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1. Introduction

In the following, the standard notation of Nevanlinna theory (e.g., see
Hayman [7]) will be used.

Hayman [8] gave a striking example of a meromorphic function f(z) in the
whole plane such that 5(co, f)=1 but co is not an asymptotic value of f(z). To
point out that the singular behaviour of this f(z) is essentially associated with the
irregular growth of Nevanlinna characteristic T(r, f), he picked up several sorts
of smoothly growing conditions of T(r, f), under which certain deficient values
are asymptotic values.

In [8, Corollary 2], Hayman proved that, if a meromorphic function f(z)
satisfies the smoothness condition

0] T@r,f) ~T(r,f) (r—> o),

then any deficient value of f(z) is an asymptotic value of f(z). Further, extending
the result [3, Theorem 4] and answering to the question [2, 2.57], Anderson [1]
proved that for f(z) satisfying (1), if w is a deficient value of f(z), we can find a
path I’ going to co and satisfying

(€] L(r,I)=r(1 +o(1))  (r— )
along which
liminf, . (log 1/|f(2) — w)/T(|2l, f) 2 o(w, f) (W # o)
liminfy, ., (log | f(2)D/T(Iz], f) 2 6(w, f) (w = o0)
where L(r, I') is the length of the arc I'n {z: |z| <r}.

The aim of this paper is mainly to extend this Anderson’s result to mero-
morphic functions of positive order p (p <1/2) satisfying the smoothness condition

3 lim sup, . x™*T(r, /)" T(xr, f) S 1

for any x (x> 1), because meromorphic functions satisfying (1) have order 0 (see
Hayman [8, p. 130]). But, we could not get any result corresponding to (2),
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since we did not use the method depending essentially on Boutroux-Cartan’s
lemma which provides an estimate from below for the modulus of a polynomial.
So, Hayman conjectures that it would be possible to take an asymptotic path I
in our results which has also the property

L(r, ') = O(r) (r-> ).

It seems that this (3) is a natural generalization of (1) to higher order p (0=p
<1/2) of T(r, f). In fact, we have Hayman’s result [8, Corollary 2] by putting
p=0 in Theorem 3 which says that if (3) and

o(w, f) > 2p

are satisfied, w is an asymptotic value of f(=z).

We introduce another smoothness condition which generalizes the concepts
of ‘very regular growth’ and ‘perfectly regular growth’ in the sense that T(r, f) is
compared not only with r?» (0=<p<1/2) but also with r*(”: there exist a proxi-
mate order p(r) (p(r)—p) and two constants ¢,, ¢, such that

4 O0<ec Sliminf,, r?MOT(r, f) < limsup,,, r?MOT(r, f) < ¢, < + 0.

We shall also consider an analogous problem for the functions satisfying (4)
instead of (3) to obtain sharper results. As one of them Corollary 5 is a result
sharper than Hayman’s [8, Corollary 3].

Our results are deeply based on problems of finding a path on which an
entire function g(z) having the smooth growth of

B(r5 g) = max|z|=,log Ig(z)l

grows quickly, and the problems also depend on Denjoy integral inequality
(Lemma 2) whose proof is completely elementary and which is far-reaching. It
should be remarked that we need the value of the constant K as accurate as
possible, in obtaining the following type of results: There is a path along which

lim inf,, ., B(zl, g)* log g(2)] = K.

The author would like to thank Professor W. K. Hayman and Professor M.
Ohtsuka for their help in preparing this paper.

2. Definitions and a lemma

Let h(r) be a positive non-decreasing function defined on the interval (R, o0),
where R is a positive constant. For p=0, we put

C(x, r) = x~Ph(xr)/h(r).
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We say that h(r) satisfies the smoothness condition (A) of type (p, c), if h(r) satis-
fies the condition:

lim sup,., C(x, 1) S ¢
for any x (x>1). Itiseasytoseec=1.

REMARK 1. Let Ah(r) satisfy the smoothness condition (A) of type (p, c).
For any u (u> p), put

Xo = (¢ + )Y/ w=»
and then take ry such that
Clxg, 1) Sc+1 (r=ry.
Then,
h(xor)/h(r) = x5 (r 2 1o).
Now, for any r (r=r,), choose an integer p such that
x§ = rfro < xBtL
We have
h(r) = h(x§*1ro) = (xG*1)*h(ro) = (xo/ro)h(ro)r*  (r 2 1o).
This shows that
lim sup,_, log h(r)/logr < p.

In the following, we shall consider only the smoothness condition (A) of
type (p, c), where

p = lim sup,_,,, log h(r)/log r.
A differentiable function p(r) that satisfies the conditions
lim,,, p(r) = p, where p =0 isa constant,

and

lim,_,, rp'(r)logr =0

is called a proximate order (see Cartwright [4, p. 54] and Levin [10, p. 32]). In
the following, p(r) always denotes a proximate order. We remark (see Cartwright
[4, p. 55 and p. 58] and Levin [10, pp. 32-35]) that p(r) has the following prop-
erties:

) rP(xr)pn —xf  (r — 00)

for any fixed x>1, and
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6) g tmHtape®Odt ~ (o0 — p)~irape) (r - )

r

for any constant o (o> p).
Let p (p=0) be a constant. If there exist a proximate order p(r), p(r)—p
(r—0), and a constant ¢ (c=1), such that

1 £ liminf,, , r?Mh(r) < limsup,.. F"Mh(r) £ ¢ < + 0,

we say that h(r) satisfies the smoothness condition (B) of type (p, ¢).
It is easily seen from (5) that if h(r) satisfies the smoothness condition (B) of
type (p, ¢), then h(r) also satisfies the smoothness condition (A) of type (p, c).

REMARK 2. The case that there exist a p(r), p(r)—p (r— ), and two con-
stants ¢,, c, satisfying (4) can be reduced to the case that h(r) satisfies the smooth-
ness condition (B) of type (p, ¢,/c,) by considering a new proximate order p(r)
+log ¢, /log r.

We give a lemma which will be used in the next section.

LEMMA 1. Let c, p and o be three constants satisfying c=1, p=0 and o> p.
Let x (x>1) be a number satisfying

o > logc/log x + p.
If h(r) satisfies
h(xr)[h(r) £ cx? (r Z 7o)

for some ry, then

Sw -4 y()dt < S(x: p, a, r2h(r)  (r = ro)
where
S(x: p, o, ¢) = a~Le(x* — 1)/(x2=° — ¢).
PrROOF. Put
u = logc/logx + p.
Then, we have
h(xr)/h(r) = x*  (r 2 ro).
Since
h(x#*1r) < (x#)i*1h(r) (rzry) (i=0,1,2,3,...),

we get
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+1p
t~(+a gy

r

§°° ORI S F o hxi* ) |

< a1 — X7 h(r) Do ()

= S(x: p, a, )r~*h(r) (r=rp).

xi
xi

Now, consider the function S(x: p, &, ¢) of x for a triple (p, «, ¢), 0<p<1/2,
c=1, a>p, and denote the greatest lower bound of S(x: p, «, ¢) on the open
interval (c1/(==2) ) by m(p, a, ¢). When ¢>1 and p>0, m(p, a, ¢) is attained
at a unique value x=X(c)=X(p, o, ¢) on (c/*=?) ). When ¢=1 or p=0,
m(p, o, c)=c/(e—p). Further, put

d(p, a, ¢) = {cam(p, «, c)}1/=P),
Since
S(x: py o ©) Z a7l = DI~ 1) 2 (1 = p)7,

it is seen that d(p, a, c)=1.

3. Integral functions of order less than 1/2

Let g(z) be an integral function. We denote
A(r, g) = min; -, log |g(x)] .
Throughout this section, we shall take B(r, g) as h(r) in section 2.

LeMMA 2 (Denjoy [5] and Kjellberg [9, pp. 17-18]). Let g(z) be an integral
function of order p (0= p<1/2) for which g(0)=1. Then, for any o (p<a<1/2),

re Sw {A(t, g) — B(t, g) cos na}t~1*9)dt > ¢~ (1 —cos na)B(r, g) (0<r<o0).

LEMMA 3. Let g(z) be an integral function of order p (0<p<1/2) for which
g(0)=1 and B(r, g) satisfies the smoothness condition (A) of type (p, ¢) (c=1).
If a is any constant satisfying p<wa<1/2, then for any k,

@) k> d(p, a, c),
we can find ro>0 such that

A(t, g) > B(t, g) cos na
for some t in any interval (t, kr) (r=r,).

PrOOF. Suppose that p is positive. From (7), we can choose ¢, (c;>c),
sufficiently close to c, such that
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k > caS(X(cy): p, a, c)V/ @,
Since

lim sup,_, C(k, r) < ¢

we can also choose ry such that
®) a1 > C(k, r)S(X(cy): p, &, ¢ kP~ rzry.
Further, choose ry (ro=r,) such that

B(r, g)"'B(X(cy)r, 9) S ¢y {X(cp}r  (r 2 7o)
from the fact

lim sup,_, , C(X(c,), r) < c.

Then, since we have

o > logc,/log X(c,) + p

from the fact X(c,)>c}/(*=#), we obtain
Sw = (*OB(t, g)dt < S(X(cy): p, &, c)r™B(r, g)  (r 2 1)
by the aid of Lemma 1. Thus, we get

e S:’ (A(t, 9) — B(t, g) cos ma}t-(1+a)dy
< (1 = cos n)reS(X(cy): p, &, ¢) (kr)~2B(kr, g)
= (1 — cos m))S(X(cy): p, &, ¢;)C(k, )k?~*B(r, g)  (r 2 ro).

Since g(z) has order p, we finally have from Lemma 2 that

re Skr {A(t, g) — B(t, g) cos ma}t~(1t=)d¢
> (1 — cosna) {a~t — S(X(c,): p, &, ¢;)C(k, P)kP~*}B(r, g)  (r =ro)

in which the right-hand side is positive from (8) and the left-hand side is also
positive. This fact gives the conclusion in the case 0<p<1/2.
In the case p=0, choose ¢; (¢, >c), sufficiently close to ¢, and c, satisfying

o > logc,/logc,.

If we replace X(c,) with ¢, and put p=0 in all the previous expressions, we also
obtain our conclusion in this case.

LEMMA 4. Let g(z) be an integral function of order p (0= p<1/2) for which
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B(r, g) satisfies the smoothness condition (A) of type (p, ¢) (c=1). Then, for any
constant o, p<a<1/2, we can find a polygonal path going to o along which
lim inf};| . B(lzl, g)~' log |g(2)| =2 ¢™*{d(p, , c)}~2* cos ma.

Proor. Since we evidently have the conclusion with d(0, a, 1)=1 in the
case that g(z) is a polynomial, we can assume that z= oo is an essential singularity
of g(z). Then we may assume g(0)=1 from the fact

lim,_ , B(r, g)~tlogr = 0.
Now, for each
k,=d(p, o, c) + n1 (n=1,2,3,.),
take a constant r§" and a sequence {t{"’} such that
kirg® < 0 < kit (j=0,1,2,3,..)
and
log lg(2)| = A(t”, g) > B(tf, g)cosner (2] = 1{)
by Lemma 3. Then, the set
{z:loglg(z)| > B(t{, g) cos ma}

which includes {z: |z|=1{"}, contains {z:|z|=1{?,}. Hence, we can connect
both points z=1{" and z=t{?, with a polygonal path I'{" in {z: /" <|z| <¢{%,}
on which

log |g(z)| > B(t{, g) cos ma.
Here, if we choose ™ (r{" =r{M) such that
kzeB(lzl, ) 'B(kylzl, ) S c + n7t (2] = (™),

we have

log |g(z)| > B(t%, g) cos na = B(k;;2|z|, g) cos na

= ky2r(c + 1/n)"2B(|z|, g) cos na
for zeI'{M, |z|=2r{"k2. Thus, we get the polygonal path
[y=Usol®  (n=1,2,3,..)
going to co on which
log lg(2)] > (¢ + 1/n)"2{d(p, &, ¢) + 1/n}"2*B(|z|, g)cos nax (|2 = r{”k2).

Now, choose a sequence {j,} of integers such that
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tfi):‘) > r(ln)klll, t(~"+1) > t}l,:) (n — 1, 2’ 3’)

Jn+1

and make a new path I' in the following way: As soon as we reach the circle
{z: |z|=1{} along I',_,, we move along the circular arc C, until we reach z=1{"
and then move along I', (n=2, 3, 4,...). It is also possible to replace C, with a
polygonal path in
{z: kel < |z| < 193
on which
log |g(z)| > B(t\", g) cos noe = B(|z|, g) cos ma.

Jn
Then, we finally get
loglg(2)] > [e7*{d(p, o, ¢)} 27 cos ma — o(1)]B(lz], g)  (lz] - o)

on the path I" going to 0.

In the following, we denote by M(p, ¢) the least upper bound of the function

M(a: p, ¢) = ¢ 2{d(p, o, ¢)}~2?° cos na
of o on the open interval (p, 1/2). In the case p>0, we see from the fact
lim,_,, .o d(p, ®, ¢) = + 00
that there is an a, (p <oy <1/2) such that
M(p, ¢) = M(ay: p, ).

Also we see that M(0, ¢)=1/c2.

THEOREM 1. Let g(z) be an integral function of order p (0=p<1/2) for
which B(r, g) satisfies the smoothness condition (A) of type (p, ¢) (c=1). Then,
we can find a polygonal path going to oo along which

liminf,. B(|z], )~ log |9(2)| 2 M(p, ¢).

ProoOF. In the case p>0, this immediately follows from Lemma 4, if only
we put a=0a, there. Hence, we shall consider the case p=0.

For each a=1/m (m=1, 2, 3,...), we denote the sequence and the number
corresponding to {t{”} and r{® in the proof of Lemma 4 by {t{"»} and r§"™,
respectively. Now, for each a=1/m (m=1, 2, 3,...), make a polygonal path I,
corresponding to I” in Lemma 4, on which

loglg(2)l > {c"2cos m~!n — o(1)}B(lzl, g)  (|z] - o0).
Further, choose an ri™ such that

loglg(2)l > {c"2cos m™'n — m~'}B(|zl, )  (lz| Z r§™)
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on I',, and choose a sequence {i_} such that
m mS
gmm) > pgm - gmtlmt) 5 gmm) (=1, 2, 3,..0).

Im+1

Now, we make a new path I' from {I',,} in the following way: As soon as we
reach the circle {z: |z|=t{™™} along I,,_,, we move along the circular arc to a
point on I,, and then move along I',, (m=2,3,4,...). It is also possible to
replace the circular arc with a polygonal path in

{22 tmm 2 |z] > hiprgnm)
where h,,=d(0, 1/m, ¢)+1/m, on which
log |g(2)] > B(t{™™, g) cos m~'n 2 B(|z|, g) cos m=1x.
Then, we get
loglg(2)] > {¢™? — o(1)}B(|zl, 9)  (Iz] = )
along I'.
REMARK 3. Suppose that there exists a 0 (6 > 1) such that
lim sup,_,, x?B(r, g)"'B(xr, g) < 1
for any x (1<x<d). Now, take any x (x> 1) and choose an integer p satisfying
OF < x < oPFL,
If we put y=x/®*D_we see that for any ¢>0, there is an r, such that
B(r, 9)"'B(yr, g) = (L + 8)y>  (rzro).
Since
B(r, g)~'B(xr, g) = B(r, 9)"'B(y**'r, g)
S+t =1 +ePtlx? (r2ro),

we get

lim sup,_, ., x™?B(r, g)"'B(xr, g) £ 1

for this x. Thus, it is seen that B(r, g) satisfies the smoothness condition (A) of
type (p, 1), if and only if there exists a d (0> 1) such that

lim sup, . x~?B(r, g)~!B(xr, g) < |
for any x (1<x<9).

CoRrOLLARY | (Anderson [1, Theorem 2]). If g(z) is an integral function
for which
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BQ2r, g) ~ B(r,g)  (r— c0),
then we can find a polygonal path going to oo along which
lim inf, ., B(|z|, )~ log |g(2)| = 1.
Proor. Take d=2 in Remark 3, since
1 < B(r, 9)7'B(xr, g) = B(r, 9)7'B2r, g) > 1  (r—> )

for x (1<x<2). The required conclusion follows from Theorem 1 because of
M@, 1)=1.

Let p, « and ¢ be the numbers satisfying 0<p<1/2, p<a and 1=Zc. We
denote by M*(p, c) the least upper bound of the function

M*(a: p, ¢) = (1/c)?*/ @[ (a0 — p)]?/(@=P) cos Tt
of « on the open interval (p, 1/2). In the case p>0,
M*(p, ¢) = M*(ay: p, ©)
for some o, (p<ag<1/2) and further in the case ¢>1
M*(p, ¢) > M(p, ¢)
because of the fact
S(X(0): p, o, ©) 2 a ' [{X()}* — 1)[{X()}*™? — 1] > (x = p)~".

In the case p=0or c=1

M*0, ¢) = M(0, c¢) = 1/c3.

The following Theorem 2 shows that we can have a result sharper than
Theorem 1, in the case that B(r, g) satisfies the smoothness condition (B) of type
(p, ¢) where 0<p<1/2 and ¢>1.

THEOREM 2. If g(z) is an integral function of order p (0< p<1/2) for which
B(r, g) satisfies the smoothness condition (B) of type (p, ¢) (c=1), then we can
find a polygonal path going to co along which

lim infy, ). B(z|, )" log |g(2)| =2 M*(p, ¢).

ProoF. We can assume ¢g(0)=1. Now, let & be any number satisfying
p<a<1/2. Since for x>1

o S‘” {A(t, 9) — B(t, g) cos ma}t-(+0dt < (1 — cos mo)r= gw -+ B(1, g)dt
xr - xr

< (1 ~cosna)(c + o(1)) (o — p)~trrtxe—2 (r > )
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from (5) and (6), we get
re er {A(t, g) — B(t, g) cos ma}t~(te)dt
> (1 — cos ) [~ {1 — o(1)} — (& — p)~*{c + o(1)}xP~2]rr(" (r = )
by Lemma 2. Thus, if we take any x satisfying
x > {(a — p)ea}t/ ==

we can make the right-hand side positive for sufficiently large . On the other
hand, we have for any x> 1

B(r, 9)7'B(xr, g) = {c + o(1)}x?  (r— o)
from (5), since
{l —o(1)}r*®™ < B(r, g) < {c + o(D}r*®  (r— o).

Hence, if we use both these facts, we obtain the conclusion in the same way as in
Theorem 1.

4, Meromorphic functions of order less than 1/2

First of all, we remark that the smoothness of the growth of T(7, f) is com-
patible with the largeness of the deficiency i.e., for any p (0<p<1/2) and any v
(0=v 1), there exists a meromorphic function of order p for which

0(co,f)=v and T(r,f)~ Kre (r - ),

where K is a constant (see Edrei and Fuchs [6, pp. 247-248] and Hayman [7,
pp. 117-118]).

Throughout this section, we shall mainly take T(r, f) as h(r) in section 2.
Now, we shall give Theorem 3 which generalizes Hayman [8, Corollary 2].

LEMMA 5. Let g(z) be an integral function for which N(r, 1/g) satisfies the
smoothness condition (A) of type (p, 1). Then,

lim sup,, N(r, 1/9)"n(r, 1/9) < p.
ProOOF. Put
N(r, 1/g)"'N(xr, 1/g) = C(x, r)x®.

Then, for any x (x>1), we have
n(r, 1/g)log x < S t=n(t, 1/g)dt

= N(xr, 1/g) — N(r, 1/g) = {C(x, r)x* — 1}N(r, 1/9)
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which gives
N(r, 1/g)~'n(r, 1/g) S {C(x, r)x? — 1}/logx  (x > 1).
This immediately gives the conclusion, since

lim,,, (x* — 1)/logx = p and limsup,,,C(x,r) <1 (x>1).

THEOREM 3. Let f(z) be a meromorphic function in the whole plane of
order p (0= p<1/2), for which T(r, f) satisfies the smoothness condition (A) of

type (p, 1). Then, if
o(w, f) > 2p,

w is an asymptotic value of f(z).
PrOOF. We can assume w= oo without loss of generality. Since
N(r, Yf =w) ~T(r, f)  (r— o0)

for all w outside a set of capacity zero (see Nevanlinna [il, p- 264]), we can
choose wy (wy # ) such that

© N(r, 1/(f = wo)) ~ T(r, f)  (r—> ).

Further, we can write
f(2) = wo = g1(2)/g,(2),

where g,(z) and g,(z) are both integral functions of order at most p, having no
zeros in common. (In fact, g,(z) has order p by (9).) Since

T(, f) ~ NG, 1/g,) (1 - )
from (9) and

1) log (N(r, 1/g)'N(t, 1/g)} = u'NGu, 1/g.)*n(u, 1/g,)du

s{p+o()}logr't (r— )

from Lemma 5, we obtain
Tt f) s (L + (7' T(r, /)  (t2r2ree)
for any ¢>0. This yields

lim sup, .., 21 T(r, £)~1r1/2 §°° 32T, f)dt < (1 — 2p)1,

since ¢ is any positive number. Hence, Hayman [8, Corollary 1] gives the
conclusion.



Asymptotic values of meromorphic functions of smooth growth 207

QuEesTioNs.  We can also prove from Hayman [8, Corollary 1]: If f(z)is a
meromorphic function of order p (0=p<1/2) for which T(r, f) satisfies the
smoothness condition (B) of type (p, ¢) (c=1) and w is a value such that

6w, f) > 1 = (1 = 2p)fe,

w is an asymptotic value of f(z).

This result in the case c=1 is the same one as Theorem 3. Hence, we can
ask according to Hayman [8, p. 144]: Is the constant 2p sharp for the functions
satisfying the smoothness condition (A) of type (p, 1)? We also ask whether all
deficient values are necessarily asymptotic values for the functions satisfying the
smoothness condition (B) of type (p, 1). Is the constant 1 —1/c also sharp for the
functions satisfying the smoothness condition (B) of type (0, ¢) (¢>1)?

Let I' be a polygonal path going to co. We put
lim inf ) o cer (l0g 1/1£(2) — WD)/ T(lzl, f) (W # o0)
lim inf;| . o .er (log | f(2))/ T(|2l, £) (w = )

THEOREM 4. Let f(z) be a meromorphic function in the whole plane of
order p (0= p<1/2), for which T(r, f) satisfies the smoothness condition (A) of
type (p, 1). If ‘

G(W,f)={

o(w, f) > 1 — P(p)

where
P(p) = (1 — p)M(p, (1 — p)™1),
we can find a polygonal path going to oo along which
Gw, f) 2 (I — p)~H{o(w, f) — (1 — P(p)}.
Hence, if 0<p<1/2 and
o(w, f) > 1 — S(p)
where
S(p) = (1 — (1 = p)C=VODL2(1 — p)p/I=0 — 1D (1 = (2p)'/?)
we can find a polygonal path going to oo on which
G(w, f) 2 (1 — p)~{P(p) — S(p)} .

ProoF. We can assume w= oo without loss of generality. In the same way
as in Theorem 3, we can choose wy (W, 7 00) such that f(0)# w, and

(11) N(r, 1(f = wo)) ~ T(r, ) (r—> ).



208 Hidenobu YosHIDA

Further, we can write
f(2) — wo = 94(2)/9:(2),
where
g)(z) =z 4.+ at z=0.
Then, we obtain
(12) T(r,f) ~ N(r, 1/9,) = B(r, g,) + O(1)
=§: log (I + t=1A)dn(t, 1/g,) + O(1) < rgw 2N (1, 1/g,)dt + O(1)
(r — o)

from (11) and

a3 TN 1g)d S NG g (@ - 7t + o(1)
= TO, N = P o) (r > <0)

from (10). These (12) and (13) show that B(r, g,) also satisfies the smoothness
condition (A) of type (p, 1/(1—p)). Hence, from Theorem 1 and (12), we can
find a polygonal path I' going to co on which

(14) log |g.(2)| > {M(p, (1 — p)™") — o(1)}B(lzl, g1)
2 {M(p, (1 = p)™) — o(D}T(|zl, f)  (lz] = ).

On the other hand, we have
loglg,(2)l §So log(1 + t~'r)dn(t, 1/g,) + n(0, 1/g,)logr

< [T raN g s (1= 60, 1) + oy {2 T e (12l = 1 c0)

from the fact

N(r, 1/g;) = N(r, f —wo) = N(r, f) < {1 = &(c0, ) + o(D}T(r, f) (r— c0).
Hence, we get
(15) loglgz(2)| = {1 — &(o0, f) + o(D}T(|z], /) ((1 — p)~' + o(1)) (|z| > ),
since

P{7 02T pdr < 1+ o (7 o2NG, g par

r

ST N —pt+o1)  (r—> )
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from (11).
Thus, from (14) and (15), we finally have

log [f(2)| ~ log|f(2) — wol| = log|g.(2)| — log|g,(2)|
> (1 = p)7{d(c0, ) — (1 = P(p)) — o(}T(|zl, f)

along I’ as |z|—>o0.
To get the latter part, we have only to put

a=(271p)"? and x = {2/(1 — p)}t/C=="
in S(x: p, o, (1 —p)~1), to estimate P(p).
REMARK 4. If there is a w such that
o(w, f) > 1= P(p),

f(z) cannot have any deficient values other than w. For, there exists a sequence
{t;}, t;> 00 (j—0c0), such that

f@e®)—>w  (j— )

uniformly for 0 =<0 <2n, as we see from both proofs of Theorem 1 and Theorem 4.
But, this also follows from the fact

1 —P(p)=1—cosnp 0=p<1)2)
(see Edrei and Fuchs [6, Corollary 1.1] and Valiron [12]).

CoROLLARY 2 (Anderson [1, Theorem 1]). Let f(z) be a moromorphic func-
tion for which

TQr, f) ~T(r,f) (r— ).
Then if
o(w, f) >0,
we can find a polygonal path going to o along which

G(w, f) 2 o(w, f).

Proor. It is seen in the same way as in Remark 3 and Corollary 1 that the
condition with p=0 of Theorem 4 is satisfied.

COROLLARY 3. Let p be a sufficiently small positive number and f(z) be a
meromorphic function of order p for which T(r,f) satisfies the smoothness
condition (A) of type (p, 1). Then, if
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o(w, f) > 10p,
we can find a polygonal path going to o along which
Gw, f) 22711 — p)~'p.

ProoF. We shall estimate the value P(p) for sufficiently small p (p>0).
Let ¢ be a positive number. Then, we have

m(p, o, (1 — p)™) = [{(1 + &p)/(1 — p)}*/==» — 1]/(aep)
by putting
x = ((1+ ep)(1 — p)Ue»
in S(x: p, a, (1—p)~1). Hence, if we put a=kp/2 (k=(2/n)1/2) and
&= k27np~3(1 — k27'np'/?)
for any #>0, we get
1-Pp)=B+2n+mp+op) (p—0).

The following Theorem 5 and Theorem 6 contain better constants than the
constant in Theorem 4 (see Remark 5).

THEOREM 5. Let f(z) be a meromorphic function in the whole plane of
order p (0 p<1/2) for which T(r, f) satisfies the smoothness condition (B) of

type (p, ¢) (c=1). Then, if
ow, f) >1-Q(p, c)
where
Qp, ©) = ¢ (1 = pM*(p, c(1 — p)™1),
we can find a polygonal path going to o along which
Gw, f) 2 (1 — p)~'[é(w, f) — {1 — Q(p, O)}].
Hence, if 0<p<1/2 and
5(W’f) >1- U(pa C)
where
U(p, ¢) = {c71(1 = p)}C~0/U=D(1 — nU+n/a=D (1 = (2p)!/?)
we can find a polygonal path going to oo along which
Gw, f) 2 c(1 — p)"{Q(p, ) — U(p, ©)}.

Proor. We choose such a w, (w,# o0) that f(0)#w, and
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T(r,f) ~ N(r, 1/(f = wo))  (r— ).

Further, write

f(2) = wo = 91(2)/92(2).

Then, we have
{1 —o()}rr®™ < T(r, f) ~ N(r, 1/g,) £ B(r, g1) + O(1)

ég: log (1 + t~tr)dn(t, 1/g,) + O(1) £ rgm 2N(1, 1/g)dt + O(1)

< f{c+ o(l)}rSw tr(=2dt + O(1) = {c + o(1)} (1 — p)1r*® + O(1)

r

(r— )

from (6). Hence, we get
| £ liminf,_, r?®B(r, g,) < limsup,,, r?"B(r, g,) < c(1 — p)~L.

Thus, using Theorem 2, we obtain the conclusion by the same argument as in
Theorem 4, since

. S‘” -2T(t, f)dt = {1 + o(1)}rgw 172N(t, 1/g,)dt < {c + o(1)} (1 — p)-tret®
s{c+oM}A = p'T(r, )  (r— o).
To get the latter part, we have only to put a=(p/2)1/2 in M*(a: p, c(1—p)~1).

COROLLARY 4. Let f(z) be a meromorphic function of order 0 for which
T(r, f) satisfies the smoothness condition (B) of type (0, ¢) (c=1). Then, if

ow, f)>1—1/c3,
we can find a polygonal path going to oo along which
G(w, f) 2 c[6(w, f) — (1 — 1/c3)].

The following Corollary 5 sharpens Hayman [8, Corollary 3] in the sense
that there is a path along which f(z) grows quickly.

COROLLARY 5. Let f(z) have very regular growth of order p (0<p<1/2),
i.e., suppose there are two positive constants c,, c, such that

cr? < T(r, f) < c,pr?

for sufficiently large r. Then, if
5(W, N=1,
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we can find a polygonal path going to o along which
liminf), ., r*?logl/|f(z) —w =2 C
where C is a positive constant dependent on c,, ¢,.

Proor. Since T(r, f) satisfies the smoothness condition (B) of type (p,
¢,/cy) (see Remark 2), this follows from Theorem 5.

LEMMA 6. Let g(z) be an integral function for which N(r, 1/g) satisfies the
smoothness condition (B) of type (p, 1). Then

lim,_ ., N(r, 1/g)~tn(r, 1/g) = p.
Proor. Since we have Lemma 5, we shall show that
lim, o, N(r, 1/9)~n(r, 1/9) Z p.
From the fact
N(r, 1/g) ~ r*®  (r — ),
we have
N(r, 1/g)"'N(xr, 1/g) 2 {1 — o(D}x*  (r - o)

for any x (x>1). Hence, we have

n(xr, 1/g) log x ggi" t~in(t, 1/g)dt = N(xr, 1/g) — N(r, 1/9)
2 [1 = {1 — o)} 'x7?IN(xr, 1/g)  (r— o0),
which is equivalent to
N(r, 1/g)"'n(r, 1/g) 2 {(x* — 1) — o(1)x*} {1 — o(1)} 'x7#/logx  (r > )
for any x (x>1). Thus, since
lim,_, (x? — 1)/log x = p,
we get the conclusion.

THEOREM 6. Let f(z) be a meromorphic function in the whole plane of
order p (0<p<1/2) for which T(r, f) satisfies the smoothness condition (B) of

type (p, 1). Then, if
o(w, f) >1 - R(p)
where
R(p) = (1 — p)M*(p, mp/sin mp),
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we can find a polygonal path going to oo along which
G(w, ) 2 (1 = p)7'[(w, f) — (1 — R(p))].
Hence, if
o(w, f) > 1= V(p)

where
V(p) = (1 = p){(mp)™" sin mp}2/1=0(1 — NA+DIG=D (1 = 2p)112),
we can find a polygonal path going to oo along which
G(w, f) 2 (1 — p)"{R(p) — V(p)} .
PrOOF. In the usual way, we choose w, (W, # o0) such that f(0)# w, and

T(r,f) ~ N(r, 1/(f = wo))  (r— c0).

Further, write
f(2) — wo = g1(2)/g:(2) .

Then, Lemma 6 applied to g,(z) and a result (see Cartwright [4, p. 59, Theorem
37] and Levin [10, pp. 63-64, Theorem 257) give

{1 — o(1)}re™ ~ N(r, 1/g,) < B(r, g,)
=g: log (1 + t1r)dn(t, 1/g,) = {mp/sinmp + o()}r#®  (r — o).

Further, we have

rSw 172T(t, f)dt = {1 + o(D} (1 — p)~'r?@ = {1 + o(D} (1 — p)'T(r, f)

(r — o0).

Thus, by the same argument as in Theorem 4, we get the conclusion.
To get the latter part, we have only to put a=(p/2)/2 in M*(a: p, mp/sin p).

REMARK 5. Since
npfsinnp < (1 —p)™' and M*(p, (1 — p)™) > M(p, (1 — p)™") (p>0)
as was observed after Corollary 1, we have
1 —R(p)<1—-0(p,1)<1—P(p).

COROLLARY 6. Let p be a sufficiently small positive number and f(z) be a
meromorphic function of order p for which T(r, f) satisfies the smoothness con-
dition (B) of type (p, 1) (e.g., let f(z) have perfectly regular growth of order p:
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lim,_, r?T(r,f) =c 0 <c< +m)).

Then, if

o(w, f) > 8p,

we can find a polygonal path going to o along which

G(w, f) 2 271p(1 — p)".

Proor. Since

R(p) 2 (1 — p) {(mp)~* sin mp}22/ =P {a~}(a — p)}2#/(*~P) cos na

for any o (p<a<1/2), we have

Rppz1—->1+2mp+op) (-0

by putting a=kp/2 (k=(2/n)1/2). This gives the conclusion.
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