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A CHARACTERIZATION OF A COMPLEX PROJECTIVE
SPACE BY THE SPECTRUM
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0. Introduction

Let (M, g) be a compact m-dimensional Riemannian manifold and (S™, go)
be an m-sphere of constant curvature 1. We denote the spectrum of the Laplacian
acting on functions on (M, g) by Spec (M, g). If m=6, Spec (M, g)=Spec (S™, go)
implies that (M, g) is isometric to (S™, g,) (Berger [1], Tanno [8]). For m=7
it is an open question if (S™, g,) is characterized by the spectrum. In [9] we
proved the following.

THEOREM A (Tanno [9]). Assume that Spec (M, g)=Spec (S™, g,). If g is
sufficiently close to constant curvature metric, then (M, g) is isometric to (S™, go).

In this paper we give the Kdhler version of Theorem A. Let (M, J, g) be
a compact Kéhlerian manifold of dimension m=2n, and (CP", J,, g,) be a com-
plex projective space with the Fubini-Study metric of constant holomorphic sec-
tional curvature 4. Then, we get the following. (Cf. PROPOSITION 2.1.)

THEOREM B. Assume that Spec (M, J, g)=Spec (CP™, [, go). If g s suf-
Jiciently close to constant holomorphic sectional curvature metric, then (M, J, g) is
holomorphically isometric to (CP", Jo, go).

As for isospectral deformations of flat metrics, see [4], [5], and for inverse
spectral results for negatively curved manifolds, see [2], [3].

1. Preliminaries

Let (M, ], g) be a Kéhlerian manifold, where J=(J% denotes the complex
structure tensor and g=(g,;) a Kihler metric. By R=(R%:), p=(R;;) and S we
denote the Riemannian curvature tensor, the Ricci curvature tensor and the
scalar curvature of (M, J, g), respectively. We put

RY=R,.]J;.
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Then we have the following classical relations:
ZRE:RWNJTS:ZRW]s]TS )
R” kl:]I]§Rrskl ; ﬁR}'kzzﬁR;kz ’

RTSJ:]_?:RZJ) Rfs]: }?:R;kjy
RYJ=S, RER*I=R,R" .

The Bochner curvature tensor B=(B};,) is by definition
Bijm=Riju—(guRu—guR+Rixgn—Rug+JuRi—JuR}:
+ RS Jn— R S+ 2R% Tu+2 ] RE)/ (m+-4)
+S(gurgin—gugirtJirJu—JuJixt2 ] 0/ (m+2)(m+4),
where m=2n=dim M. Easily we get
g Bjn=0,  J*B,;u=0,
J**Bnu=0.
We use the following notations :
(P, Q=P,uQ¥Y*, |P|I*=(P, P),
(P, Q, T)=P"x,Q*T",,,
U; Q, =UrQmuT*,
U; V; T)=U*VI'T
UvwHY=U' Vi, Wk,

where P, Q, and T are tensor fields of type (1, 3); and U, V, and W are tensor
fields of type (1, 1).

In the following calculations the methods are similar to ones in [9]. We
obtain

(L) (R, R, B)=(R, B, B)+8(p; R, B)/(n+2)+8(p; p; B)/(n+2)
—2S(R, B)/(n+1)(n+2)+24(ppp)/(n+2)*
+4(n+6)(p; p; R)/(n+2+2(n—9)S(p, p)/(n+1(n+2)*
—(n—=DS*/(n+1*n+2),

(L.2) (o; R, By=(p; B, B)+4(p; p; B)/(n+2),
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(1.3) (p; R, R)=(p; R, B)+4l(ppp)+(p; p; R)1/(n+2)
—25(p, p)/(n+1(n+2),

(1.9 (R, B)=(B, B),

(1.5) (o; 0; R)=(p; p; B)+2n+1S(p, p)/2n+1)(n+2)

+2ppp)/(n+2)—S*/4n+1)(n+2),
where we have used the following

B;jsz*”R*klzz(P ;05 B)

etc.
Next we assume that M is compact. Let 2, be the :-th eigenvalue of the

Laplacian acting on functions on (M, g) and let Spec (M, g) denote the spectrum
of (M, g). Then the asymptotic expansion by Minakshisundaram-Pleijel is

Ee'zitw(‘lﬂ't)_nﬂ;o agtf  (t10),

where ag=az(M, g) and

(1.6) a=Vol (M, g),
) a=1/6)| s,

18) a:=(1/360)| [2|RI*~2]p|*+551,

19) as=(/60 [—Z+2S|R|*/3-25p|?/3+55%/9+ 41,

where we have put
Z=|VR|*/9+26|Vp|?/63+142|VS|%/63,

A=8(R, R, R)/21—8(p; R, R)/63+20(p; o; R)/63—4(opp)/7.

We put
G,L:le—Sgﬂ/Zn .

Then, (g, G)=0 and

(1.10) |Gl*=]p|*—S*/2n,
(1.11) (o; p; B)=(G; G; B),
(1.12) (pop)=(pGG)+S|G|*/n+S*/4n* .
Since

| BI*=|R|*—8]|p|*/(n+2)+25*/(n+1)(n+2),



CHARACTERIZATION OF COMPLEX PROJECTIVE SPACE 233

we obtain (cf. [8])
(1.13) 2|R|*—=2]p|?+552=2| B|*4+-2(6—n)|G|*/(n+2)

+(5n2+-4n+3)S*/n(n+1).
By (1.1)~(1.5), we obtain

(1.14) A=8(R, B, B)/21+822—n)p; B, B)/63(n+2)
—16S|B|?/21(n+1)(n+2)+p-(p; p; B)
+g-(ppp)+uS|pl?+vS?,

where

(1.15) p=4(5n*+76n+420)/63(n+2)?,

(1.16) g=8(n*+92n+276)/63(n-+2)°—4/7
=—4(9n®+52n2—76n—480)/63(n+2)*,

(1.17) u=2(10n°+109n2+196n—252)/63(n+1)(n-+2)*,

(1.18) v=—5n*+65n%+208n+100)/63(n+1)*(n+2)*.

LEMMA 1.1. a; and A are expressed as follows:
(1.19) a;=(1/6 !)SM[—Z+ZSIB|2/3+2(6—n)S[G|2/3(n+2)
+(6/9—(n—3)/3n(n+1)S*+AJ,
(1.20) A=8(R, B, B)/21+8(22—n)(p; B, B)/63(n+2)
—165[B|*/21(n+1)(n+2)+p-(G; G; B)
+¢-(0GG)+(g/n+u)S|G |2+ (g/4n*+u/2n+v)S?.

Proof. Eliminating S(|R|>—|p|? from (1.9) by (1.13) we get (1.19). By
(1.10)~(1.12) and (1.14) we obtain (1.20). Q.E.D.

A Kéhlerian manifold (M, ], g) is of constant holomorphic sectional curva-
ture 4, if and only if

(1.21) Rijn=gugn—gugint+irJu—Ju ix+2]s et -

We define E as the space of all (0, 4)-tensor fields T satisfying the following
conditions;
szklszlu ’ szkz:—‘Tjikz s

TouiJi=Trn, JTiyju=0.

The Bochner curvature tensor B belongs to E.
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If (M, J, g) is of constant holomorphic sectional curvature 4, then we obtain
(R, T, T)=4T, T)

for any T in E. .This follows from (1.21) and the definition of E.
A Kihlerian manifold (M, J, g) is of constant holomorphic sectional curva-
ture, if and only if B=G=0.

2. Kihler metrics close to constant holomorphic sectional
curvature metric

Let (CP™, Jo, go) be a complex projective space with the Fubini-Study metric
of constant holomorphic sectional curvature 4. Then the scalar curvature S, is
equal to 4n(n-+1). We put aj=as(CP", J,, go)

PROPOSITION 2.1. There exists a positive number 6 =0(n)<1 with the follow-
g property: Assume that a compact Kdhlerian manmifold (M, ], g), dim M=2n,
satisfies the following conditions;

O (R, T, TH=4(0+0XT,T) for TEFE,

(i) 2(n+1)1—0)< Ricct curvature<2(n+1)(149),
(iii) |B|<9d,
(iv) ag=a}, 5=0,1,2,3.

Then (M, ], g) 1s holomorphically 1sometric to (CP™, J,, Zo).

If n=<6, Spec (M, J, g)=Spec (CP", J,, go) implies that (M, J, g) is holomor-
phically isometric to (CP™, J,, g,) (cf. [8]). Therefore in the proof of the Pro-
position 2.1 we can assume that n=7. We assume that (M, J, g) satisfies (i)~
(iv) and show that ¢ can be determined so that (M, J, g) is holomorphically
isometric to (CP™, J,, go). a,=aj means that Vol (M, J, g)=Vol (CP™, ], go).

ay=a! implies that SS:4n(n—}—1) Vol (CP™, o, go).

LEMMA 2.2. We have S>0 and

(2.1) |S—4n(n+1)| <4n(n+1)d,
@.2) [ rs-smz0,
2.3) 0=| [S'—s=6+ Mn(n+1)| [5*—511.

Proof. S>0 and 2.1) follow from (ii). As for (2.2) and (2.3) see Lemma 3
and Lemma 6 in [9]. Q.E.D.
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By (1.13) and a,=a} we get

@.4) 2n—6){ 1G1*=2tn+2), |BI?

+L(n-+DEn*+4n+3)/nn+ 11| [5°—58].
By Lemma 1.1 and a,=a} we obtain
D: ZEM[—Z+8(R, B, B)/214+8(22—n)(p; B, B)/63(n+2)
+[2/3—16/21(n+1)(n+2)1S|B|*+p-(G; G; B)
+q-(0GG)+[q/n+u—2(n—6)/3(n+2)]S|G|*
+[Lg/4n*+u/2n+v+5/9—(n—3)/3n(n-+1)](S*—S})
=0.

LEMMA 23. We put pu=1if 22>n and p=—1if 22<n. Then

(2.5) (22—n)p; B, B)=(22—n)2(n+1D(1+p1d)| B|®,
(2.6) 2/3—16/21(n+D(n+2)>0, p»>0, v<0,
2.7 g/n+u—2(n—6)/3(n+2)<0,

2.8) g/4n*+u/2n+v+5/9—(1n—3)/3n(n+1)>0,
2.9) 7-(0GG)=29(n+1D(1—-)|GI*,

(2.10) (G; G; B)Sd|G|®.

Proof. (2.5) follows from (ii). (2.6) is trivial. |TO prove (2.8) first we get
(2.11) q/4n*+u/2n+v=—4(n*—2n—15)/63n*(n+1)%.
Then (2.8) is clear. (2.9) follows from (ii). (2.10) follows from (iii) (cf. Lemma
7 in [9D). Q.E.D.
Applying (i), (ii), Lemma 2.2 and Lemma 2.3 to D we get
(2.12) DggM[—Z+32(l+5)IB[2/21
+16(22—n)(n+1)(1+p6)1 B|2/63(n+2)
+[2/3—-16/21(n+D(n+2)J4n(n+1D(1+d)| B|*
+po|GI*+2(n+1)(1—0d)q|G|*
+Lg/n+u—2(n—6)/3(n+2)J4n(n+1)1—06)|G|*
+Lg/4n*+u/2n+v+5/9—(n—3)/3n(n+1)JB+0)4n(n+1)(S*—Sp)].
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Next applying (2.4) to |G|? in (2.12) we obtain

(2.13) D éSM[—Z—(U—Pt?)IBlz—(V—Q5)(SQ—S%):I )
where we have put

U =-32/21-16(22—n)(n+1)/63(n-+2)+64n/21(n-+2)
—2(n+1)(n+2)@g+2nu)/(n—6),

P =32/21416(22—n)(n+1)p/63(n+2)
+[4/3—16/21(n+1)(n+2)14n(n+1)
+(n+1D(n+2)(p/(n+1)—6¢—4nu)/(n—6),

V =—12n(n+Dlg/4n*+u/2n+v-+5/9—(n—3)/3n(n-+1)]
—(n+2)5n*+4n+3)[3¢+2nu—4n(n—6)/3(n+2)1/n(n—6),

Q =4n(n+Dlg/4n*+u/2n+v+5/9—(n—3)/3n(n+1)]
+n+2)5n*+4n+3)[p/(n+1)—6g—4nu+8n(n—6)/3(n+2)1/2n(n—6) .

By calculations we get
(2.14) 3g+2nu=—(68n"+24n—1440)/63(n+1)(n+2),
(2.15) U=2(76n"4-144n*—960n°—31361n—2496)/63(n+2)*(n—6) .

Therefore we see that U is positive. Since g/4n*+u/2n+v is negative by (2.11)
and 3¢+2nu is negative by (2.14), we get

V>—12n(n+1)[5/9—(n—3)/3n(n+1)]+4(5n2+4n+3)/3
=8(n—3)/3.
Therefore V is also positive. Since P and Q are positive, we can define § by

(2.16) d=min (U/P, V/Q, 99/100) .

Proof of Proposition 2.1. By the definition of 4, (2.13) shows that Z=B=0
and S=S,. Furthermore (2.4) shows that G=0, and hence (M, J, g) is of con-
stant holomorphic sectional curvature 4. So (M, J, g) is holomorphically iso-
metric to (CP™, J,, go). Q.E.D.
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