ON EIGENVALUE DISTRIBUTIONS FOR ELLIPTIC
OPERATORS WITHOUT SMOOTH COEFFICIENTS

BY RICHARD BEALS!
Communicated by F. Browder, March 10, 1966

1. Introduction. An asymptotic formula for the eigenvalues of a
self-adjoint realization of an elliptic operator on a bounded region has
been obtained in various cases by a number of authors; see [1], [4]
and the references there. In each case the method of proof demands
more regularity of the coefficients of the operator (at least when the
order of the operator is low relative to the dimension of the space)
than should be necessary for validity of the formula. The purpose of
this note is to derive the formula under minimum assumptions on the
coefficients, in two cases: the Dirichlet realization in a compact mani-
fold with boundary, and the unique realization in a compact manifold
without boundary. We use the known results for operators with
smooth coefficients and a simple abstract approximation method
based on the “minimax” formula for eigenvalues.

2. Abstract eigenvalue estimates. Let H be a separable complex
Hilbert space with inner product (%, v) and norm Hu” If Sis a com-
pact operator in H, we denote by {u;(S)} the sequence of eigenvalues
of SS*, with u(S) Zm(S)= - - -.

Suppose that S is a 1-1 compact normal operator in H. The range
R(S) can be considered as a Hilbert space K with inner product
(u, v)=(S"'u, S~%) and norm |u|. Let T be a second operator in H
with R(T)C K. If J denotes the natural injection of K into H, then
S=JS: and T =JT}; with S; and T3 operators from H to K. Since T}
is closed, hence continuous, and J is compact, it follows that T is com-
pact. We can estimate the eigenvalues u;(T) as follows:

LemwMma 1. For all j=1,2, - - -,
wi(T) = (T4l + |SIDI T2 = Sullws(S) + wi(S).

Proor. Let {¢;} be a complete orthonormal sequence in H con-
sisting of eigenvectors of S, with corresponding eigenvalues {)\;}
satisfying |M| =[N/ = - - -. Let H; be the closed subspace of H
spanned by {¢x; k=7}. Applying the “minimax” formula [5, Theo-
rem X.4.3] to the positive compact operator TT* we have
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pi(T) = max  (TT*u,u)

ucH;j,|lull=1

) =, max - {(S5*u u) + (TT* = SSu)}

< wS)+ max | ((TT* — SS¥u, u)| .

u€H;,|lul|=1
Now S*=S¥J* and T*=T7J*, so
| (TT* = $S%)u,u) | = [(T* = 54w, TH) | + | (S*u, (T* = $*)u) |
@ = (|73 + STl 75 — SEil | 7 e
= (17l + [ISiDll 72 = Safl | a2
The vectors {\up:} are a complete orthonormal sequence in K. It is
easily seen that J*¢;=N2¢;,s0 | J*¢;| = |\;|. Since | M| Z|N| 2 - - -,
it follows that for u€3¢;, | J*u| <|N;| ||4|. But |N;|2=pi(S), so the
desired result follows from (1) and (2).
In particular, let A =Sr!: K—H and suppose B: K—H has norm
| B|| =e<1. Then ||BA-Y| =€ in K, so A+B=(I+BA4A~"A has an
inverse T1: H—K. Furthermore || T3|| =||(I4+BA4-9)~Y|| £ (1—¢)~%, and

T1—S:1=S((I4+BA-Y)"1—]) has norm || Ty—Si|| (1 —¢)~t. Set
T=JTy. If T is normal then by Lemma 1,

wi(T) £ [1+ et — 70 + 1 — 9 )]wi(S)
= (1 — §7%;(5)-

Conversely, let K; be the space K with the inner product induced by
T. Then

[Bul| = | u| = d[4ul| < d|(4 + Bya| + d| Bad],
or
|Bu|| < e@ — &~Y|(4 + B)a| = (1 — )| u]s.

If e<1/2 then e(1 —€)~'=08<1, and we can reverse the above argu-
ment to conclude that

#i(S) = (1 — 8)~%ui(T) = (1 — 26~ 2u;(T).
Summarizing, we have

LeMMA 2. If B: K—H has norm €<1/2 and T=J(Sr'+B)"! is
normal, then

(1= 2% = wi(D)/wi(S) = 1 — o7
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3. Eigenvalue estimates for elliptic operators. Let Q be a compact
n-dimensional C* Riemannian manifold or manifold with boundary.
Let L2(2) be the Hilbert space with inner product (%, v) correspond-
ing to the Riemannian structure. Let @ be an elliptic operator of order
2m defined on {, having bounded measurable coefficients, and assume
that the coefficients of the principal part, @, are continuous on €.
Assume also that @ is formally self-adjoint, @ = @'. Given a positive
integer 7, let H"(Q) be the completion of C*(Q) with respect to the
inner product

(u,), = 2, (D*u, D*).
la| sr
Let Hy(Q2) denote the closed subspace of H7(Q) generated by smooth
functions with support in the interior of Q; if Q has no boundary,
H{(Q) =H"(Q). As is well-known, the natural injection of H"(Q) into
L2(Q) is compact, for r=1.

Under the above assumptions on @ we may define an operator 4
in L2(Q) having domain D(4) = H?»(Q)NHy(Q2), with Au = Qu (in the
distribution sense) for «ED(A4). Then 4 is self-adjoint [cf. 3, Theo-
rem 5], and its resolvent operator is compact. If the coefficients of 4
were smooth, then 4 would satisfy the hypotheses of Theorem 1 of
[4]. Therefore we would have

“) NaQ\) ~ c(A)N@/2m) a5 N — oo,

where N4(\) denotes the number of eigenvalues of 4 with absolute
value <\. Here ¢(4) is given by

c(4) = (2m)(4ms)/ (nm) sin((nm)/ (4ms))

5
® . f (@o(x, )¢ + 1)~ ddw,
o rn

where @,(x, {) is the characteristic polynomial, and s= [(n/4m)+1].
If we let {\;(4)} be the sequence of eigenvalues of 4 repeated ac-
cording to multiplicity, with |)\1(A)| §|)\2(A)| < ..., then it is
easily seen that (4) is equivalent to

© | M) | ~ e(d)-amimjenin as j— o,
We want to extend this result to 4 without smooth coefficients.

THEOREM. Let Q be a compact n-dimensional C* Riemannian mani-
fold or manifold with boundary. Let @ be a formally self-adjoint elliptic
operator of order 2m with bounded measurable coefficients and with con-
tinuous coefficients in the principal part. Let A be the realization of @
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in L2(Q) having domain H*™(Q)NHG(Q). Then the eigenvalues {)\,-(A) },
with Dx;(A)| §|)\2(A)| < - -+, satisfy the asymptotic formula (6),
with c(A4) given by (5).

REMARKS. In the case of a manifold without boundary, in which
case D(4)=H?m(Q), it is not necessary to assume that @ is of even
order; A is still self-adjoint, the formula (5) still holds for 4 with
smooth coefficients, and the following proof is unchanged.

Proor. There is a sequence {@,} of formally self-adjoint elliptic
operators of order 2m, having coefficients in C*({), and such that the
coefficients of the principal parts converge uniformly on  to the
coefficients of @,. Let 4, be the realization corresponding to @,. We
can write 4,=A4+B,, and with respect to the norms ||«||; in H¥(Q)
we have

Q) | Boul| < 8/|udom + Colltf|oms,  u € D(4),
where the constants §,—0. However there are constants &, such that
®) Colluf|ams < 8)|l2m + B, » € H™Q);

see the corollary of Proposition 1.1 in [2], for example. Furthermore
since 4 is closed and D(4)CSH?™(Q), there is an inequality

©) [ellom = C(| A8l +[[ul), =€ D(A).
Combining (7), (8), and (9) we get an inequality of the form
(10) 1Ba” = el 4d” + ofl*) = ell(a + iaall”,

where ¢,—0.

Set S=(4+10,)"Y, T=(4A+B,+1i0,)"1=(4,+105,)"t. Then ®R(S)
=QR(T)SH?™(Q), so S and T are compact. We have

pi(S) = | N(4) 410, | -2
and similarly for T. When ¢, <1/2 it follows from Lemma 2 that
(1) (1 —26) £ | N(4) + i, | | M(4y) +do | = (1 — &)L
Let ¢, = c(d,)2", ¢ = ¢(4)~2», Then |N(4,)| ~ cjmin, so
[Ni(4,) +ia,| ~c,j2min. 1t follows from this and (11) that
lim inf | A;(4) | 7~2/* = (1 — 2¢)c,,

o

(12) . .
limsup | A;(4) |72/ £ (1 — &),
J—w

Since ¢,—c and €,—0 as y— », the desired result follows immediately
from (12).
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REMARK. It is clear that, with the appropriate modification in
formula (5), the theorem can be proved in the same way for elliptic
systems. Furthermore it holds whenever the operator 4 can be ap-
proximated in the above way by operators with the same domain; the
boundary value problems considered here are the most obvious exam-
ples.
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