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CANONICAL DECOMPOSITION OF HARMONIZABLE
ISOTROPIC RANDOM CURRENTS

BY YUKINAO ISOKAWA

Abstracts. First we show that the difference between harmonizable isotropic
random currents and homogeneous isotropic ones is small in some sense. Next
we obtain the quasi canonical decomposition of harmonizable isotropic random
currents, and discuss the possibility of the canonical decomposition of them.
Then we show that a certain kind of harmonizable isotropic random currents
which is not homogeneous has the canonical decomposition.

§1. Introduction

Let &, be a class of random p-currents. We say that a random current
U, has the quasi canonical decomposition in &, if it has the unique decomposi-
tion U,=Ui+Us%+U% in £, such that dUL=0, dU5=0 and 4U%=0. The
random currents U}, U5 and U”% are called the irrotational, the solenoidal and
the harmonic components of U, respectively. If the covariances between any
two components are zero in the quasi canonical decomposition, we call it the
canonical decomposition. Physically the quasi canonical decomposition means
the decomposition of a wave into the longitudinal one and the transversal one,
and the canonical decomposition corresponds to the case where these two Kinds
of waves are stochastically independent.

Let 1, be the class of homogeneous isotropic random p-currents, and 28,
be the class of harmonizable isotropic random p-currents. K. Ito (1956) has
shown that every random current in W, has the canonical decomposition in it.
In this paper we investigate the possibility of the canonical decomposition in
B8,.

In Theorem 1 of §2 we have two characterizations of the class I, in the
broader class ,. The results may be understood as those stating that the
difference between two classes is not large. Then we introduce a class B, of
isotropic random currents which are superpositions of independent plane waves.
This class stands between U, and 28,.

In §3 we first show that every random current in 28, has the quasi canon-
ical decomposition, but it is not necessarily the canonical one. Next we show
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that the canonical decomposition is possible in B,. This means that we can
not characterize 11, by using the possibility of the canonical decomposition.

§2. Relations among classes UI,, ¥, and B,

Let L be the Hilbert space of random variables with mean 0 and finite
variance. In L the inner product {,)> of two elements is defined by their
covariance. Let ©, be the linear space of smooth p-vector fields with compact
support, where we introduce the Schwartz topology. A random p-current U,
is defined as a continuous linear map

Up: DnpD¢n-p=Up(Pn-p)EL.

For a random p-current U, and a constant p-vector a,, we define (U,, a,) as
a random distribution, (U,, a,)(@)=U(¢*a,). The function defined by

10(¢; Qb; ap, bp):<(Up; ap)(¢); (U;m bp)(¢')>

is called the covariance bilinear form of U,. For a p-vector field ¢,€9D, and
a random p-current U, a motion g: R">x—gx&R" induces a new p-vector
field g¢, and a new random p-current gU, as

(g9p)(xX)=gdp(g7'x) and (gUp)Pn-p)=Up(gPn-5) -

If the covariance bilinear form of gU, does not depend on all translations g or
all rotations g, then U, is said to be homogeneous or isotropic respectively. A
random current U, is said to be isotropic about the point A if the translated
random current AU, is isotropic. We say that a random current is harmonizable
and its spectral measures are m(dA, dy; ap, bp) if its its covariance bilinear
form is written as

06, 5 an b=, FHQFF@MAL dp; ay, by,

where m(d4, dy; ap, b,) is a complex-valued tempered measure for each pair of
constant p-vectors a,, b,, and ¢ denotes the Fourier transform of a function ¢,

§'¢(Z)=Smexp(i(x, NPx)dx .

A random measure is defined as a random current whose covariance bilinear
form is of the form

06, 65 an b=\ SOF@mdA dp; aj, by),

where m is a complex-valued tempered measure. In particular, if the support
of m is contained in the diagonal set {(2, p)ER"XR"™; 1=y} for every a,, b,
it is called an orthogonal random measure.
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In the below we frequently use the following lemma, which can be proved
as in the proof of Proposition 5.1 of M. M. Rao (1969).

LEMMA 1. A harmomzable random current with spectral measures m(d2, dy;
ap, by) is isotropic if and only 1f m(d(gl), d(gw); gay, gby)=m(d2, du; ap, by)
hold for all rotations g and all a, and b,.

K. Ito has shown that a homogeneous random current is the Fourier
transform of an orthogonal random measure. Applying Theorem 3.1 of M. M.
Rao, we have similar representations for harmonizable random currents. We
denote the Fourier transform of ¢n-pEDp-p by Fdn-p.

ProproSITION 1. A harmomizable random current U, can be represented by
a random measure M, as its Fourier transform, U p(@n-p)=Mp(F @n-p). Conversely
the random current defined by the Fourier transform of a random measure 1s
harmonizable.

It is obvious from Proposition 1 that U, is contained in 28,. The following
theorem states that the difference between these two classes is not so large as
was expected by the comparison of their spectral measures.

THEOREM 1. A harmomzable random current in L8, which is isotropic about
the point h+0 s homogeneous. Similarly, a random current U, mn 2, whose
covariance bilinear form coincides with that of hU, for a translation h 1s homo-
geneous.

Proof. We only prove the first assertion as the proof of the second is
similar. If U, has the spectral measures m(d2, dy; a,, b,), hU, has the spectral
measure exp(i(A—pu, h))m(d2, dp; ap, by). Using Lemma 1, we have

{1—exp(i(A—pt, h—g = W) m(d2, dy; ap, by)=0

for all ap, by, A, ¢ and g. Throughout the argument we fix a, and b,. For
any g, there is a null set N, with respect to the measure m(da, du; a,, bp)
such that

(1) exp(i((1—p)—gd—pw), h))=1

for all (4, )& N,. Take a countable dense subset C of the orthogonal group
O(n), and put N= UCNg. Choose any element (4, )& N, and fix it. Then,
g

noting the continuity, we see that (1) hold for all g€ O(n). We define
F={A—pw—g(l—pw); ge0n) and P={x=R"™; x is orthogonal to h}. Since
F is connected, I is contained in P. If A—p+#0, we have n=dim F<dim P=
n—1. This is a contradiction. Accordingly the complement of the diagonal
set is contained in N. Since N is a null set, the measure m(da, dy; a,, by) is
concentrated on the diagonal set. Therefore U, is homogeneous.
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We introduce a class of random p-currents which may be understood as
the superpositions of independent plane waves. Let h be a complex-valued
function on R! which is expressed as

h()=| exptiay)H(da)
by a complex-valued measure H such that the integrals

Joo M HGL | el )]

are finite for all N=0. Let M, be an orthogonal isotropic random measure on
R™ by which complex-valued tempered measures m are defined as

m(dt; a,, bp)={(Mp(dt), a,), (My(dt), b)) .

We can prove easily that the map D,-,3@n-,—>9¢r-,=D,-, is continuous,
where

(B - )=, h(Cx, D)ga-y(x)dx .

Accordingly we can define a random current U, as the $-transform of M,,
Upln-p)=Mp(H¢n_,). Now we define a class B, as the totality of the H-trans-
form of orthogonal isotropic random p-measures for any A.

ProrposiTION 2. U,CB,CW,

Proof. It is obvious that %, contains ,. Consider a random current U,
in B,. From the assumption on % it follows that D¢ is a rapidly decreasing
infinitely differentiable function for any ¢&®. Thus we can write the covari-
ance bilinear form of U, as

06, ¢5 ap, b= OHOBHDML; ay, by).

From this expression we can see easily that U, is isotropic. Now we define
A ={aeR'; ate A} for any bounded Borel set 4 in R", and

2y, Aus ay, by)=\  HAOHADIML; ay, b,)
for any bounded Borel set 4; and /4,. Noting that
©9)0=| , FoNatHda),
we can rewrite the covariance bilinear form as

26, @3 ap b=\ SHRTEI@AAL, dgs; ap, by).
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Moreover we can prove that z is a tempered measure. Therefore U, belongs
to ,.

§3. Canonical decomposition in classes 11, ¥, and 28,

First we consider the quasi canonical decomposition of harmonizable random
currents.

PROPOSITION 3. Every harmomizable random curvent has the quas: canonical
decomposition in which all components are harmonizable.

Proof. Let U, be a harmonizable random current which is the Fourier
transform of M,. We define four random measures M%, M%, M?% and M3 as

My(dD)=My(dINn{0}), My(d)=My(di—{0}),
My(dD=[21"AANQAV M YD), Myd)=|2]""AVAAMYdD).

Moreover we define three random currents U%, U, and Uj as the Fourier
transform of M% MY and M3 respectively. Then, as in the proof of Theorem
5.2 of K. Ito, we can show that U, has the quasi canonical decomposition.

Now we investigate the possibility of the canonical decomposition in 28,.
We put D={Q1, p)€R"XR™; 2 and u are linearly independent}, and for each
(4, w€D, we choose a system of vectors {=|2|7'2, y=|p|*p, , AI=;=n—2)}
such that {,’s are orthonormal and orthogonal to both & and . Then, defining
a measure # in the domain D as

=& )y
1—(&, pure

m(dd, dp=m(d2, dp; ENCALA ALy, ATAALper),

we have the following theorem.

THEOREM 2. Every random current U, in B, has the quas: canomical de-
composition in it. Its irrotational component and solenordal component are mutually

orthogonal if and only if the measure  is identically zero in the domain D.

Proof. From Proposition 3, U, has the quasi canonical decomposition U,=
Ui+U%L+Uj where all components are harmonizable. We have to show that
they are also isotropic. We only prove for U. Noting the identity (AA(AV ay), by)
=(a,, AN(AVb,)), we have the following expression

mH(dA, dp; ap, bp)=m*(da, dp; ENEV ay), A (Vb))

for spectral measures of U%. Then, using Lemma 1, we can see that U} is
isotropic.
Similarly cross-spectral measures of U% and U$ can be written as

m*(d2, dp; ap, bpy)=m*“(d2, dp; EANEV ay), pV(pAby).
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By the same reasoning as in the proof of Theorem 7.5 of I. Kubo (1967), we
can rewrite them as

1

AR A3 @ 0=

ENEVay), nVNAb))m(da, dp)
in the domain D.

From this expression we derive heuristically that m*® is identically zero in
the complement of D although we can prove it rigorously by the same reason-
ing as in the above. In fact, we see easily that the coefficient of s in the
above expression is bounded in & and y, and moreover, when 7 tends to & or
(—8&), £&—(&, n)n is nearly perpendicular to & and then (d2, du) is nearly equal
to zero. Thus the proof is completed.

Every random current in 28, does not have the canonical decomposition,
while every random current in 1, has it. On the other hand, Theorem 1 states
that the difference between 11, and 28, is not large. Thus one may ask whether
a random current in 28, which has the canonical decomposition is homogeneous
or not. The following theorem answers this question in the negative way.

THEOREM 3. Every random current in B, has the canomical decomposition
m it

Proof. The proof of the quasi canonical decomposition of random currents
in B, is similar to that of harmonizable random currents in Proposition 3. We
can see easily the orthogonality of the harmonic component and the other two
ones. In the below we show that the irrotational component and the solenoidal
component are mutually orthogonal. For any bounded Borel set 4 not contain-
ing 0, we put ¢(A)={tR™; there is a= R! and A€ R™ such that i=ai}. Using
the notation in the proof of Proposition 2, we see that z(A4,, 4,; a,, by) is zero
for any bounded Borel sets /4, and A, such that ¢(A)Nc(A)=1{0}. Accordingly,
by Theorem 2, we have the conclusion.
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