BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 3, Number 2, September 1980

SPHERICAL FIBRATIONS
BY J. L. NOAKES

ABSTRACT. In [8], [9] we extend some theorems of I. M. James and J. H. C.
‘Whitehead on the homotopy type of spherical fibrations. Here we sketch our
results and methods.

1. Introduction. Let E,, E, be g-sphere Hurewicz fiberings (g = 1) over
the same connected finite CW-complex B. We suppose that the spaces E, E,
have the same homotopy type (E, = E,), that E, has a cross-section, and that
E, is orientable. Then by [9, Theorem 1] E| is also orientable. We suppose
that B is nilpotent [1], and let Ej(p) — B, be the localization of E;— B
ataprimep (j=1,2).

THEOREM 1. If dim B < 2q then, for any prime p, El( ) has a cross-sec-
tion.
In [3] I. M. James and J. H. C. Whitehead prove a similar result for the

case where B is a sphere, but where the fibre of E, E, is not necessarily a
sphere. We comment on our proof in §2.

THEOREM 2. If E; =~ B x §% where E| has a cross-section then E, is
fibre homotopy trivial.

In [4] James and Whitehead take B to be a sphere and prove a similar re-
sult. Our proof in [9] uses a counting argument in the spirit of [3], [7]. Com-
paring this proof with Theorem 1 we find that if £, ~ B x §? where dim B <
2q then E, is fibre homotopy trivial. It was a conjecture along these lines by
I. M. James that led me to write [8], [9]. I wish to thank Professor James
for telling me his conjecture.

Recall that the fibre suspension [6] ZE — B of a map n:E — B is de-
fined as follows. Let ZF be the quotient of £ x [~1, 1] by the relations
(e,—1) ~(¢',—1) and (e, 1) ~ (€', 1) for m(e) = n(e'). Then the projection of
2E takes [e, t] to m(e). We assume that E, has the fibre homotopy type of ZE
for some E.

ReMARKS. (i) If dim B < g then this assumption holds automatically.

(ii) If E, is a fibre bundle then this assumption is equivalent to the re-
quirement that E, have a cross-section.
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THEOREM 3. If either HY(B; Z) is finite or n,B = O then there is a homo
topy equivalence f: B — B such that E, has the fibre homotopy type of the in-
duced fibration f* E,.

EXAMPLE. Let ® C,,,S7 (0 <r<gq - 1) be maximal with respect to
the property that if a, p € ® satisfy a + § = 0 then a = 8. It follows from The
orem 3 that there is a bijection from & onto the set of homotopy types of g-
sphere fibrations over S"*?,

Let S be the fibre of E; (j = 1, 2).

THEOREM 4. If the pairs of spaces (Ey, ST), (E,,S%) have the same homc
topy type then there is a homotopy equivalence f: B —> B such that E, has the
fibre homotopy type of f*E,.

In [4] James and Whitehead prove a similar result for the case where B is
a sphere. In [2] S. Y. Husseini considers the situation of Theorem 4, with the
additional hypotheses that dim B < q and m,B = 0. Simple examples show tha
[2, Theorem 1.1] is false as stated.

2. Methods. Our proofs of Theorems 3 and 4 turn on an elementary con
struction which is difficult to describe more briefly than in [9]. However, it
may be helpful to say what this construction aims to do.

Let m; :E;—B (7 = 1, 2) be the projections, let s, be a cross-section of
E, and let y: E, — E,; be a homotopy equivalence. (In the proof of Theorem
4 we take 7 to be a map of pairs.) A calculation shows that s, is a homoto
equivalence, and our construction aims to replace y by a homotopy equivalence
6' so that the diagram

LR LY)

commutes.
The proof of Theorem 1 is easier to summarise. A counting argument
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taken from [7] shows that the Gysin sequences of the Ej,,, split

m ¥ -
0= H'B(py— H'Ey ) —> H™ "By ——0

ey
ﬂ»*

0 HrB(p) : HrEZ(p) ? Hr_qB(p) >0

for all ». Here 7 is a homotopy inverse of vy, and we take coefficients in the ring
Z,) of integers localized at the prime p. Our notation does not distinguish a map
from its localization.

We choose g € HIE, () so that Y,a, is the identity of H# °B(p). Let a,
=g, - nz*s’z"ao. Then we consider two cases separately.

(1) There is no exchange at p when {, 7*a, isa unit of H OB( )

(2) There is an exchange at p when ¥, 7*a, is not a unit of H °B( )

When there is no exchange a computation shows that m,ys, :B—> B is a ho-
motopy equivalence at the prime p. It quickly follows that E; (p) has a cross-sec-
tion.

When there is an exchange we form the induced fibrations n{E) (,, E =
CY*IEE (p) OVeT Eq(pys Ez(p)I(Bq‘l)(p). Here B9~ is the (g — 1)-skeleton
of B, and ¢ is the inclusion of E,(,)I(B9™ 1),y in Ey (-

E  —mE ) Eip)

! ! I

-1
Exo B Doy Frior 77 By

Then 7}E, (») has a cross-section and therefore E has a cross-section.

Next a computation using (2) and dim B <2q shows that 7,y is almost a ho-
motopy equivalence. So the cross-section of E' gives rise to a cross-section of E ().
For details we refer to [8].

Theorems 1, 2, 3 and 4 contain as special cases all the results of [4] except
the case r = q of [4, Theorem 1.6]. This exception can be dealt with from our stand-
point. There remains the question of what happens when neither E; nor E, hasa
cross-section: for background on this we refer to [5].
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