A NEW CONGRUENCE PROPERTY OF
RAMANUJAN’S FUNCTION r(n)

R. P. BAMBAH AND S. CHOWLA

In a joint sitting we guessed, with the help of Gupta’s tables, that

(1) 7(n) = nlc(n) (mod 9),
where

Srmyar = [ (1 — an)2 (|x] <)
and

ou(n) = 2 d¥, o(n) = a1(n).

din

Each of us obtained a separate proof of (1). But we publish only
one.
Proor oF (1). Writing

P=1-—24) o(n)an
1
Q=1+ 2402 o5(n)xm,
1

R=1— 504 o5(n)x",
1
Ramanujan proved that
1728 r(n)x™ = Q% — R2
1

Writing Jy (y=1, 2, 3, - - - ) for an integral power series in x with
integral coefficients, we derive from relations 8, 1, and 3, Table II1I,
p. 142 of Ramanujan’s Collected papers, Cambridge, 1927,

17283 r(n)x» = Q3 — R? = 5184 Y (nPos(n)x™)

— 2R? — 6P%Q% + 2P*R + 6PQR
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= 5184 (ndos(n)x™)
+ R(3PQ — 2R — P% — 3P(2PQ* — P’R — QR)

= 5184% n3os(n) 2™
+ (1 — 5047,) (1728§ n%(n)x“)
— 3(1 — 247,) (1728§ n%'s(n)x")
= 51842.:: nios(n) 2™ + 1728 i no(n)x"
1

— 5184 Y nlos(n)a™ + 24375,
1

Comparing the coefficients of x», we have

277(n) = 81ndcs(n) + 27n%s(n) — 81n2ss(n) (mod 243)

or
1(n) = n?(n) + 3(n® — n?)as(n) (mod 9)
= n2s(n) + 3(n® — n®)ao(n) (mod 9)
= n2s(n) (mod 9),
for if
n=0,1(mod 3) then #®— #2= 0 (mod 3)
while if
n = 2 (mod 3) then o(n) = 0 (mod 3).
COROLLARY.

7(n) = 0 (mod 9) for almost all n.
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