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Pseudo-differential Operators
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(Communicated by Késaku Yosipa, M. J. A., April 12, 1988)

§1. Introduction. In a rigorous treatment of quantum mechanics
it is basically important to consider the problem : Is a quantum Hamiltonian
self-adjoint? In the present paper we state several theorems on the essen-
tial self-adjointness of pseudo-differential operators with Weyl symbols.
Applying the theorems we can show the essential self-adjointness of Weyl
quantized Hamiltonians.

In [8], M. A. Shubin gives a proof of essential self-adjointness of
pseudo-differential operators by using a global hypo-elliptic estimate.
However, we can obtain the theorems without use of hypo-ellipticity. In
order to get our main result we use an algebra of spatially inhomogeneous
pseudo-differential operators, which are studied, for example, in [1], [3]
and [4].

We do not give detailed proofs of the theorems here. The detailed
proofs will be published elsewhere.

§2. An algebra of pseudo-differential operators. We give here some
results on pseudo-differential operators. The results have already been
obtained fundamentally by Iwasaki [3] and Kumano-go and Taniguchi [4],
however, we have to reproduce some of their results in a suitable form to
our purpose.

Definition 2.1 (see [3] and [4]). A smooth function A(z, &) on R?X R?
is called a basic weight function if

O 1<i(z+y, HSCKYy) Az, &),

2 128, 1K C pa(m, &)1 Ietaial for any « and g,
where ¢ and § are non-negative constants with 0<6<1, (y>=1+|y)"* and

15, = (—zb%)ﬁ(—a@g) 2@, ).

Definition 2.2 (see [3] and [4]). Let m,d and p be real numbers with
0<o<p<1l. We say that a smooth function p(z, &) belongs to the class
ST ,.5 if p(x, &) satisfies

|05, &)| K Cophla, y)mrletotél for any « and g.

Let S denote the Schwartz space of rapidly decreasing functions on R?.

For p(z, &) € S, , we define operators p(X, D) and p*(X, D) on S by

(X, D)u(z) = 2x)~ j ¢ ep(z, £)iUE)de,
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0" X, D)= @0)* [ ee-rep( LY, eJutwayde.

Then we have the following theorems.

Theorem 2.1. (i) Operators p(X, D) and p*(X,D) are continuous
from S to S. If p(x, &) is real-valued, then the operator p*(X, D) is sym-
metric on S: (p*(X, D)yu, v)=(u, p*(X, D)v), where (-, -) denotes the inner
product on L*(R%).

(ii) If p(x, &) e Sy, then we have

lp(X, D)ul|<C|pl ||ull
[p“(X, Dyul|<C|pl, |ul,
where ||-|| denotes the norm on L*(R?),
|pli= max Sup {IpG) (@, O] (=, Hr'=-211,

lal+ |81 (%,
and 1 is a sufficiently large integer.

Theorem 2.2. (i) If pJx,& eSSy, (k=1,2), then there exists a
symbol p(x, &) € S74%™ such that
(X, D)p(X, Dyw(x)=p(X, D)u(x)  for ues,
and we have the asymptotic expansion

»(z, 5)~§Zjo 'z, 8),

where

P, )= 3 i'p{‘”(x, )Py (5 &).
lal=j &+

(ii) If p(x,&) e Sy, then there exists a symbol p(x, &) e ST, ; such
that
p* (X, D)u(x)= (X, D)u(x) for ueS,
and we have the asymptotic expansion

f)(x, &)"’ji;o pj(w’ ‘S),

where
e,9=(2) = Lps@e.
2/ 1ar=i a!

§3. Essential self-adjointness of pseudo-differential operators. In
this section we assume that m >0, 0<3<o<1 and we consider a real valued
symbol p(z, &) in S?, ,. We work in the Hilbert space L*(R%).

Theorem 3.1. If p(x, &) satisfies
3.1) lp&x, ©)|1<KC oy, &) 1A, &)~ rlel 1P
for any « and B, then the operator p*(X, D) is essentially self-adjoint on S.

A sketch of the proof. We have only to show that the sets {p”(X, D)
+iu}(S) are dense in L*(R?) for some positive constant p=+0 (see [7]). We
prove this by constructing the symbols ¢z (x, &) € S},,,, which satisfy
3.2) {p*(X,D)+iy}-q: (X, Dyu(x)=u(x)+7; (X, D)u(r) foruedS,
where 7:(X, D) are bounded operators with

(3.3) =X, Dul< S |u|  forued.
u
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We can construct the ¢ (x, &) by using the theorems in Section 2. It follows
from (3.2) and (3.3) that {p*(X, D)x iy} q=(X, D) are bounded operators on
L*(R%) with bounded inverses. Since ¢*(X, D) are continuous from S to S,
we can see that the sets {p“(X, D) +¢u}(S) are dense in L*(R?) for sufficiently
large ¢>0. Q.E.D.
The following theorem is an easy consequence of Theorem 3.1.
Theorem 3.2. If p(x, &) satisfies
p(@, '+ s > (m, O™
for some constants y, and ¢,>0, then the operator p*(X, D) is essentially
self-adjoint on S.

By a similar method to the proof of Theorem 3.1, we can obtain the
following result.

Theorem 3.3. Assume that p(zx, &) is non-negative and satisfies (3.1).
If a smooth function V(z) is real valued and satisfies that V(x)+p>1,
| V(@)|<Cled” and

|0°V (@) |<Co{V (2) + 1.}
for some constants p, and M, then the operator p*(X, D)+ V(x) is essentially
self-adjoint on S.

It is desirable to show that the operators are essentially self-adjoint
on Cy(RY). To do so, we need a lemma.

Lemma 3.1. There exist positive constants C and s such that

Ilp(X, D)u|| < C | t|lm,s for ue S,
where || ],.=[[<DY™(zy*ull.

Using this lemma we have

Theorem 3.4. If p“(X,D) is essentially self-adjoint on S, then
p*(X, D) is essentially self-adjoint on Cy(R?).

From this theorem we can deduce the variants of Theorems 3.1, 3.2
and 3.3.

Examples (see [2], [6] and [6]). Let a(x)= (a,(x), ---,a,(x)) satisfy
|0°a,(®)|<C, for any a+0. Put plz,&={&—a(@)+»}” @>0). Then
taking A(x, &)= {|é—a(x)[*+1}'”* we can see that the symbol p,(z, &) belongs
to S%,, and satisfies the assumption of Theorem 3.2. Hence p¥(X, D) is
essentially self-adjoint on S. Thus, by Theorem 3.4, p*(X, D) is essentially
self-adjoint on Cy(R%). Furthermore, if V(x) is a smooth function satisfy-
ing the assumption of Theorem 3.3, then p*(X, D)+ V(x) is essentially self-
adjoint on S, and consequently essentially self-adjoint on Cy(RY).
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