HARMONIC TRANSFORMATION THEORY
OF ISOTHERMAL FAMILIES

EDWARD KASNER AND JOHN DECICCO

1. Harmonic transformations. Let a transformation T

M X+ o2y, Y=yxy),

with the jacobian

2 J =4y — ¢z # 0,

be such that the components ¢ and ¢ satisfy the Laplace equation
3) G2z + buy =0, Yoo+ Yo = 0,

in a certain region of the real (or complex) cartesian plane. We shall
term any such correspondence T a harmonic transformation.

The harmonic transformations form an infinite set (H) of owo4®
correspondences since they are defined essentially by four independ-
ent functions of a single variable. The totality of harmonic cor-
respondences of course do not constitute a group.?

A subset of the class (H) of harmonic transformations is the con-
formal group. The components ¢ and ¢ of a conformal map are of
course conjugate-harmonic, that is, they satisfy the direct or reverse
Cauchy-Riemann equations

(4) ¢, = + \l’m by = F ¢

Thus a harmonic transformation is conformal if and only if its com-
ponents are conjugate-harmonic. In general, the components of a
harmonic transformation are not interrelated in any way whatsoever.

We have proved that in the real domain the only groups con-
tained in the infinite set (H) of «#® harmonic transformations are
the group of %@ conformal maps, the group of «¢ affinities, and
the subgroups of these two. In the imaginary domain, we have found
in addition two extra infinite groups each consisting of oo 1+¥#@
transformations.

Presented to the Society, November 2, 1946, under the title Geometry of harmonic
transformations; received by the editors November 8, 1946,

! Harmonic functions and harmonic transformations appear in the theory of
minimal surfaces and the Plateau problem. In particular see the fundamental papers
of Schwarz and Douglas. Schwarz discusses the case where the jacobian of a harmonic
transformation vanishes and studies possible singularities. See Abhandlungen, vol. 1,
p. 293. Douglas studies the inverse of harmonic transformations. See abstracts in
Bull. Amer. Math. Soc. vol. 49 (1943) and vol. 50 (1944).
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In the present paper, we shall study the isothermal properties of
harmonic transformations. We obtain characterizations not only of
our set (H) of harmonic correspondences but also new characteriza-
tions of the conformal group. See our Theorems 1, 2, 3, 4 and 5.

2. Minimal coordinates. In order to derive our results simply, it is
found advantageous to introduce the minimal coordinates »=x-1y,

v=x—1y. The transformation T as defined by equations (1) may be
written in the form

(5) U= U(u, ), V = V(u,v).

Of course each of the components U=¢+1) and V=¢—1) repre-
sents a polygenic function of the complex variable #=x-1y.

If the components ¢ and ¥ of (1) can be expressed as Taylor series of
(x, v), we shall say that each of the expressions U and V of (5) is an
analytic polygenic function. The set of holomorphic functions defining
the conformal group is a proper subset of the class of analytic poly-
genic functions.

It can be shown that for any transformation T defined by an
analytic polygenic function, the right-hand sides of (5) can be ex-
pressed as Taylor series of (%, v). Only for analytic transformations
of this nature can we think of # and v as being independent complex
variables, thus giving rise to the study of the four-dimensional com-
plex plane. For any other transformation T, these minimal coordi-
nates (%, v) must be considered as conjugate complex variables.

3. The mean and phase derivatives. For any polygenic function
w=w(u, v), we consider the two linear differential operators

dow 1[0 0 1
wu=———-=—<——z———>w — (W — twy),
ou 2 \ox ay 2

ow 1(a+'a 1( i)
- 1T— )W — Wz T1Wy).
ox ay 2 !

(6)

The operator 9/du indicates performing the linear differential
operation (1/2)(8/8x—149/dy), and is called the mean derivaiive.
Similarly d/0v means the application of the linear differential opera-
tion (1/2)(8/dx+10/dy), and is termed the phase derivative. In the
case of analytic polygenic functions, these signify the formal partial
derivatives with respect to % and v.

The mean and phase derivatives are commutative. The Laplacian

operator can be expressed as the product of these two operators
except for a constant factor. That is
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w = W = e— e—— I ——
“ " dudy  dvou 4

9w 0w 1 ( 92 92
dx*  dy?

Q)

= 'Z (Wao + wyy).

By (6), it is found that the jacobian J as given by (2) of any trans-
formation T (analytic or not) can be written in the form

(8) J = ¢z‘pu - ¢u‘l’z =UyVy— UVu#0.

A harmonic transformation T can be written in the form (5) where
Uuww= Vupy=0; or in the more explicit form

©) U=fw+g0@), V=F@+G),

where the four functions appearing on the right-hand sides are all
analytic functions of one variable. In the real domain, the coefficients
of F and G are the conjugates of those of f and g respectively.

By (8), it is found that the jacobian J of a harmonic transforma-
tion (9) is

(10) J=quu_gv u7£0.

By this, it can be shown that any pair of harmonic functions, one
of which is not a linear integral function of the other with constant
coefficients, defines a nondegenerate transformation of our har-
monic set (H).

4. Discussion of the harmonic transformation theory of certain
isothermal families of curves. We shall study the problem of char-
acterizing harmonic transformations by means of converting some
isothermal families in the (x, ¥)-plane into isothermal families in the
transformed (X, Y)-plane. Emphasis must be placed on the word
some as we have proved elsewhere that the only point transformations
carrying every isothermal family of curves into an isothermal family
are the conformal ones.

It is evident by (9) that under any harmonic transformation T, a
parallel pencil of straight lines in the (X, ¥)-plane corresponds to an
isothermal family of curves in the (x, y)-plane. We skall prove that
this is characteristic of the infinite set (H) of harmonic transforma-
tions, and of the products of conformal maps by circle-to-line transfor-
mations. The following precise result will be demonstrated.

THEOREM 1. If, by a transformation T from the (x, y)-plane to the
(X, Y)-plane, more than four distinct parallel pencils of straight lines
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in the (X, Y)-plane correspond to isothermal families in the (x, y)-plane,
then in the real domain T is a harmonic transformation or else T is the
product of a conformal map by a circle-to-line transformation; then
necessarily every parallel pencil of straight lines in the (X, Y)-plane
corresponds to an isothermal family in the (x, v)-plane.

It is remarked that a circle-to-line transformation is a point corre-
spondence whereby every straight line in the transformed (X, Y)-
plane corresponds to a circle or straight line in the (x, y)-plane. The
circle-to-line transformations form an eleven-parameter set which in-
cludes the collineation group and the Moebius inversive group.

To discuss this result, we shall adopt minimal coordinates (u, ).
The transformation T, which is not necessarily an analytic polygenic
function, can be written in the form (5) with nonvanishing jacobian
J as given by (8). Whenever % (or 9) appears as a subscript, the mean-
ing is the application of the mean (or phase) derivative (6). Only where
T is defined by an analytic polygenic function will the subscripts
denote formal partial differentiation with respect to % (or v).

In minimal coordinates, a parallel pencil of straight lines in the
(X, Y)-plane can be written in the form V—mU=const., where m is
a fixed constant, essentially defining the direction of the parallel
pencil. By the transformation T, this parallel pencil corresponds in
the (x, y)-plane to the family of curves

11 V(u, v) — mU (4, ) = const.

For this family to be isothermal, the left-hand side must be a func-
tion of a harmonic function. If A denotes the expression

Vuo — mU yo
Vu=mU)V, —mU,) ’
the condition that (11) be isothermal is
(13) Au/(Vu — mUu)= A/ (V, — mU,).
Substituting (12) into (13), this condition becomes
(Vo — mU)2 (Ve — mU)(Vauo — MU wu)
= (Vo = mUuo) (Vuu — mUua) |
= (Vu = mU)? (Vo = mU) (Vuwo — mUu)
= (Vur = mUu) (Voo — m Usy) .
Since this is of the fourth degree in m, it is obvious that, undera
given transformation T, there can be at most four parallel pencils of

straight lines in the (X, Y)-plane which correspond to isothermal
families in the (x, y)-plane, unless (14) is an identity.

(12) A=

(14)
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Now let the transformation T be such that there are more than four
such distinct parallel pencils of straight lines in the (X, Y)-plane
which correspond to isothermal families in the (x, ¥)-plane. Therefore
the preceding equation is an identity in m.

Since the jacobian J30, it follows that at least one of the expres-
sions U, or U, is not zero. Therefore the quantities (V,—mU,) and
(V,—mU,) are relatively prime in the indeterminate m. Thus since
each of these quantities are repeated factors of the identity (14), they
must each be factors of the bracketed expressions in (14). The full
discussion of the resulting identities is too complicated and will not
be given here.

In conclusion, we find that in the imaginary domain the set of
transformations

U=a(f() +k V=>0ufk)+E;
U=a®)f(w) +hk  V=>5b)f(u) + k;

where (k, k) are constants, possess the property of Theorem 1 besides
those there stated.

(15)

5. Discussion of harmonic maps of isothermal systems of curves.
We shall consider those systems of curves which are converted into
isothermal systems under harmonic transformations.

By appropriately changing the arbitrary constant to an isothermal
parameter, it is known that any isothermal system of curves in the
(X, Y)-plane can be written in the form

(16) F(U) + G(V) = const.

We shall obtain a condition on F and G that this system shall cor-
respond to an isothermal family in the (x, ¥)-plane under a harmonic
transformation 7.

Substituting the harmonic transformation 7: U=U(u, v),
V=V (s, v), where U,,=0 and V,,=0, into (16), we see that the cor-
responding family of curves in the (x, y)-plane is defined by (16) also,
in which the left-hand side is considered to be a function of (%, v).

The condition that this system of curves in the (x, y)-plane be
isothermal is

FoU, + GyVy,) ? [(FeU. +GyVy) (FUUUUiUu + GVVVVin)
— FooUU s + GryVuV) FoolU. + GrvV )
+ (UuVu — UV i) FovGrU, — FuGrvV) ]
= (FyUs + GrV.) [FuUs + G V) FoouUUs + Grrv V.V

— FooUuU, + GrvVuV o) Fools + GrvVy)
+ (U'v'vVv - UvVvv) (FUUGVUu - FUGVVVu) ].

17)
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THEOREM 2. The only isothermal systems of curves in the (X, Y)-plane
which correspond to an isothermal family in the (x, y)-plane by every
transformation of our harmonic set (H) are the parallel pencils of straight
lines.

This is deduced from (17) upon observing that it must be an
identity in the partial derivatives of U(u, v) and V(u, v). Hence
upon setting the coefficients of Uyu, Vuu, Uw, Vi equal to zero,
we find Fyy =0 and Gyy =0. Hence both F and G are linear integral
functions of U and V respectively. Therefore the family in the
(X, Y)-plane is a parallel pencil of straight lines.

6. Transformations whereby every pencil of straight lines cor-
responds to isothermal families. We wish to discuss in the real or
imaginary domain the transformations whereby every pencil (parallel
or not) of straight lines in the (X, ¥)-plane corresponds to isothermal
families of curves in the (x, y)-plane. Simultaneously we shall con-
sider the corresponding problem with respect to every parallel pencil
of straight lines and every set of concentric circles.

For this purpose, let F=log h, G=¢ log k where h=U— U,
kE=V—7V,and e=1. Thus (16) represents a pencil with finite vertex
of straight lines or a concentric set of circles according as e= —1 or 1.

Substituting these into (17) and simplifying the result, we obtain

(kU + ehV.) [2(kU. + hV.)(EULU, + b VoV
— (KU, + VIV ) EUs + i’V
— e(UuiVu — UuVui)(RU, — V)]
= (BUw + bV [2(RU, + ehV)(BUU: + h'VVD
— (FUU, + B VIV )EU, + b’V
— (UuVs = UVo) (U, — hV)].

(18)

This is a polynomial of the sixth degree in (%, k). We shall find all
harmonic transformations for which this is an identity in (&, k).

Upon setting the sixth degree terms equal to zero and simplifying,
we find

(1 + ¢ [RUU{RULY, + UV, + 20V,V,}

(19)
— WV {2kUU, + WUV, + UV,)}] = 0.

Upon setting the remaining terms of third degree in (18) equal to
zero, we find
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(BU, + €hV )2 (kU — BV ) (UuiVu — UuV i)
= (kUu + EhVu)z(kUu - hVu)( vaVv - U‘UVW))°

THEOREM 3. The only transformations in the real or imaginary
domain whereby every pencil of straight lines (parallel or not) in the
(X, Y)-plane corresponds to an isothermal family of curves in the (x, ¥)-
plane are the conformal maps, circle-to-line transformations, and prod-
ucts of conformal correspondences by circle-to-line transformations.

(20)

The set of harmonic transformations of Theorem 3 is
(21) U = aif(u) + big(v), V = asf(u) + bsg(v),

where f and g are analytic functions of % and v respectively with f, 0
and g,50, and (a1, b1, a2, b2) are complex constants such that aib.
—a2b5%0. In the real domain, the coefficients of g are the conjugates
of those of f, and (bs, a;) are the conjugates of (a1, b)) respectively.

To prove that (21) is the total set of harmonic transformations of
Theorem 3, it is observed that e= —1 in the identity (18). It follows
that (19) is satisfied identically. From (20), we deduce

(22) UuuVu ha UuVuu = 0, vaVv - U'quv = Oy

since the jacobian J of the transformation T is not zero.
From these equations, we find

Uu Vu Uv V‘U
(23) — = — = fu(u) # 0,
ay as bl b2

where f and g are analytic functions of » and v respectively, and
(a1, b1, as, by) are constants such that aibs—asb; 0. Thus it follows
that any harmonic transformation T of Theorem 3 is a conformal
map, or an affinity, or the product of a conformal correspondence by
an affine transformation. That the harmonic transformation T can
be written in the form (21) follows from the fact that any affine
transformation can be factored into the product of a translation by
an affinity which leaves the origin fixed.

The validity of Theorem 3 is established as a consequence of
Theorem 1 and the set (21).

= g,(v) # 0,

7. Characterization of the conformal group. In this final section,
we shall give a characterization of the conformal group in the real
domain and also in the imaginary domain.

THEOREM 4. The only transformations in the real domain whereby
every parallel pencil of straight lines and also every concentric set of
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circles in the (X, Y)-plane corresponds to an isothermal family of curves
in the (x, y)-plane are those of the conformal group.

In the imaginary domain, the complete set of transformations
possessing the property of Theorem 4 consists not only of con-
formalities but also of correspondences of the imaginary subset of
harmonic transformation

(24) U=alfw)+g@)], V=al[f(u)— k)]

where f and g are analytic functions of # and v separately with f, >0
and g,50 and (a1, @) are complex constants such that a;0 and
a:7#0. Any transformation of this set is the product of a con-
formal transformation followed by an affinity of the special form:
U=a:(u+v), V=a(u—0).

The proof of the above result is as follows. By Theorem 1, the
required transformation T is necessarily harmonic or else T is the
product of a conformal map by a circle-to-line transformation, or of
the form (15). However, it can be shown that a circle-to-line trans-
formation or one of the form (15) will possess the property of Theo-
rem 4 if and only if it is conformal. Hence only harmonic transfor-
mations need be considered for which (18) must be an identity and
e=1. From (19) and (20), we deduce the conditions

Uqu(Uqu + U':)Vu) = 01 Vqu(Uqu + UvVu) = 07

(25)
UwlViu— UuVuu =0, UV — UyVyo = 0.

If U.V,+U,V,50, we find from these that our transformation T
is conformal. Otherwise the transformation T must be necessarily of
the form (21) where U, V,+ U, V,=0.Hence b, =ra;, by= —ra,, where
##0. Upon replacing g(v) by the new analytic function g(v)/r we
obtain our set (24). Of course, this set is imaginary, since for any real
transformation T, the expression (U,V,+ U,V,) is always positive
and can never be zero. This completes our discussion of Theorem 4.

THEOREM 5. The only transformations in the real or imaginary do-
main which convert every pencil of circles into an isothermal family of
curves are the conformal maps.

Let the pencils of circles be in the (X, ¥)-plane. By Theorem 4, the
transformation T must be either a conformality or a correspondence
of the set (24). To prove our new result, it remains to show that, by
any transformation of this set (24), not every pencil of circles in the
(X, Y)-plane corresponds to an isothermal family of curves in the
(x, ¥)-plane.
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Let us suppose that, by a transformation T of the set (24), a para-
bolic pencil of circles P, in the (X, Y)-plane corresponds to an iso-
thermal family in the (x, y)-plane. Now T can be factored into the
product of a conformal map I' by an affinity of the special form:
U=a:,(u+v), V=as(u—v). Since the inverse of T' carries the given
isothermal family of curves into an isothermal family, it follows that,
by this special affinity, the pencil P, must correspond to an isothermal
family.

However, if the parabolic pencil of circles Py is taken to consist of
all the circles tangent to the Y-axis at the origin, it is an easy matter
to show that P, corresponds to a linear family of conic sections which
is not isothermal, under this special affinity. Therefore, by any
transformation T" of (24), the parabolic pencil of circles P, can not
correspond to an isothermal family.

The preceding arguments show that the only transformations T
with the desired property are the conformalities. Theorem 5 is
proved.
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