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§1. Summary. The Toda equation with two time variables
A1) XY logt,—t,t, ./t (X:ﬁ_, y=219, t,;:t,,(x,y))
ax oy

can be solved using solutions of the confluent Euler-Poisson-Darboux
equation
1.2) XY+ 2X+a—n)u,=0.
Rational solutions, confluent hypergeometric solutions and solutions
which can be expressed by hypergeometric functions with two varia-
bles are obtained.

§2. Backlund transformation of a separated solution. As is
shown in our previous work ([11)
2.1) t,=F(n) exp ((« —n)xy)
where F(n+1)F(n—1)/F(n)*=a—n, F(0)=F(1)=1, satisfies the Toda
equation (1.1).

2.2) r,=XY logt,=a—n, s,=Ylogt, ,/t,=x

satisfies

2.3) Yr,=r.(8,—S$.:1), X8, =7y 1—7.

Put

2.4) M, =XY+s, . X+r,=XY+xX+a—mn,
X,=—r'X=(n—a)'X, Y,=Y4+s,.,=Y+x.

Define

(2.5) T={u,=unla; 2, 9); Mu,=0, u,.,=Y,u, n>0),

Uy =X U, (n<0)}
then we have

Theorem 2.1 (Bicklund transformation). If u,e T then we have
M,u,=0, Up1=Y U, U1 =X, U, (n=0, +1,+2,...) and t,=u,t, sat-
isfies the Toda equation (1.1).

§3. One-parameter groups on T. We can obtain three linearly
independent first order partial differential operators which commute
with M, (modulo M,).

Theorem 3.1. X=X+v,Y and Z=yY —zX commute with M,.

We can construct three one-parameter groups of linear transfor-
mations and a finite group which keep T invariant.
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Thgorem 3.2 (Main theorem). If u,e T then
G Xu.e,=eru@+2,y),  V(ule, Y=, y+p),
Z,Wu.(x, y)=e"u,lex, ey),
3.2) Ru,(a;x,y)=(—D"0—-a)e""u_,(1—a,y, —x)
belong to T. X(l), Y(y) and Z~,,(v) are one-parameter groups of linear
transformations with generators X,Y and Z =YY —xX4n respec-
tively. Fach of these one-parameter groups and their corresponding
generators keep ker M, invariant. {R'=id., R, R*, R*}is a finite group.
We can show the following commutation relations.
Theorem 3.3 (Commutation relations). For any values of complex
numbers A, p and vy we have
3.3)  XWY¥@w=e*Y(wX®, XWZ.0)=Z.wXeED,
lf(ﬂ)Zn(v)=Zn(v2 Y(e'w), . o
3.4) XY= —-DX®W), XNZ,=Z,—21X)X(Q),
YWz,=Z,+:D) ¥, TX=E+n¥(,
Z,WX=eXZ, (), Z,WY=e"YZ,0),
35 RAYy=YX%-1, XZ,=Z.,-1DX, YZ,=(Z,+1)Y,
3.6) XWR=RY(-», Y@WR=RX(w, Z.WR=RZ.(-v),
8.7 XR=-RY, YR=RX, Z,R=-RZ,.
§ 4. Eigenfunctions. Eigenfunctions of Z, are given by con-
fluent hypergeometric functions ,F,(«, 8; 2).
Theorem 4.1. Dimension of the vector space T N {u, € ker (Z,—p)}
is 2. Its bases are given by
4.1) Jule, B 2, ) =A, (@), F(a—B, n+1—8; —zy)
=A,@e " Fi(n+1—a, n4+1-8; 2y),
9, B; 2, Y) =R fola, —B; 2, )
=B,W).Fila—n, 1+p—n; —2zy)
=B,(ye " F(14+B—a, 1+8—n; 2y),
where A, (x)=01—a),2"*/1—p)., B.(y)=(—=1)"(—p),y*". For j=0,
1,2, - -« we have the following relations.
4.2)  (—XVfua, B; 2 9=, ule, B+7; 2, V),
(=Y) fula, B; @, Y)=a—p),;/A—P)) fula, f—7; %, ¥),
X'9.(a, B; 2, ) =(A+B—0a);,/ A+ PG, B+7; 2, Y),
(=YYg.(a, 852, y)=(—PB);9.(a, p—7; Z, Y.
Theorem 4.2. A base of 1-dimensional vector space
TN{u,ecker Y}=TN{u, cker Y Nker (Z,—a)}
s given by
4.3) Do=x"""=fua,a;x,y).
4.4) Xp,=e"(x4)""
18 a base of 1-dimensional vector space
TN {u, € ker (Y —)}="T N {u, € ker (Y — )} Nker (Z,—a—2X).
(4.5) ¢.=Rp,=(—D"Q—a),ey* ' ""=g,(a,a—1;2,¥)
18 @ base of 1-dimensional vector space
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T~ﬂ {u, € kegX}:Tﬂ{un e ker X Nker Z,+1—-a)}.
(4.6) Y(pq,=RX()p,=(=1)"A—a),e " (y+p)='-"
18 a base of 1-dimensional vector space
TN {u, eker (X +m}=TN{u, e ker (X +p) Nker (Z,+1—a+uY)}.
§5. Rat}onal solutions. Theorem 5.1 (Rational solutions).
6.1) P, ,=Xp,/p.=(a—n)(—2)""F(—k,n+l—a—k; —zy)
is a homogeneous polynomial of order k in (xz71, y).
(5.2) pn=a—n+XY log Pn,k=(a'—n’)Pn+l,kPn—l,k/P3L,k,
o,=x+YlogP,_ /P,
s a mtional.‘solutio"@ of the Toda equation (2.3).

B, .=Z: X0,/ XDPy  Qui=Y"q/0n Que=2:Y()q./ Y1),
are essentially polynomials and give rational solutions of the Toda
equation.

§6. Hypergeometric solutions. By eigenfunction expansion we
can construct various solutions of the Toda equation. If

(6.1) un=i a; fole, B+ei;x, y) (¢ is an integer)
7=0

converges then it belongs to T. If we choose ¢ and a; suitably then
we can express u, by hypergeometric functions with two variables of
order two which we can find in Horn’s list ([2]).
Theorem 6.1 (Hypergeometric solutions). «, 8,48, @’ and B’ repre-
sent arbitrary constants.
() e=1, a,=(@),(B),/ ()",
_ s (=), @) (nl—a),
(6.2) u,=A,(®)e ]Zk - @71 k! A C )
=A,(@)e "H,(B—n,a/,n+1—a,d; 7", —2y)
=F,5; —X) fa B;2,9),
6.3) u,(x, 0)=A,(x).F(a/, f—1n,5; 7).
If we choose 6=14 53— then we have
_ (a/)j(ﬁ"‘n)j-k —i(__ K
(6.4) u,=A, () jZ;‘c _(1_*?5:;;:]' L I;!vx (—2y)
=A@ (,a—B,—n; —x7', 2y)
= Fo,1+p—a; —X) fula, B; %, 1),

(6.5) U, (2, 0)=A, (@), —1, L+ B—a;x7?).
(i) e=1, a;=(P),/(®),7!,

(6.6) u,=A,@e "HB—n, n+1—a,d; 27!, —2xy)
=F\@3; —X) S, B 2, 9),

6.7 U (2, 0)=A,(@).F,(p—n,5; 2.

If we choose 6=1+p—a then we have

(6.8) U, =A, (@) (a—B, B—n; —x', xy)
= FA+p—a; —X) fla, B; x, ),

(6.9) (@, 0)=A, (@), F(B—n, 1+B—a; x7").

A, (@)e "Hy(p—n, n+1—a,d; 7%, —2y),
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A, @)e B, n+1—a,f, n+1—-8; 2, xy),
A, (@)D (a—B, f, n+1—-8; —2xy, ®),
A, (@)e"D(f', n+1—a, n+1—p; x, 2Y),
A, @)e P ,n+1—a, n+1—§; xy, x)

also belong to T. We used Pochhammer’s notation.

Z (0(1) (0()
F s Oy Bus vy Bes R)= —j_._J"_.LJ,
» q(“ s B Pas?) JZ=:° (ﬂl)/"‘(‘Bq)ﬂ!z
(a),=F(j+a)/F(a)-
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