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Abstract. In this paper we compare topological methods and dynamical methods corresponding to recent
developments in the classification of inverse limit spaces of one dimensional maps on graphs. We elucidate the role
of shifting the periodic base point in applying Williams' theory. We exploit the Fox calculus to define and apply
the Bowen-Franks trace—a shift equivalence invariant of free group homomorphisms. We show that augmented
cohomology of certain suspensions associated with wrapping rules in a substitution yields augmented dimension
groups that have a relatively simple product structure. We complete the classification of a family of examples of
generalized solenoids initiated by R. F. Williams.

1. Introduction

The aim of this paper is to contrast older and more recent methods for classifying one
dimensional hyperbolic attractors or generalized solenoids. Thisisaproblem with two fronts:
dynamical classification (by conjugacy) and the topological classification of the solenoid. We
present some new results in both directions, but we want to provide some background first.

In the late 1960's, R. F. Williams (e.g. [16]) discovered a new way to think about the
conjugacy class of aone dimensional hyperbolic attractor 2 : S — S. Williams' classification
of such attractors (S, h) (or generalized 1-solenoids) relied on the shift equivalence of various
possible “presentations’ of S. A presentation isamapping pair (K, f) suchthat f : K — K
is a continuous endomorphism of a graph K, with inverse limit space lim(f, K') whose shift
map is conjugate to the given homeomorphism on S. Williams showed (in [16, Theorem
3.3] and Theorem 2.2 below) that two shift maps f1 and f», on presentations (K1, f1) and
(K2, f2), are topologically conjugate if and only if the maps f1 and f> are shift equivalent.
He was able to show further that shift equivalence is equivalent to “strong shift equivalence’
in the category of maps on branched 1-manifolds (connected graphs). This reduces checking
shift equivalence to seeking a sequence of “elementary” (or lag 1) shift equivalences.

Williams went on to link the shift equivalence of pointed presentations (corresponding
to pointed conjugacy classes of shifts £ : (im(K, ), %) = (im(K, ), %), ¥ = (x, x,...))
to the shift equivalence of 71 representations.

Williams defines the shift class S( f) of f to be the shift equivalence class of 71(f, x) :
m1(K, x) — m1(K, x). But as Williams observes, “More accurately, S(f, x), as al of this
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depends on the choice of base point.” This is, indeed, a key distinction: shift equivalence
of graph maps does not imply shift equivalence of group endomorphisms unless results are
carefully framed in the category of pointed topological spaces. Writing the 71 representation
as f, rather than, say, f. x iscommon enough but perhaps a bit reckless.

In fact, shifting the basepoint can alter the shift equivalence class of the group endo-
morphism (Example 4.5). There is no easy fix for this, as group endomorphisms simply do
not have base points. Only graph maps and solenoidal shifts have base points (in a pointed
category).

Hereisthe Williams classification theorem ([16]): See definitions below.

THEOREM. Suppose the elementary presentations (K;, f;), i = 1,2, satisfy
Axioms 2.1. Suppose fi(y;) = yi, i = 1,2. There is a pointed conjugacy r
(im(K1, f1), 31) = (IM(K2, f2), 32) of f1 with f» if and only if the fundamental group
homomorphisms 1 (f1, y1) and 1( f2, y2) are shift equivalent.

This theorem is most useful when combined with strong shift equivalence invariants for
free group homomorphisms. In Section 4, we describe the “bf-trace”, due to the authors of
[20], which combines the Fox (free) calculus and Bowen-Franks theory. We make use of this
to determine (in Proposition 4.7) the pointed and unpointed conjugacy classes of the set of 1-
dimensional hyperbolic attractors having the particular characteristic polynomial X2—3X —2,
alingering problem posed by Williamsin [16].

The purely topological classification of generalized solenoids has its own history (see
references in [1]), which has taken on new life with the discovery that tiling spaces can be
viewed as generalized solenoids.

In Section 5.1, we study a new invariant—augmented ordered dimension groups—for
topologically distinguishing generalized solenoids. These first appear in the paper [7]. Most
recently, these “Matsumoto” groups (e.g. [14]) were constucted more topologically in [4]
as augmented Cech ordered first cohomology groups. We prove that augmented dimension
groups typically have a simple computable product structure (Theorem 5.4). We show that
the order part of the cohomology invariant is preserved, under additional assumptions, only
if a new invariant, called the crossing group, is preserved by an order isomorphism (Theo-
rem 5.10). We exploit the crossing group to topologically distinguish some specific unpointed
solenoids and to complete the classification of a family of generalized solenoids, originally
suggested by Williams.

2. Conjugacy and shift equivalencein pointed topological spaces

We will formulate a pointed version of R. F. Williams' classification of 1-solenoids
([16]).

Let K denote adirected graph with vertex set V and edge set €, and suppose f : K — K
is a continuous map.

Consider the following version of Williams' axioms taken from [17]:
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Axioms 2.1.

1: K isdynamically indecomposable (connected, in this context).

2:  All pointsof K are nonwandering under f.

3. (Flattening) Thereisak > 1suchthatfor all x € K, thereisan open neighborhood
U of x suchthat f*(U) isanarc.

4. f isuniformly expanding on sufficiently small arcs.

5 f"|k\vislocally 1-1for n > Q.

6: f(V)CWV.

A Williams solenoid is defined to be the inverse limit space of apair (K, f) satisfying
each of Axioms 2.1. Such a pair will be called a presentation. The notation (K, f, x) will
mean that f(x) = x. Just to fix notation, put

lim(K, ) ={(x1.x2,...) : f(xns1) = xp, forn =1}

If f(x) = x, let x denote (x, x, x,...). Let f denote the shift map on lim(K, f) given by
1 x2,..) = (f(x1), x1, %2, ...).

Two graph presentations (K, f) and (K', /') are shift equivalent of lag k if there exist
mapsr : K — K’ ands : K’ — K, and a positive integer k, such that ¥ = s o r,
(fYf=ros, fos=sof,and f or =ro f.If (r,s) issuch ashift equivalence, then 7 :
I<iLn(K, ) — I(iLn(K’, [ givenby r(x1, x2,...) = (r(x1), r(x2), ...) isahomeomorphism
defining a conjugacy between 7 and f”

The presentation (K, f) is elementary provided K is homeomorphic with a wedge of
circlesand f fixes the branch point of K.

A key result about solenoidsisin R. F. Williams[16, Theorem 3.3].

THEOREM 2.2. Supposethat (K, f) and (K’, f’) are presentations. Thereisa home-
omorphism : [jm(K, f) — lim(K’, f’) conjugating f with f’ if and only if there s a shift
equivalence (r, s) from f to f’ suchthat i = r.

REMARK 2.3. It should benoted that thisresult does not depend on base points, unlike
results about 71 representations, which we now consider.

Shift equivalence categorically extends to homomorphisms of fundamental groups.

Suppose given homomorphisms ¢ : 71(K,x) — m1(K,x) and ¢ : 71 (K',x") —
71(K’, x"), there exist group homomorphisms r : m(K’,x") — m(K,x) and s
m1(K, x) — m1(K’, x") such that

pt=rs, Yyi=sr, ry=¢r, ad sy =¢r.

Then we say that ¢ and ¢ are shift equivalent of lag ¢.
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EXxAMPLE 2.4. Let K and K’ denote wedges of two circles and let (K, f) and
(K', ) be elementary presentations defined by the “wrapping rules’:

{f: a—>abba} and {f’: o — afafa }

b — aba B — «

wherea, b arethe oriented edgesof K and «, 8 thoseof K’. In Example 4.5 we will show that
the free group endomorphisms ¢ = 71(f, p) and v = m1(f’', p’) are not shift equivalent,
with p and p’ the branch points of K, K’. We show now, however, that f and f’ are shift
equivalent as maps.

Let x denote the fixed point of f in the interior of edge b, and let x” denote the fixed
point of f”intheinterior of edge«. Then x splits b into oriented edges b1 and b2 and x’ splits
«a into oriented edges o1 and . Symbolically, b = b1by and o = ajap. Letr : K — K’
ands : K’ — K begiven symbolically by

a — azfa1 o — boaabq
: and : ,
{r b — a0 } {S B — bab1 }

Then (r, s) isashift equivalenceof (K, f) with (K’, f). Inthisexample, (K, f) and (K, f/)
are different presentations of the same Williams solenoid, but with different fixed points of
the solenoids corresponding to the branch points p and p’.

3. TheFox calculus

We will state some basic facts from the free differential calculus originated by R. H. Fox
([112]). We have adapted the simple treatment dueto J. Birman ([6]) to the needs of this paper,
and the reader can consult that resource for proofsin this section.

Let F(as, ..., a,) bethe free group with basis as, . . ., a,. Suppose G denotes an arbi-
trary factor group of F(az, ..., a,).

Let ZG denote the integer group ring of al formal sums

Zag‘g,

geG

witha, € Z and ay, = 0 for al but finitely many terms (with 0 - ¢ = 0). Define addition and
multiplication in ZG by

Zagg—i-Zbgg:Z(ag—i-bg)g

(Se)(Z0) -5 (e )
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An element g of G acts by left multiplication to definea ZG automorphism by

g <an gk) = g
k k

Of course, ZG isaZ-module.

For j =1, ..., n,thereisaunique Z-module homomorphism
a
— :ZF (a1, ...,ay) > ZF (a1, ..., ay)
aaj
such that
. aa,-
(i) =3ij
aaj B
.. aa'il 1
(||) a—all = _8i’jai

a(wv)_ ow v
o o= (5) e ()

REMARK 3.1. If aword w inthe generators {a;} contains no inverses, which is often
the casein our applications, the Fox partial derivativesare very easy to compute: 37“’ = pij

where p; ; denotes the prefix of the j™ occurrence of a; in w. If w beginswith a;, the prefix
isdefined to be “1”. Inverses only slightly complicate this algorithm.

Suppose F(ay, ..., an), F(by,...,by), and F(cy,...,cp) aefree groups. A homo-
morphism ¢ : F(ba, ..., by) — F(as, ..., a,) replaces each occurrence of the letter by in a
word of F(b1, ..., by) by aspecificword in F(az, ..., a,). We extend the group homomor-
phim to ahomomorphism ¢ : ZF(bs, ..., by) — ZF(as, ..., a,) by

(Zagg)¢52ag¢<g).

Finally, if M denotes the matrix (m;,;) over ZG, then M? denotes the matrix (¢ (m; ;)) over
Z¢(G).

Giveng : F(b1,...,by) — F(as, ..., a,), define the free jacobian matrix with entries
inZ%F(ax, ..., ay,) asfollows:
0p(by) 3Py I$(by)
dag dar day,
0p(b2)  dpba)  P(b2)
Do = day daz day
0p (b)) 0P (by) 09 (by)

daq day day
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Consider the chain of free group homomorphisms
14 ¢
Fler, ..., cp) = Fba, ..., by) = F(ay, ..., a,).

Then the chainrule D(¢ ) = (Dy)? - D¢ holds.

REMARK 3.2. Althoughwe cannot find a particular reference with the chain rule writ-
ten in this fashion, it is equivalent to the chain rulein J. Birman ([€]), originally dueto R. H.
Fox.

ExampLE 3.3. Defineahomomorphism p : F(a, b) — F(a, B) by p(a) = ¢Ba and
p(b) = a. Also defineo : F(a, B) — F(a,b) by o(a) =aband o (B) = b.
Then po (@) = aBaa and po (B) = a. Also

D(po) = <1 + a,31+ aBa g)

1 4\’ 1 aBa
(%)p:(o 1) :<o 1)

Dp = <1 —i—loz,B g)

4. Bowen-Franksfactor groupsand traceinvariants

Given a free group endomorphism ¢ : F(as,...,a,) — F(a1,...,a,). The factor
group G4 generated by the relations [{¢ (ax) = ax}r, gh = hg] is called the Bowen-Franks
group of ¢ ([5]). Letbf : F(ay, ..., a,) - G4 denote the natural homomorphism.

Itiseasily checkedthatif T : Gy — Gy isanisomorphism, then the induced homomor-
phismt : ZG4 — ZG isanisomorphism of the associated group rings.

In the absence of strong clues, it can be quite arduous to decide whether two distinct
endomorphisms are shift equivalent. As part of his program to classify hyperbolic attractors,
and as a kind of test case, R. F. Williams ([16]) sought to determine the shift equivalence
classes of all—there are 46—free group endomorphisms ¢ arising as actions of orientation
preserving presentations on fundamental groups whose induced abelianizations A share the
characteristic polynomial 12 — 3¢ — 2.

By restricting to shift equivalences that preserve the number of generators, which are
more computable, Williams found the following (see Table 1):

FACT 4.1. Under the equivalence relation of shift equivalence of group endomor-
phisms induced on the fundamental group, based at the branch point, the elementary pre-
sentations with characteristic polynomial 12 — 3r — 2 fall into at most the four equivalence
classes represented in Table 1.
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TABLE 1. Elementary Presentations with Characteristic Polynomial 23 -2

| 1 1 v

g1(a) = a?ba go(a) = ababa g3(a) = a?pt gala) = ab?a

g1(b) =a g2(b) = a 93(b) = ab 94(b) = aba

Previously obtained results on this classification problem are as follows: The fact that
classes (1) and (I1) are distinct shift equivalence classes was first established in [15], using
combinatorial group theory, then in [17], using shift of finite type covers.

The strongest result along these lines (see [1]) is that the pair of 1-solenoids lim(K', g1)
and I(im(K , g2) not only fail to have conjugate shift maps but are not even homeomorphic
topological spaces. The authors of [10] use the bf-trace invariant (see below) to show the
following:

FACT 4.2. Classes (I) and (I11) in Table 1 are distinct and are each distinct from (11)
and (1V).

This leaves only classes (1) and (1V). We will show (in Example 4.5 below) that
1(g2, p) and 1(ga, p) arenot shift equivalent in the category of free group endomorphisms,
p the branch point, using the same bf-trace invariant applied to the squares 71(g2, p)? and
m1(ga, p)?.

We will need the following definition (see [10]).

Let (D¢)?' be the Bowen-Franks reduced Fox jacobian matrix asin Section 3. Then the
element T(¢) = Trace((Dg)?’) in ZG 4 will be called the bf-trace of ¢.

Provided the Bowen-Franks groups aren’t too large, the bf-trace is useful for separating
shift equivalence classes. Comparing traces is greatly facilitated by further reducing them
modulo some integer. The following result was proved in [10, Theorem 4.3] by a different
argument.

PropPosITION 4.3. If ¢ and ¢ are shift equivalent of lag 1, then there is an isomor-
phism (of Bowen-Franks groups) r : Gy — Gy suchthat T(¢) = T(¢)"*.

PrROOF. So we have ¢ = rs and v = sr. As observed in [5], there are canonical
isomorphisms

¢« Gy = Gy, VYs:Gy =Gy, re:Gy =Gy and s.:Gp— Gy,

that are factor maps, respectively, of the homomorphisms ¢, v, r, and s.

For ease in notation, the choice of Bowen Franks reduction (bf = bfy) is to be under-
stood by the context.

Inparticular, bf r = robf andbf s = s, bf. AlSO rys, = id and s,ry = id.
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Applying the chain rule and Bowen-Franks reductions yields
(D) = (Drs)*l = ((Ds)" Dr)? = (Ds)" "/ (Dr)"
(DY) = (Dr)* P (Ds)P ) = (Dr)P (D) T = (Dr)* (Ds)" "' .
That completes the proof, since, for al compatible matrix pairs A, B, we know that
trace(AB) = trace(BA). ]
COROLLARY 4.4. If ¢ and ¢ areshift equivalent (of arbitrary lag) thenfor all £ > 1,
T(¢*) = T(y*)*, where ry, denotes an isomorphism of Bowen-Franks groups of the powers
¢* and vk,
PROOF. If ¢ and y are shift equivalent, then so are ¢* and y* by [16]. Every shift
equivalence can be decomposed into a finite chain of lag 1 shift equivalences (Lemma4.6 in

[16]). By Proposition 4.3, each lag 1 shift equival ence preserves the trace up to Bowen-Franks
isomorphism. m]

ExampLE 4.5. Defineapair of free group homomorphismsin terms of generators, as
follows:

la, b] i labba, aba) [«a, B] i) [aBaBa, o] .

These endomorphisms arise from the shift equivalence classes (1V) and (I1) in the table above.
Our aim isto show that these lie in distinct shift equivalence classes.

WenoteG 52 = Zg, whereb® = 1, a = b°. Similarly G ;2 = Zg, where g% = 1, o = g°.

A computation shows T (¢) = [1+ab?+al?! = 2+b2and T(¥) = [1+af+(@B)P) =
2 + B2, so not much help here. Passing to the second powers, we obtain the Bowen-Franks
groups: G2 = (b) = Zg, a = b®and G2 = (B) = Zg. @ = g°. The integer term
in the monomial expansion of T(¢2) is 4, whereas the integer part of T(y/2) equals 2. By
Corollary 4.4, there is no shift equivalence between ¢ and .

PROPOSITION 4.6. There exists an elementary presentation, satisfying Axioms 2.1,
f : K — K with branch point p and afixed point x suchthat 71(f, p) = ¢ andz1(f,x) =0
with ¢ and 6 not shift equivalent.

PROOF. Let (K, f) beasin Example 2.4, with branch point p € K and second fixed
point x in edge b splitting b as b = b1ba. Then m1(K, x) has generatorsa = bzabz_l and
b = bobby*. Apply f to these generators to get

f(@) = f(baabyY) = (b2a)(abba)(a='byY) = aabb
f(b) = f(bobby) = (bpa)(aba)(a~*b,*) = aab.

Thus, & = m1(f, x) has the form [a, b] — [aabb, aab]. Let (K', f) be asin Exam-
ple 2.4 with K’ the wedge of circles o and 8, p’ the branch point of K’. Define the group
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homomorphismss : 71(K, x) — w1(K’, p)Yandr : m1(K’, p') — m1(K, x) by

s@ =af () =aab
s(l;)za r(B)=>.

Then (r, s) is a shift equivalence of § = m1(f, x) with m1(f',p) = ¢ : [a, B] —
[@BaBa, a]. In Example 4.5 we saw that ¢ and ¢ = m1(f, p) are not shift equivalent;
therefore, neither are ¢ = 1 (f, p) and 6 = w1(f, x). O

We return to the four part classification of R. F. Williams endomorphismsin Table 1.

PROPOSITION 4.7. Suppose K isa wedge of two circles. There are exactly three con-
jugacy classes of shift homeomorphisms f : I(im(K, f) — LiLn(K, f), for which (K, f) is
an elementary presentation such that the abelianizations have the characteristic polynomial
12 — 3t — 2. There are exactly five pointed conjugacy classes of such shifts.

PROOF. There are 46 positive endomorphisms of the free group on two generators
whose abelianizations share the characteristic polynomia 12 — 3r — 2, and each of these
is shift equivalent to one induced by an elementary presentation in Table 1 by Fact 4.1.

Each of the presentations (K, ¢g;),i =1, ..., 4fixesthe branch point p and an additional
point x; # p. For each i thereis an elementary presentation (K;, f;) with (f;, p) pointedly
shift equivalent to (g;, x;). We need to make this precise.

Moving the basepoint to x; (as in Example 4.5), onefinds K; = K,i = 1,2,4,isa
wedge of two circles, K3 is a wedge of three circles and the wrapping rules are as follows:
f1: la, bl = [baa,ba™; f> : [a,b] — [ab%a,abal; f3 : [a,b,c] — [ab%c, abc,ac] and
fa: [a, b] — [ababa, a]. Notethat fo = g4 and fa = ¢o.

We explicitly show that 71 (f1, p) is shift equivalent to r1(g1, p) asfollows: The con-
jugacy [a,b] — [, Bl, « = a~t, B = b1, yidds the homomorphism 6 : [«, B] —
[aaB, a*B] shift equivalent with 71(f1, p). Now the pair of homomorphisms r(a) =
a, r(B) = bba and s(a) = aaB, s(b) = «a defines a shift equivalence between 6 and
71(91, p)-

Since a conjugacy between f on I(iLn(K, f)and g on I(iLn(K, ¢) must arise from a shift
equivalence between f and g (Theorem 2.2), the foregoing cal culations show that there are at
most three conjugacy classes of shifts f : I(iLn(K, f) — I(iLn(K, f) represented by g1, g2, and
g3. Now if thereis a conjugacy from g; to g;,for somei # j, then the conjugacy either fixes
the point p = (p, p,...) or maps p to x;. Thus, either the group endomorphisms 1(g;, p)
and 1(g;, p) are shift equivalent, or w1(g;, p) and w1(f;, p) are shift equivalent.

We will know there are exactly three (unpointed) conjugacy classes if we verify that
1(f3, p) is not shift equivaent to either w1(g1, p) or w1(g2, p), as group endomorphisms.
The bf-trace T (m1(f3, p)) = 3isdistinct from the constant terms of both = (r1(¢1, p)) and
7(m1(g2, p)) (see Example4.5). Thus, (using Fact 4.2 and Example 4.5) the conjugacy classes
of g, i =1, 2,3, areadl distinct.
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We now want to show that 71(f3, p) and w1(g3, p) are not shift equivaent as group
endomorphisms'. We claim that f3 : lim(K3, f3) — |im(K3, f3) and g3 : [jm(K, g3) —
I(im(K , g3) are not conjugate by a conjugacy taking the fixed point p of gs to the fixed point
p of f3. Thebranched manifolds K and K3 are naturally oriented and g3, f3 preserve the ori-
entation. Hence, the inverse limits are orientable and any homeomorphism from lim(K3, f3)
to I(iLn(K 3, f3) either preserves or reverses the orientation. Suppose that / is a conjugacy of
g3 With f3 taking p to p with corresponding shift equivaences (r, s) from g3 to f3 (asin The-
orem 2.2). Then r and s both preserve or both reverse the orientation. Thus, the free group
homomorphism . takes|lettersa, b towordsina, b, cortowordsina =a~ 1, g =b"1,y =
c~1, and similarly for 5. Now (g3), hasaunique periodic right infiniteword: w = wiws - - -
with each w; € {a, b} such that (g3)* (w) := (g3)X (w1)(g3)%(w2) --- = w. Inour case, k = 1
and w = aabbbbaabbbbabababab---. Similarly, (f3). has unique positive and negative
periodic right infinite words u = abbbbcabcabcabcabcac--- andv = yayBBBBaya - --.
The homomorphism r,, must either take w to u or w to v (if orientation reversing). A straight
forward inductive argument shows that neither of the wordsu or v has a nonempty prefix that
isasquare. Since ry(w) = ry(a@)rs(a)r«(b) - - - = xxry(b) - - -, we see that g3 and f3 cannot
be conjugate by a homeomorphism that takes p to p.

We can now infer that there are five distinct pointed conjugacy classes represented by
(gi, p),fori =1,...,4and (g3, X3). ]

5. Ordered Cech equivalence of augmented solenoids

If the graph K is oriented and the presentation (K, f) is orientation preserving, thereis
a natural nonsingular flow ¢, on the Williams solenoid I(iLn(K, f) that satisfies f(¢;(x)) =
o (f(X), foral x = (x1,x2,...) € I(iLn(K, f), and X the Perron-Frobenius eigenvalue of
the abelianization of f. In case I(iLn(K, f) ishomeomorphic to the inverse limit of z — z" on
the circle—a classical solenoid—then ¢, is atrandation, and isometry, on a compact abelian
group. Otherwise, there are a finite number of forward asymptotic orbits of the flow; that
is, there exist x # y such that d(¢;(x), ¢;(y)) — 0ast — oo (similarly for backward
asymptotic orbits). In case (K, f) and (K’, f) are two orientation preserving presenta-
tions, an orientation preserving homeomorphism of lim(K, f) onto lim(K”, f) must take
forward (backward) asymptotic orbits to forward (backward) asymptotic orbits ([1], Lemma
3.5). Moreover, each asymptotic orbit contains a unique periodic point of £ so that a home-
omorphism between I(im(K , f) and LiLn(K ', g) must, up to isotopy, map the collection of as-

ymptotic periodic points, say Pf, to the like collection P;‘E of LiLn(K/, 9) ([1], Proof of Thm.
3.10), where the + superscript refersto forward (+) or backward (—) asymptotic orbits.

1onecan prove that it is not possible to distinguish the shift equivalence classes of 1 (f3, p) and 1(g3, p) based
solely on Bowen-Franks traces of powers.
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The orientation on I(iLn(K , f) induces an order structure on the Cech cohomol ogy
HYim(K, f), Py), with integer coefficients, and Py = P}, P;, or P} UP,. This
ordered group is called the augmented cohomology group of I(im(K, f). The augmented

cohomology group is closely related to the augmented dimension group employed by Carlsen
and Eilersto study substitutive systems ([ 7], [8]). The latter group is, in turn, a manifestation
of the Matsumoto Ko group ([14]) arising in C*-algebra theory. In this section we use the
following theorem to separate Williams solenoids.

THEOREM 5.1. [4] If (K, f) and (K’, g) are orientation preserving presentations,
and there is an orientation preserving homeomorphism between the WIliams solenoids

I(iLn(K, f)and I(iLn(K’, g), then the augmented cohomol ogy groups Hl(l(iLn(K, ), Pr)and

Hl(LiLn(K’, 9), Py) are order isomorphic.

The group F|1(I<im(1<, f)) isdetermined entirely by the abelianization of f. The space
I(im(K , )/ P contains some additional cocycles that may intertwinein an algebraically non-

trivial fashion with the generators of Hl(Lir_n(K, £))- In this way, HX(lim(K,, ), Ps) can
capture at least some of the nonabelian character of f, as we will see in the sequel. For any
such augmented cohomology group, thereisarecipe (see[4]) for constructing an “ augmented
matrix” whose dimension group is order isomorphic to the augmented cohomology group. In
the extended discussion at the end of this section, we will explain in more detail thisrecipein
the context of the Williams examples.

5.1. Ordered dimension groupsfor augmented matrices. Suppose A denotesad x
d nonsingular matrix over theintegers called the base matrix. The nonsingularity will greatly
simplify the exposition (see Remark 5.3). Let 7 denotethe k x k identity matrix, and E denote
ak x d rational matrix. Then an augmented matrix (A, E) isad + k square matrix of the

specia form
A O
(AE) = (E 1) )

We will say A isaugmented by E. The reader can verify that (A, E)1 = (A~1, —EA™ ),
and (A, E) x (B, F) = (AB, EB + F).

DEFINITION 5.2. The dimension group of a nonsingular matrix M is defined to be
theinfiniteunion Dy, = Umzo M~"Z" . When M = (A, E) with E ak x d integral matrix,
we will say that D 4 f is ak-augmented dimension group.

REMARK 5.3. While, for simplicity, we assume M is nonsingular in the sequel, suit-
ably adapted results would hold for the singular case. If det M = O, one replaces M by the
restriction of M to the eventual range R(M) = (),, M" (Q").

We now show that D 4 g has avery simple product structure in most cases.
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THEOREM 5.4, Given the k-augmented dimension group D 4 g suchthat A and A — 1
are nonsingular, there exist a subgroup D(E) Cc D4 and a lattice Ay = Zf.;lz - (pi,qi)
isomorphicto Z*, for some p; € Z¢ andg; € QF, suchthat D 4 isisomorphicto D(E)® Ay.
The subgroup D(E) hastheform( J,,-o A™" P wherePr = {p € Z¢ : E(A-I)71p e Z}}.

REMARK 5.5. Even though (A, E) can be block diagonalized to (A,0) = A & I,
this similarity transformation does not imply that the dimension group D 4 g is isomorphic
to D4 @ Z* as might be expected, unless the similarity transformation is invertible over Z.

In the sequel we will equate D4 g with the particular, easy to describe, product structure
D’AE = D(E) ® Ay of Theorem 5.4.

Let My 4 denote the group of k x d integral matrices. Theorem 5.4 shows that there are
at most ko = |My.a/Mx.a(A — I)| isomorphism classes of augmented dimension groups. We
can relate this to the Bowen-Franks group (Section 4) bf g(A) = 2¢/Z4(A — I).

COROLLARY 5.6. Thereareat most
ko = |bf g(A)[F < | det(A — D)|f

isomor phism classes for the family of k-augmented dimension groups D 4 k.
Now we prove Theorem 5.4.

PROOF. It will be convenient to replace D 4 g with the isomorphic group

, I 0 . .
Dy = (_E(A - ,) Dap={(A™"p,—E(A =D p+ Dl p:,

for all nonnegative integersm, and al (p, z) € Z% x Z*.

The group (—E(A — I1)~1z49) 4+ Z* is a submodule of the free Z-module det((A —
™1)ZzF and hence is a free Z-module having a set of k generators (nonunique)
g1, ... q} C Q.

As a consequence, there exist vectors (p;, z;) € Z¢ x Z¥ suchthat —E (A — )L p; +
zi = ¢qi. Putv; = (pi, q;) for eachi.

Definethe subgroup P = {p € 29 : E(A—1)"1p e ZK}.

Then we want to establish the following splitting:

D/A,E = U A_m'PE@ZZ-v,'.

m>0

We need to solvethe equation (A" p, —E(A—1)"1p+2) = (A" p, 00 + 3, L;v; for
p € Pr and ¢; € Z. From the definition of the set {¢; }, there exist unique integers {¢;} such
that Y. bigi = —E(A— D)1 p+z.
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Weareleftwith A™" 5 = A™" p— " £; p; tobesolvedfor j € Pr. But we can rewrite
thisas

p=p- Am(ZZiPi> =p—(A" - 1)(2&1)1’)
i i
=D tipi=p=) lipi+(A=Di
i i
for somer € Z¢. So, it is enough to show p — > i tipi € Pr. We have the two equations:
—EA-D'p+z=) tigg ad —EMA-D" (Zm) +z0=) ligi.
i i i

Subtracting yields the conclusion that E(A — I)"Y(p — 3, ¢ipi) € Z.

For the reverse inclusion, fixingm = 0, p = p; and z = z;, then (p;, ¢i) € CD/A)E, for
eachi = 1,...,k. If each ¢; = 0, we want to show that A~ p € CD’A)E, when there exists
zeZFsuchthat —E(A—I)"1p+2z=0. Hence, p = pandz = E(A— D)~ p will
do. O

EXAMPLE 5.7. Consider the 1-augmented matrices A; = <E]3 2) For j = 0,1,

these matrices appear in [7]. An explicit computation (using Theorem 5.4) shows that if
j#0anda; = (7— j)"tmod7, then

D), = <(7)) Z[y/21 @ (f/-’7) z.

If j=0,D 0= (é) Z[(1/2) <2> Z. All seven dimension groups are isomorphic.

As described at the beginning of the section, the topological invariant underlying aug-
mented dimension groupsis ordered Cech cohomology. In case « isanonnegative left Perron-
Frobenius eigenvector for an augmented matrix (A, E), an order is determined in D4 g by
x>y <& (x —y)-u > 0. A homeomorphism between oriented Williams solenoids either
preserves or reverses orientations and the induced isomorphism on augmented cohomology
groups (augmented dimension groups) either preserves or reverses the order. In either event,
theinduced i somorphism must preserve orthogonality to Perron-Frobenius eigenvectors. With
thisin mind, for v € R” definevt = {u e R" : v-u = 0.

In terms of augmented dimension groups, the order structure isreflected in the following
definition ((see[4] and [7] for more details).

Suppose we are given two augmented matrices (A, E) and (B, F) having, respectively,
the left Perron-Frobenius eigenvectorsu and v. Then theisomorphism C : Da g — Dp F is
an augmented order isomorphism if C(ut) = v.
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Order isomorphismsyield a new topological invariant, as follows:
Suppose A — I is nonsingular. Define the crossing group of the augmented matrix
(A, E) to be the quotient group

CG(A, E) = (E(A —n7izd 4 z") Yrid

The assignment v + (A — 1)Z¢ +— v + Z9(A — I) yields an isomorphism between the
Bowen-Franks groups bf g(A) and bf g(AT). Some additional dual characterizations of the
crossing group are as follows:

PrRoPOSITION 5.8. (&) CG(A, E) is isomorphic to a factor group of the Bowen-

Franksgroup bf g(A).
(b) Ifk=1,CG(A, E)=(E+2Z% C bfg(A). Hence, CG(A, E) isisomorphic to a
cyclic subgroup of bf g(A). If k > 1, and E hastherow vectorses, ez, .. ., ek, then

CG(A, E) is isomorphic to the subgroup of bf g(A)* corresponding to the direct
product of the cyclic subgroups (e¢; + Z4(A — 1)), fori =1,2,... k.

PROOF. (a): Thecosetmapn: v+ (A — DZ% — E(A — I)"1v + ZF iswell-defined
and defines asu_rjective homomorphismn : bf g(A) — CG(A, E).

(b): First, suppose k = 1. Fix agenerator £(A — )~ Yv1 + Z of CG(A, E), for some
v € Z¢4.

Consider the homomorphism & : v + Z%A-D > vA—D) v +Zforvez? Then
h(E + Z¢(A — I)) generates CG(A, E). The homomorphism » maps the cyclic subgroup
(E + Z%(A — I)) onto CG(A, E). Choose the least m (equal to the order of CG(A, E))
such that mE(A — I)"Yvy € Z. If mE(A — )™* ¢ Z? then there exists w € Z¢ with
E(A—1I)"'mw ¢ Z. But thiswould mean CG(A, E) containsacyclic subgroup whose order
does not divide m. Thusthe restriction of & to (E + Z4(A — I)) isan isomorphism.

Now suppose £ > 1 with E amatrix containing therowse;, i = 1,2,...,kof 1 x d
vectors. The crossing group (E(A — 1)~1Z? + Z*)/z¥ is naturally isomorphic to the product
[T¥ei(A — 17124 + Z¥)/Z. Each group summand (¢; (A — 1)712% + 2)/Z = (ei(A —
I)~Lv; + Z) for some choice of v; € Z¢. By the above remarks for k = 1, each component
cyclic group is isomorphic to the cyclic subgroup (e; + Z%(A — I)) of the Bowen-Franks
group. m]

ExampPLE 5.9. For instance, the crossing group for (A, E) = ((i g) ,(1 0)) is

1 1
CG(A.E) = 72/Z = <Z + z> =%

THEOREM 5.10. Suppose det(A), det(B) # 0, +£1, and the characteristic polynomi-
alsof A, B areirreducible over Q. Then the condition CG(A, E) = CG(B, F) is necessary
for the existence of an order isomorphismfromD 4 g to Dp F.
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ExAampPLE 5.11. If det(A) = #£1, then CG(A, E) need not be an invariant. For in-
2 3

stance, let A = B = <3 4>,

Then CG(A, E) = Zz and CG(A, F) = Z,. The dimension group of both examplesis
Z3. Theidentity map is certainly an isomorphism. Since the base matrices are the same, the
identity preservesthe orthogona spaceto theleft Perron eigenvector, and, thus, isan order iso-
morphism, despite the crossing group difference. In fact, these two augmented matrices arise
from specific wrapping rules, given by [a, b] +— [ab®ab, a®b*] and [a, b] +— [a®b®, a®b*Y]
(seetherecipein 5.1 below for obtaining augmented matrices from wrapping rules).

E=(11), adF = (2 3).

PROOF. Suppose that there is an order isomorphism of D4 g with D . Then there
is an order isomorphism C given by arationa (d + k) x (d + k)-matrix, acting on the left,
mapping Dy . onto D'y .

Since C is rational, we have C(u;") = w;- for the left Perron conjugate eigenvectors
ui,w; fori = 1,2,...,d, of (A, E) and (B, F) respectively. The intersection (u; =
0 ® RKisC-invariant.

By Theorem 5.4, since C fixes 0 x R¥ and preserves dimension groups, and, therefore,
their intersection 0 x Z* = D/, , N0 & R = D} . N0 & R*), it followsthat 0 Z* is
C-invariant and that C hasthe (d, k) block decomposition

C; O
C =
(H Ck)
with Cy invertible over Z.

Since C(D)y ) = D, we know that

(Ca(A™"p), HA™" p) + Ch(—E(A = D' p+2) = (B~ p/, =F(B—D)"'p' +2)

for p, p € Z? and z, 7/ € Z*.

From Minkowski’s Theorem, and det(A) # 0, £1, the element zero is not isolated in the
dimension group D 4. The nonzero rational vector space W = (1), spang (Da N B:\{0})
is A-invariant, where B, denotes the ¢ ball about 0. It follows that spang (D N B:\{0}) =
W = Q< since the nested intersections must stabilize at some fixed ¢ > 0 and A has no
proper nontrivial rational invariant subspaces. Thus, span; (D4 N B:\{0}) C D4 is e-dense
inRY.

It follows that H(R?) = 0, since H is continuous with discrete values, and that C is
block diagonal, relativeto RY x RX.

We now know that Cx (—E(A—1)"Y(2%)+2F) = —F(B—I1)"1(2%)+Z* and C(Z¥) =
Zk. Therefore C; induces the guotient map Cr : CG(A,E) — CG(B, F). Since Cy is
invertible, C; is agroup isomorphism. O
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ExAamMPLE 5.12. Which matrices in Example 5.7 have order isomorphic dimension
groups? The crossing group for j = 0 mod 7 is trivial while all the others have crossing
groups isomorphic to Z7. The cases j # 0 mod 7 correspond to order isomorphic dimension
groups, as the reader can check.

We now can write the “final chapter” on the Williams examples featured in Section 4
(Table 1) onthe dynamical classification of solenoids. We want to indicate how the augmented
matrices are obtained from those presentations.

Suppose we consider a solenoid with an elementary presentation on a wedge of two
circles (K, f), where f denotes one of the four classes of wrapping rules g;, i = 1,2, 3,4
described in Table 1. The general construction can be found in [4]. The spacelim(K’, f) has
exactly one pair of forward (and one pair of backward) orbits asymptotic under the natural
flow, each invariant under the square £2. Each of the flow orbits contains a unique fixed point
of f2. If, for somelettersi # j, f(i) isaprefix (suffix) of f(j), we say that f hasaprefix
problem (suffix problem). In the recipe for finding augmented matrices given below, it is
somewhat simpler to start with wrapping rules with no prefix or suffix problem. In the present
case, we can readily find wrapping rules (Williams presentations) that are shift equivalent to
gi in Table 1 and do not have a prefix or suffix problem.

Assumethis has been done and select fixed points (underlined bel ow), one on abackward
composant, one on a forward composant, that correspond to word factorings of the form:

(backward) f%(a) = pax, f%(b)=pby panonempty prefix, and

(forward)  f%(a) =uas, f2(b)=vbs sanonempty suffix.

Then the 1-augmented matrix for (K, £2) is (M?, E) where M is the transpose of the
2x 2 transition matrix for f, as cohomology suggests. (Thegroup D2 ; isorder isomorphic
with AX(im(K, f), Py), for the case Py = P} U P;). The (2x1)-matrix E = (e1 e2)
has e1 equal to the number of occurrences of a inthe word p s and e2 equal to the number of
occurrencesof b in p s.

It should be of some interest that one can obtain the crossing group at this juncture,
without passing to the augmented matrix first, as follows:

Suppose we are in the setting with &k = 1, and there are pairs of forward and backward
asymptotic composants. The asymptotic group of the wrapping rule £2 above is given by
the

AG(f?) = (p o))

viewing {a, b} as generators of the Bowen-Franks group, and the word p s asin the descrip-
tion of the asymptotic composants. In other words, AG is the cyclic group generated by the

reduction of p s to the Bowen-Franks group of f2.
Since this is just the second representation of the crossing group in Propositon 5.8, ex-
pressed in terms of the original symbols, we obtain the following result:
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ProPOSITION 5.13. The crossing group and asymptotic group are isomorphic; i.e.,
CG(A, E) = AG(f?)
We now return to the Williams examples, described in Table 1. For example, given g3

with wrapping rule, gs(a) = a?b*, ga(b) = ab, then theimages of g2 factor as follows:

(backward) a +— a®b%a a b*ab)* and b+ a’b%a b {}, and

u s v s

“2d 24 T 22 T
(forward) b+ a“b"a“b abab a bab and b+ a“b* b bab.

The wrapping rules for g3 do not have a prefix/suffix problem. Consequently, we can
directly apply theforegoing algorithm. It followsthat pointsof K fixed by g§ corresponding to
the“a” ing3(a) = pasandthe"b” in g5(b) = p b, liftedtofixed (by 32) pointsin lim(K, ga)
that lie on backward asymptotic composants, and there are corresponding fixed points on
forward asymptotic composantsin I(ir_n(K , g3). Therelevant word is p s = aabbbbabab and

the augmented matrix is
8 12 0
(M3, E3)=[3 5 0].

4 6 1

The Bowen-Franks group of g5 haspresentation (a, b | b® = 1, a = b*). Theasymptotic
group for g2 is

CG(A, E) = AG(g3) = ((p, )P = ((a®b*(ab)®?) = (p?) = Z4.

To treat the prefix/suffix problem for the rules g1, g2, replace g1 with g1 : [a,b] —
[abb, abab] and g> with g> : [a, b] — [aba, aabaa] (taken from Williams original reduction
to Table 1).

In like manner to the construction for g3, one computes the pair of augmented matrices

8 3 0
(M3, E;) =12 5 0|, forthewrappingrule, : [a,b] — [aba, aabaal,
6 2 1
56 0
(M?,E;)=|6 8 0|, forthewrappingrulej : [a,b] — [abb, abab].
6 8 1

Here M1, M, M3 are the transposes of the transition matrices for the wrapping rules gener-
ated by g1, g2, ga, respectively.
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Thecrossing groupsare CG (M2, E1) = Z/4Z CG(M3, F3) = Z/4Z and CG(M3, E3) =
Z/2Z. As aconsequence, I(im(K ,g1) and I(im(K , g3) are not orientation preserving homeo-
morphic to I(im(K , g2). The symmetry of g» induces an orientation reversing self homeomor-
phism of I(iLn(K, g2). Thus, I(iLn(K, g1) and I(iLn(K, ¢3) are not orientation reversing homeo-
morphic with I(im(K , g2) €ither.

Unfortunately, the dimension groups of (M2, E3) and (M?, E1) are order isomorphic,
with an explicit isomorphism given by the matrix

110
c=1|1 2
11

= O

Can we topologically distinguish the unpointed solenoids lim(K, g3) and lim(K, g1) by
some other method? The answer is “yes’. Because the Perron-Frobenius eigenvalue of the
base matrices is a Pisot number, there is an additional topological invariant associated with
so-called proximal composants. While this invariant does topologically separate these two
Williams solenoids, the topic is not in the scope of this paper. We refer the interested reader
to the preprint [2].

This observation does alow us to obtain the following topological classification corre-
sponding to the Williams exampl es.

PROPOSITION 5.14. Consider the four classes of wrapping rules given in Table 1 in
Section 5.1. The solenoids corresponding to these rules have exactly three homeomorphism
classes, the same as the (unpointed) conjugacy classes.

References

[1] M.BARGEand B. DIAMOND, A complete invariant for the topology of substitution tiling spaces, Ergod. Thy.
and Dynam. Sys. 21 (2001), no. 5, 1333-1358.

[2] M.BARGEand B. DIAMOND, Proximality in Pisot tiling spaces, preprint, 2005.

[3] M. BARGE, J. JACKLITCH and G. VAGO, Homeomorphisms of one-dimensional inverse limits with applica-
tions to substitution tilings, unstable manifolds and tent maps, Contemporary Mathematics, 2002.

[4] M.BARGEand M. SMITH, Augmented dimension groups and ordered cohomol ogy, preprint, 2004.

[5] R.BoweN and J. FRANKS, Homology Theory for zero-dimensional basic sets, Annals of Math 106 (1977),
73-92.

[6] J. BIRMAN, Braids, Links, and Mapping Class Groups, Annals of Math. Studies 82, Princeton University
Press, N.J., 1974.

[7] T.CARLSEN and S. EILERS, Augmenting dimension group invariants for substitution dynamics, Ergod. Thy.
andDynam. Sys. 24 (2004), 1015-1039.

[8] T. CARLSEN and S. EILERS, Ordered K-groups associated to substitutional dynamics, preprint
(www. mat h. ku. dk/ ei | er s/ papers/ cei v), 2004.

[9] F. DURAND, A generalization of Cobham’s theorem, Theory Comput. Syst. 31 (1998), no. 2, 169-185.

[10] W. DicksoN and C. ATHORNE, Algebraic invariants for one-dimensional attractors, preprint, 2001.



(11
(12

[13]
(14

[19]
[16]

(17

NEW TECHNIQUES FOR CLASSIFYING WILLIAMS SOLENOIDS 157

R. H. Fox, Free differential calculus and free groups, (Abstract 228) Bull. Amer. Math. Soc. 55 (1949), 512.

J. FRANKS, Flow Equivalence of subshifts of finite type, Ergodic Theory and Dynam. Sys. 4 (1984), no. 1,
53-66.

D. LIND and B. MARcUS, Symbolic Dynamics and Coding, Cambridge University Press, Cambridge, UK,
1995.

K. MATSUMOTO, Presentations of subshifts and their topological conjugacy invariants, Doc. Math. 4 (1999),
285-340 (electronic).

Y. UsTINOv, Algebraic Invariants of topological conjugacy of solenoids, Mat. Zametski 42 (1987), 132-144.

R. F. WiLLIAMS, Classification of 1-dimensiona attractors, Proc. Symp. Pure Math. AMS 14 (1970), 341—
361.

I. Y1, Canonical Symbolic Dynamicsfor one-dimensional generalized solenoids, Trans. Amer. Math. Soc. 353
(2001), 3741-3767.

Present Address:

MATHEMATICAL SCIENCES,
MONTANA STATE UNIVERSITY,
BoOzEMAN, MT 59717-0240, USA.



