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135. A Note on Distributive Sublattices of a Lattice

By Saburo TAMURA
Yamaguchi University

(Comm. by Kenjiro SHODA, M. J. A., Sept. 13, 1971)

In [1], B. J6nsson gave a necessary and sufficient condition for a
subset of a modular lattice to generate a distributive lattice. R. Balbes
proved J6énsson’s theorem without using Zorn’s lemma in [2]. In [3],
we gave a necessary and sufficient condition that the sublattice gener-
ated by a subset H of a lattice should be distributive. In this note we
prove this theorem without using Zorn’s lemma. And then the condi-
tion for the case of H={x, y, 2} is expressed by seven lattice polynomial
equations.

§1. The finite join of elements in H is called a U-element. The
set of all U-elements is denoted by H, and dually the set of all N-ele-
ments by H,. The finite join of elements in H is called a UN -element.
The set of all UN -elements is denoted by H, and dually the set of all
NU -elements by H;.

Two modular laws will be expressed by

s @nou®dneo=>(aneud)Ne, and

p*r (@UonNdUe=(aUcNd)Uec.

Four distributive laws will be expressed by

0: (@nNoUu®ne)=@uUdbne,

0*: (@Ue)N®Ue=(@Nb)Uec,

4: Ur, (@nNy=J"~, 2) Ny, and

4% N @Uy =k 2) Uy

Theorem 1. Let H be a nonempty subset of a lattice L. In order
for the sublattice of L generated by H to be distributive, it is necessary
and sufficient that

4 holds for any z,, - -+, %n € H and any yec Hg,

M holds for any a ¢ Hy and any b,ce Hn, and

©* holds for any b e H,, and any a,cec H .

Proof. The modular laws used in the proof of [2] are only those
laws mentioned above.

Corollary 2. Let (H) be the sublattice generated by a nonempty
subset H of a lattice. The following four statements are equivalent.

(i) <H> is distributive.

(ii) 0 holds for any a,b,cec H .

(iii) 4 holds for any %y, + -+, % € H and any y c H,,, and

p* holds for any a,b,ce H .
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({iv) 4 holds for any %, -+, %, c H and any ye Hg,

¢ holds for any ac H,, and any b,ce H,, and
p* holds for any be Hy and any a,cc H .

§2. Each of the following six nonselfdual distributive laws is
called o-law.

o: zNUa)=@NyU@N2).

02): yNEUx=wN2UwNx).

03): zN@Uy=ENa)UENY).

0*): 2UMWN2=E&Uy) N@EU=2).

0*(2): yUNx)=(@wUz) NHU).

0*3): zU@Ny=kUx)NEUY).

Each of the following twelve nonselfdual modular laws is called
p-law.

@ zNUEN))=@Ny U@N?).

p@): 2NEUENy)=@N2)U@Ny).

p2: yNEU@N)=wN2UEN).

p22): yNn@U@n)=wN2)UNe).

p@): zNEEUENY)=cN2)UENY).

¢r@3): zNUEND)=ENy) UEN).

) zU@@N@U)=@UyN@U2).

p*AN:zUENE@EU)I=@U2N(@UY).

p*2): yUN@wUx)=wU2)N(yU).

p*@):yU@nN@U)=@wUx)N(yU=2).

p*¥@B): zU@NEU)=rUx)NEUY).

#¥@3):zUNEUD))=Uy NEU).

The following selfdual distributive law is called D-law.

D: wnaunNna)U@Ny=@wUxNEUx)N@Uy).

Each of the following three selfdual modular laws is called M-law.

M®: nNauN@U)=(yN2)Ux)N(yUz2).

M©@): Nou@NEU)I=>(zN2)UyN(EU).

M@): @nypUEN@U=>(zNy»U)NEUy).

Lemma 3. Let L be a lattice and x,y,2c L. Assume seven lattice
polynomial equations d(1), u*(3), u(2), p*), p(3), u*@2), and M(Q).
Then all d-laws, p-laws, D-law end M-laws are asserted.

Proof. d(1) and p*(3) imply 0*(3).

@Ux)NEUY)
=zU@NEUY) ----. By ¢*@3)
=zU@Nx))U@Ny) ----- (By o(1))
=zU(@Ny).

We shall denote this fact, as follows,

o) @) 5x(3).
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Using this notation, we shall have the following sequence of the
proof.
#53) #2) # (1)

“3) #42) |

o) 0*(3) 0(2) 0*(2).
Thus we have all d-laws.
0(1) and 0*(2) imply p(1).
2N U @N2)
=zN@Ux)NU2) --... (By 0*(2))
=xN(yU?)
=@NyUuU@nz) -.... By o)
Similarly all pu-laws are proved by using two d-laws.
0(1), 0*(1) and M(1) imply D.

0*(H)—0(3

wWNaUEN2)U@NY)
=yNaUnNuUz) ----- By é(1))
=((wNnaUux)N@Uz) ----- (By M(1)
=wUadNEUN@EUy) ----- By 6*(1))

0(2), 0*%(2) and D imply M(2).

GNo)UNEU)
=NUNAUNL) ----- By 6(2)
=Ux)NUN@YUx) ----- (By D)
=(Nx)yUyNnEux) -.--. (By 0*(2))

Similarly M(3) is provable.

Theorem 4. Suppose L is a lattice and x,y,zc L. In order for
the sublattice of L generated by the set {x,y, 2} to be distributive it is
necessary ond sufficient that

zNyUz)=@NyU@ENz),

dU@ENEUI=EU2)NEUY),

yNUN2)=wNaUHN),

zU@N@U)=@UyNxU?),

zZN@UGENY)I=ENx)UENY),

yUGN@U))=@wU2NYU), and

WN2AUEN@U)=(yN2)Ux)N(HYU2).

Proof. We can prove it tediously but easily by Theorem 1 and
Lemma 3.
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