculations are done
by the same computational environment as that for the previous example.

Table 2. Rump’s matrix (n = 100)

[v* = villoo/[[v*]l 00 [|vill oo lI7ill oo n(vi)
7.51 x 1076 4.44 x 1097 | 1.85 x 10°* | 3.98 x 10~ 14
5.98 x 10~11 4.44 x 109 | 2.61 x 10%° | 5.61 x 10~19

4.88 x 10716 4.44 x 1091 | 1.15 x 1089 | 2.46 x 10~ 19
3.18 x 10~ 19 4.44 x 109 | 3.06 x 10% | 6.58 x 10~19
3.18 x 1019 4.44 x 109 | 3.06 x 10% | 6.58 x 10~ 19

BSlwi N~ Of .

The initial approximation vy is given by
vo = [R1.8b]1. (67)

Since Rj.s is a good approximate inverse satisfying (6), the first a few digits of
vo already coincide with those for v*. This is consistent with the result shown in
Table 2, which shows that the first a few digits of ||v;]|s are the same. According
to the progress of iterative refinement, the forward errors

[vn — v*[loo

[[0*[loo

(68)

decrease up to the unit round-off u.

On the other hand, the backward errors are proportional to the residuals ||7; || so-
Since, the residuals are decreasing, the backward errors also decrease up to around
the unit round-off u.
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4.3. Rump’s matrix (n = 300)

Let A be n x n matrix with an anticipated condition number being 1 gen-
erated by Rump’s algorithm [13]. We choose n = 300 and b = (1,1,...,1)T € F".
In this example, 3.10 x 10® < [|Alloo < 3.11 x 108, [|b]lcc = 1 and 6.28 x 10°° <
k(A) < 6.29 x 10°7.

In this case, a good approximate inverse can be constructed with k£ =5
such that

050

[RisA —I|oo < =116 x1077, (69)
where
Ris=Ri+Ry+---+ Rj5 (70)

with suitable Ry, Rs, ..., R5 € F. The iterative refinement algorithm converges (23)
with 1 iteration.
Moreover, it is seen that

B =u’k(A) < (1.12 x 1071%)° x 6.29 x 10°? < 1.11 x 1072, (71)

Table 3 shows the relative errors and the backward errors of approximate solutions
obtained by the iterative refinement calculations (23). The calculations are done
by the same computational environment as that for the previous example.

Table 3. Rump’s matrix (n = 300)

i v = villoo/lv* (s [[vill oo [l n(vs)
0 8.02 x 1012 4.89 x 10°9 | 2.15 x 10*2 | 1.42 x 1017
1 8.10 x 10~23 4.89 x 10°9 | 6.17 x 10%° | 4.07 x 10~1?
2 8.10 x 10~23 4.89 x 10°9 | 6.17 x 10%° | 4.07 x 10719

The initial approximation vg is given by
vo = [Ry:50]1. (72)

Since Ry.5 is a good approximate inverse satisfying (6), the first a few digits of
vo already coincide with those of v*. This is consistent with the result shown in
Table 3, which shows that the first a few digits of ||v;]|s are the same. According
to the progress of iterative refinement, the forward errors

[vn — v*[loo

[[0*[loo

(73)

decrease up to the unit round-off u.

On the other hand, the backward errors are proportional to the residuals ||7; || oo-
Since, the residuals are decreasing, the backward errors also decrease up to around
the unit round-off u.
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