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Correlation functions of the shifted Schur measure

By Sho MATSUMOTO

(Received May 12, 2004)

Abstract. The shifted Schur measure introduced in [TW2] is a measure on
the set of all strict partitions, which is defined by Schur @Q-functions. The main
aim of this paper is to calculate the correlation function of this measure, which is
given by a pfaffian. As an application, we prove that a limit distribution of parts of
partitions with respect to a shifted version of the Plancherel measure for symmetric
groups is identical with the corresponding distribution of the original Plancherel
measure. In particular, we obtain a limit distribution of the length of the longest
ascent pair for a random permutation. Further we give expressions of the mean value
and the variance of the size of partitions with respect to the measure defined by
Hall-Littlewood functions.

1. Introduction.

Let m be a permutation in the symmetric group &y and £(7) the length of the
longest increasing subsequence in 7. Concerning a limit distribution of () with respect
to the uniform measure Pypiform,n 00 Sy, it is proved in [BDJ] that

. ((m) — 2V N
ngnoo Puniform,N (W <s | = F2(5)7 (11)

where Fy(s) is the Tracy-Widom distribution. The Tracy-Widom distribution is defined
by the Fredholm determinant for the Airy kernel. Namely, let Ai(z) be the Airy function

] coe™V=1/3
3
Ai(z) = —— = /3=ezq 1.2
i(@) 2my/—1 /Ooefwx/jl/fi ‘ : (12)
and K iy (z,y) the Airy kernel
Kaivy(z,y) = / Ai(z + 2)Ai(z + y)d=. (1.3)
0

Then the Tracy-Widom distribution Fs(s) is defined by
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Fy(s) = det( — Kairy)|£2((s,00)) (1.4)

=1+ Z ( '> / det(KAiry(xi7 -Tj))lgi,jgkdml ..odxy
[5,00)"

and gives a limit distribution of the scaled largest eigenvalue of a Hermitian matrix from
the Gaussian Unitary Ensemble (GUE), see [TW1].

As we see below, the Plancherel measure for partitions is related to the distribution
of the length £(7). Let f* be the number of standard tableaux of shape A\. The Plancherel
measure assigns to each A - N the probability

(f)?
Ppian,n({A}) = N (1.5)
Then it follows from the Robinson-Schensted correspondence that
Punitorm, n({T € SN [€(m) = h}) = Pplan,n({A € PN|A\1 = h}), (1.6)

where Py is the set of all partitions of N (see e.g. [S]). Hence the equation (1.1) also
describes a limit distribution of A\; with respect to Plancherel measures. This result has
been extended in [BOO], [J3], [O1] to the other rows A;’s in a general position of a
partition. The key of the proof in [BOO] is a calculation of correlation functions of
the poissonization of the Plancherel measures. We can see the other asymptotics with
respect to the Plancherel measure in e.g. [Ho].

On the other hand, the Schur measure introduced in [02] is a measure which assigns
to each partition the product of two Schur functions. Okounkov [O2] calculated the
correlation function of the Schur measure by using the infinite wedge. The correlation
function of the poissonized Plancherel measure is obtained as a specialization of the one
for the Schur measure.

The main aim of this paper is to calculate the correlation function of the shifted
Schur measure (see Theorem 3.1). The shifted Schur measure, introduced in [TW2], is a
measure on the set of all strict partitions, which is defined by Schur Q-functions instead
of Schur functions. The correlation function is expressed as a pfaffian and is actually
calculated by operators on the exterior algebra in place of the infinite wedge in [O2].
Further, as an application, we obtain a shifted version of the corresponding result for a
limit distribution of A;’s in [BOOJ], [J3], [O1] (see Theorem 4.1). In particular, we find
that a limit distribution of the length of the longest ascent pair for a random permutation
is given by the Tracy-Widom distribution (see Corollary 4.2). Since the proof is similar
to the one in [BOO], we only discuss its main point.

In the final section, we study about a measure defined by Hall-Littlewood functions.
The measure is considered as a natural extension of the Schur measure and the shifted
Schur measure. We obtain expressions of the mean value E(|A|) and the variance Var(|\A|)
of the size |A| with respect to this measure explicitly. Actually, each value is written as
a sum of the product of certain power-sum functions (see Theorem 5.1). This expression
of E(JA]) naturally leads us a similar study of E();). By observing various examples, in
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the end of the section, we remark that there is a certain common property of expressions
of E(\1) among these examples.

2. Shifted Schur measures.

We recall the Schur @-function and the shifted Schur measure. The following facts
are known in [Mac, ITI-8] and [TW2].

A non-increasing sequence A = (A1, Ag, ... ) of non-negative integers is called a par-
tition of N if the size [A[ := ;5 A; equals N. We denote the number of non-zero parts
of A by ¢(\) and we call it the length of A. A partition A is called strict if and only if all
parts of A\ are distinct and then we write A E N. Let Zx be the set of all strict partitions
of N and 2 the set of all strict partitions, i.e., Z = US_yZn.

Let X = (X1,X5,...) and Y = (Y7,Y5,...) be infinite many variables. The sym-
metric functions ¢, (X) (n > 0) are defined via the generating function

Q) = @x(e) =[] =5 = X w02
i=1 n=0
In particular, we have gy = 1. Since
oo o0 oo
1+ Xz 1—(-1)" 2
1 - 22 xnan = Zpa(X)2",
i L T gy

Q(z) = exp ( 2pn(X)z">. (2.1)
n=1,3,5,.

For A = (A1, A2,...) € 2 of length < m, the Schur Q-function Q(X) is defined as

the coefficient of 2* = 2} 22 -~ 2\m in

m

Q(z1,22y -y 2m) = HQ(zl) H S (2.2)

i=1 1<i<j<m it 2

For r > s > 0, we define
Q(r,s) =qrqs +2 Z(_l)iQT-HQS—i
i=1

and Q(r,s) = —Q(s,r) for 7 < 5. We may write A in the form A = (A1, Az, ..., A2,) where
A1 > Ag > - > Ay, > 0. Then the 2n x 2n matrix
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My = (Q))1<ij<on
is skew symmetric, and the Schur Q-function @) is also given by
Qx = Pf(M,), (2.3)

where Pf stands for the pfaffian. The Schur P-function Py is defined by Py = 2=¢NQ,.
The shifted Schur measure is a (formal) probability measure on 2 defined by

1

Pss({\}) = TSSQA(X)PA(Y) (2.4)

for each A\ € 2. Here the normalization constant Zgg is determined by

oo

Zss =Y QX)) =[] %7
it

\eD ij=1

where the second equality is the Cauchy identity for Schur Q-functions ([Mac, p. 255]).
Further, from (2.1), the constant Zgg is also expressed as

Zss = exp ( Z ipn(X)pn(Y)) (2.5)

n=1,3,5,...

3. Correlation functions of the shifted Schur measure.

In this section, we prove the main theorem. We identify each strict partition A =
(A, A2, ..., ) (A1 > A > - > X\ > 0) with the finite set {A1, A2,..., A¢} of positive
integers. Define the correlation function of the shifted Schur measure Pgg by

pss(4) == Pss({A € 7]\ 5 A4}) = 5= 3 Qu(X)R(Y) (3.1)
ADA

for a finite subset A C Z(. The function pss(A) has a pfaffian expression.

THEOREM 3.1. For a finite subset A ={ky,...,kn} C Z~o, we have
pss(A) = PE(M(A); j)1<i<cj<en, (3.2)
where the entry M(A); ; of the skew symmetric matriz M(A) is given by

K (ki, kj), for 1<i<j<N,
M(A);; = K(ki, —kan—j41), for 1<i<N < j<2N,
K(=kan—it1, —kan—j1+1), for N <i<j<2N,
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and K (u,v) is defined as e(u,v) times the coefficient of z*w? in the formal series
1 z—w
= X, Y ; XY .
ST V)T (s X, v) S
Here J(z; X,Y) is defined by
Sl Xzl - Yz !
. L -1y 7 7
J(2:X,Y) = Qx(2)Qv (=27 111_¢&21+Yﬂ_1 (33)
and €(u,v) is given by
1, for wu,v >0,
e(u,v) = ¢ (=1)7, for uw>0,v <0, (3.4)

(=1)vtv for w,v <O.

REMARK 3.1.

The correlation function of the Schur measure is given by a deter-
minant, see Theorem 1 in [O2].

We prove Theorem 3.1 by employing the exterior algebra. Let V' be a module on
Z[Xy,Xs,...,Y1,Ys,...] spanned by e, (k = 1,2,...).

The exterior algebra AV is
spanned by vectors

vy =€y, Nex, A= ANey,

where A = (A1,..., ) € 2 (A > -+ > A\g > 1). In particular, we have vy = 1. We give
AV the inner product
<’U)\, UM> = 5}\#272()\)'

Putting e/ = 2e;, and vy = ey A---A ei\/z = 2%v,, the bases (v))reo and (vY)reqp are
dual to each other.

We define the operator ¢, (k> 1) on AV by
Yoy = el A vy

and let 1} be the adjoint operator of ¢, with respect to the inner product defined above.
The operator v}, is then explicitly given by

£N)

v =3 U

9 (5]6’)\1.6)\1/\'-'/\6/\)\1./\-'-/\6)%.
=1

These operators satisfy the following commutation relations
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Vs + i =055, ik = =V, iU = Pl (3.5)
Since
%1;)\, if kel
VkPRoN = (3.6)
0, otherwise,

we see that ([]jc4 2¢xt))va is equal to vy if A C A and to 0 otherwise.
Define the self-adjoint operator S by Svy = (—1)*™w, for any A € 2. The operators
satisfy the relations

For each odd positive integer n, we define the operators «,, and a_,, by

n—1
oo 2
an =2 i+ SUn 2 (=),
Jj=1 j=1
n—1

Qn =0 =2 Gpg ) + S +2 (1) 0.

j=1 j=1
Tt follows from (3.5) and (3.7) that

n

[Oéna Otm] = 76n,—m (38)
2
for any odd integers n and m, where [, | is the commutator; [a,b] = ab — ba.
If we put
Y, for k>1,
by, = g for k=0, (3.9)

(=D)kyr,, for k< -1,
and ¥(2) =) ez zF4y,, then by (3.5) and (3.7) we see that
[an, ¥(2)] = 2"(z) for any odd integer n (3.10)

and

(bpthivg, vg) =0 unless l=-k>0. (3.11)



The shifted Schur measure 625

It follows from (3.11) that

wewwa o) = (T + D0 i Josws) 312

Note that the operator a,, is expressed as o, = Ekez(—l)kizk,niz,k.
Put

I's (X) Zexp< > %TZI(X)OZin)

n=1,35,...

Observe that

I'ivg = vy, (3.13)
'y =TI+, (3.14)
Py (X)T(Y) = ZssT (V)T (X). (3.15)

The equality (3.15) is obtained from (3.8) and (2.5). By (2.1) and (3.10), we have
L (X)i(2) = Qx (5 )e(2) T (X). (3.16)

The Schur Q-function is given as a matrix element of I'_ as follows.

PROPOSITION 3.2. For each A\ € 9, we have
(I (X)ve, vy) = Qx(X). (3.17)
More generally, for A\, € 2,
(I (X)vp,vy) = Qayu(X), (3.18)

where Qy,,(X) is a skew Schur Q-function.

PrROOF.  Write A in the form Ay > X2 > -+ > X9, > 0. Since vy =
2279)y -+ - 1hx,, Vg, the left hand side in (3.17) is equal to the coefficient of 23 - - - 232" in
the expansion of

22" (P (X)ve, ¥(21) -9 (220)v0). (3.19)

It follows from (3.13), (3.14) and (3.16) that (3.19) equals
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22"Q(z21) -~ Qz20) (¥(21) - Y (220)v0, V).
By (2.2), in order to prove (3.17) it is sufficient to show

Zi—Zj

() v, v) = PE( 22 ) =

Zi Zi Zi Z"
it 2 1<i<j<2n it

Note the second equality is well-known (see e.g. [Mac, I1I-8, Ex.5]). From (3.5), (3.7)
and (3.11), we see that

22 (h(21) - - - (220 )V, V)

2n
—_—

=D (=D (219 (2k) v, v2) 4" (Y (22) - (k) - (22000, Vo).

k=2

Therefore, by the expansion formula of a pfaffian, we obtain
22" (1h(21) - Y (220) 00, Vo) = PHA(2)Y(2)) v, va).-

Hence the claim follows from (3.12). The generating function of @/, in [Mac, III-8,
Ex.9] yields the second formula (3.18) by a discussion similar to the above. 0

From (3.6), (3.14) and (3.17), the correlation function is expressed as

pis(4) = 7 3 QR = (1) (T 20002 ) 72 (V0o ).

ADA keA

It follows from (3.13), (3.14) and (3.15) that

pesct) =  (TT 2007% v ). (3.20)

keA

where we put
7, = Ad(G)Yy, ¥ =Ad(G)Y}, G=TI.(X)I_(Y) " (3.21)
Using (3.16), we have
Ad(G)(z) = T (2 X, Y)Y (2), (3.22)

where J(z; X,Y) is defined in (3.3).

LEmMA 3.3.  We have
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pss(A) = PE(M(A)ij)i<i<j<an-

Here the entry of the skew symmetric matrix M(A) is given by

2(U, Uk, vz, Vg), for 1<i<j<N,
M(A)i; = { 20,5, o, v0), for 1<i< N <j<2N, (3.23)
2<LD;2N—¢+1LD;2N,]-+1U®;'U15>7 fO'f' N <1 <j < 2N.

PrOOF. From (3.5) and (3.21), we have ¥, W) = =W, (k # 1). Therefore we
obtain

<<H y'/kq/,:>vg, vg> = (U, Wy - Uy T - T 0, V).
keA

By (3.22), the operator ¥; and v, respectively, is expressed as a linear combination of
{p'n’s over Z[X1,Xs,...,Y1,Ys,...]. Hence if we abbreviate @j =¥, for 1 <j < N and
v = !P,jwi”l for N4+1<j <2N, we have

(W Wy - UNT - Wivg, vs) = PE(U 005, v5))1<icj<an

by a discussion similar to the proof of Proposition 3.2. Thus, by (3.20), we obtain the
lemma. O

PROOF OF THEOREM 3.1. We compute entries in the right hand side of (3.23). Tt
follows from (3.12) and (3.22) that

1 z—w
<2W(Z)W(UJ)’U@7 ’UQ> = §J(Za Xa Y)J(wa Xa Y)mv

where ¥(2) = Ad(G)v(z). Since the coefficient of 2* (k € Z\ {0}) in ¥(2) is equal to ¥
if k>0 and to (—1)k¥*, if k < 0, we can easily see the theorem from Lemma 3.3. O

REMARK 3.2. Though Jing [Ji] obtains the expression of Schur @Q-functions by
vertex operators with the commutator relation (3.8) it seems very hard to obtain the
result in Theorem 3.1 using these vertex operators.

4. Applications.

As an application of Theorem 3.1, we give a limit distribution of A;’s with respect
to a specialization of the shifted Schur measure.

4.1. A shifted version of the Plancherel measure.
We define a measure similar to the Plancherel measure on &y by means of the
shifted Robinson-Schensted-Knuth (RSK) correspondence (see e.g. [HH]).
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A shifted shape Sh()) associated with a strict partition A is obtained by replacing
the i-th row to the right by ¢ — 1 boxes for ¢ > 1 from the Young diagram A. A standard
shifted tableau T of the shifted shape A E N is an assignment of 1,2,..., N to each box
in the shifted shape Sh(A) such that entries in 7' are increasing across rows and down
columns. For example,

1246
358

is a standard shifted tableau of shape A\ = (4, 3,1).
Let g* be the number of standard shifted tableaux of shape A. It is known that g*
is explicitly given by

A |A]! Ai — A

AplAgl- - Al 1<ici<e Ai + A

.

(see e.g. [Mac, III-8, Ex.12]). By means of the shifted RSK we can see that

D 2NN (g2 = N (4.1)
AEN

(see [HH]).
In view of the equality (4.1), we define a probability measure on Py, that is, we
assign to each A € Iy the probability

2N72()\)
Pspi,nv({A}) = T(QA)Q- (4.2)

This measure, which is noted in [TW2], can be regarded as a shifted version of the
Plancherel measure defined in (1.5) in a combinatorial sense.

4.2. Ascent pairs for a permutation.

The measure defined in (4.2) is related to the so-called ascent pair for a permutation.
For 7 = (n(1),7(2),...,m(N)) € Gy, an ascent pair for 7 is a pair (¢, ¢™") of a
decreasing subsequence ¢%¢ = (w(iy) > --- > 7(ix)), i1 < --- < i} and an increasing
subsequence ¢ = (7(j1) < --- < 7(j1)), j1 < --- < ji of 7 such that the sequence

(ﬂ(ik)v s 77T(i1)77r(j1)7 ERE 7T(]l))

is weakly increasing (i.e. the inequality 7(i1) < m(j1) is satisfied). We define the length
of the ascent pair (¢9¢, ') by k +1 — 1. Denote the length of the longest ascent pair for
m by L(m).

ExAMPLE 4.1. For a permutation
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the pair (¢9¢, ¢'"), where ¢9¢ = (4,3,2) and ¢™ = (4,7,9), is the ascent pair with length
5. Since this is the longest ascent pair for m, we have L(m) = 5.

By the shifted RSK, the distribution of L(7) with respect to the uniform measure
on Gy equals the distribution of A; with respect to the measure Pgp) 5 on 9, i.e.,

Puniform7N({7T S 6N|L<7r) = h}) = PSPLN({)\ S @N‘)\l = h}) (43>

4.3. Limit distributions.

We consider the random point process on R (see the Appendix in [BOO]) whose
correlation functions pairy(X) = Pairy({Y C R | #Y < 00, X C Y}) for any finite
subset X = {z1,...,21} C R are given by pairy(X) = det(K airy (24, 2;))1<i,j<k- Here
K airy is the Airy kernel defined in (1.3). Let { = ({1 > (2 > ---) € R* be its random
configuration. The random variables (;’s are called the Airy ensemble. It is known that
the Airy ensemble describes the behavior of the largest eigenvalue of a GUE matrix, the
2nd largest one, and so on, see [TW1].

Theorem 4 in [BOO] (see also [J3], [O1]) asserts that the random variables

N —2VN

N1/6 1=1,2,..., )\:()\17>\2,...)632N (44)

with respect to the Plancherel measure defined by (1.5) converge, in the joint distribution,
to the Airy ensemble as N — oo. The following theorem is a shifted version of this result.

THEOREM 4.1. As N — oo, the random variables

Ai —2V2N

N i=1,2,... (4.5)

with respect to the measure Psp ny on P converge to the Airy ensemble, in joint distri-
butions.

Compare (4.5) with (4.4). Especially, since the distribution of ¢; in the Airy ensemble
is given by the Tracy-Widom distribution, we immediately see the following result from
(4.3).

COROLLARY 4.2. We have

. L —2V2N
ngnoo P uniform, v ((QJV)I/G < 3) = Fy(s).

Compare with (1.1). Theorem 4.1 is proved by computing the correlation function of
the so-called poissonization of the measure Pgp) . For £ > 0, we define the poissonization
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P%,SP of the measure Pgp) y by
Nohrl—en (9
Phgp({A}) = ¢ Z PSPIN ({A}) = e~SgPlali=A )(P\') (4.6)

for A € 2. Here Psp n({A}) = 0 unless A E N. Then we have the
THEOREM 4.3. For any firted M > 1 and any ay,...,apy € R we have
i — 24/2
lim Pgsp({A €9 ’ Ai\l/? <a; 1<i< M}) (4.7)
e (20)?

=Pairy(G < a;, 1 <i < M),

where (1 > (o > -+ is the Airy ensemble.

Since Theorem 4.1 can be proved from Theorem 4.3 by using the depoissonization
technique developed in [J1], we omit the proof, see [BOO].

4.4. The proof of Theorem 4.3.
The measure P%,SP can be obtained by a specialization of the shifted Schur measure.
Actually, since the Schur @Q-function can be expanded as (see [Mac])

myg

Q= Y 2wx e T 2T T

p=1m13m3.. i:odd

where X(lm)( 1) = g* (see [Mac, III-8, Ex.12]), if we make a specialization such as
pe(X) =prp(Y) = \/g&d (k > 1), then we have

Qx = (%)ﬂ‘i—‘

Hence the shifted Schur measure in (2.4) becomes the measure Pogp in (4.6).
Let p%,sp be the correlation function of the measure P%,SP.

PROPOSITION 4.4. We have

lim (2€) N/6pPSP 2f+ (2¢) 1/6 ~--»[2\/i+(25)1/6$N]})

£—-+oo

= det(Kairy (i, 7)) 1<i j<N-

The limit is uniform for (x1,...,xN) on a compact set of RN .

This proposition follows immediately from Theorem 3.1 and the following lemma.

LEMMA 4.5. We have
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(26)5 K (21/2€ + 2(26)7,21/2€ + y(26)5) — 0, (4.8)
(26)5 K (21/2€ + 2(26) 5, —(21/2€ + y(28)7)) — Ky (2, 9), (4.9)
(26)5 K (—(21/2€ + 2(26)5), —(21/2€ + y(26)9)) (4.10)

as & — oo, uniformly in x and y on compact sets in R.

PROOF. By the specialization pi(X) = pr(Y) = 1/&/20k1, the function J(z; X,Y)
in (3.3) becomes e\/ﬁ(z’z_l), which is the generating function of Bessel functions. There-
fore, in order to prove Lemma 4.5, we evaluate integrals of the form

vl / / Qe w2 W dedw
2my/—1 2 4w Ut lgvtl’

where the contours are two unit circles and u = 4(2/2€ 4+ 2(26)5) and v = +(2/2€ +
(2€)5). Then Lemma 4.5 is obtained by a similar discussion in [TW2]. We leave the
detail for readers. O

PRrROOF OF THEOREM 4.3. The proof follows from Proposition 4.4 and the discus-
sion in [BOO]. O

4.5. The a-specialized shifted Schur measure.

Let a be a real number such that 0 < a < 1 and let m and n be positive integers.
Weput X; =Y, =aforl <i<mand1l < j < n,and let the rest be zero in the
definition of the shifted Schur measure. This is called the a-specialization, see [TW2]
and [M]. Using Theorem 3.1, we also give a limit distribution of \;’s with respect to
the a-specialized shifted Schur measure. Denote by Pgs , the a-specialized shifted Schur
measure, where o = (m,n, @) denotes the set of parameters above, and put 7 = m/n.

THEOREM 4.6. There exist positive constants ¢; = c1(a, 7) and ca = co(a, T) such
that

A — . )
lim Pss,a<{>\€@ | ﬂ<% 1SZSM}) =Pairy(G <a;, 1<i < M)

n— 00 02n1/3

holds for any M > 1 and any a1,...,ap € R.

When M = 1, this theorem gives the result in [TW2]. Although they assume that
a and T satisfy the relation o? < 7 < a2
in the footnote of that paper.

We write pss, M, J(z; X,Y) and K in Theorem 3.1 after making the a-specialization
by pe, My, J,(2) and K, respectively. Let ¢1, ¢o and zg be positive constants depending
on a and 7 given in [TW2]. These constants are not explicitly given for 7 # 1, see Section

, we can remove this assumption as they expect

1 in [TW2]. Employing the following proposition, we can prove Theorem 4.6 as Theorem
4.1 and so we omit the proof.
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PROPOSITION 4.7. We have

. 1 1 1
lim (c2n%)Y po({[ern + candan],.. fern + canFan]}) = det(Kainy (24, 2;))1<i, <N
The limit is uniform for (x1,...,xN) in a compact set of R .

ProoF. From Theorem 3.1, we have

po({k1, ..., kn}) = /det(M,({ki1,...,kn})).

Then we may write the skew matrix M, in the form

My, M,
M =
e (—tMQ M3>7

where we put N x N matrices Ml = (Ka(kiykj))lgi,jSNa M2 = (K,T(k“
—kN—j+1))1§z‘,j§N and M3 = (KU(_k’N—i+17—kN—j+1))1§i,j§N- Let D be an N x N
diagonal matrix whose i-th entry is given by J,(z0) ~!2j. Then p, is expressed as

a2 )G 25 )

DM,D~'  DMD
= —lN
\/( ) det(DlMng D! tMQD)

_ b DM, D DM,D~1!
o —DYiM,D D MDY/

Thus we immediately obtain the proposition from the following lemma. 0
LEMMA 4.8. We have
1
JU(ZO)—2chnL+c2n3 (m+y)n%KU(cln + cznéx, cin + CZn%y) — 0,
1
zgzns (x_y)n%Ka(cln + coniaz, —(e1n + cyﬁy)) — ¢y ' Kairy (2,9),
1
JU(ZQ)2Z(;(2CIn+C2n3 (ery))néKU(_(Cln + Cz’n%l‘), —(cln + an%y» -0,

as n — oo, uniformly in x and y on compact sets in R.

The proof of this lemma is obtained by the discussion in Section 6.4 of [TW2]. Since
the assumption a? < 7 < a2 is not used in that section, we do not need this assumption
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in Theorem 4.6.

5. Hall-Littlewood measures.

Let & be the set of all partitions. In this section, we consider the so-called Hall-
Littlewood measure on &2, defined by Hall-Littlewood functions. It is considered as
a natural extension of the Schur measure and the shifted Schur measure. Let Qx(X;t)
(respectively Py (X;t)) be the Hall-Littlewood Q-(respectively P-)function for a partition
A (see [Mac, III]). We define the Hall-Littlewood measure by

Pur,x,vt({\}) = %Q/\(XW)P/\(K t).

Here the constant Z = Z(X,Y;t) is determined by

1 —tXY;
=2 aEnin =[] 7%
N i,7=1

where the second equality is the Cauchy identity for Hall-Littlewood functions. Since
QA(X;t) is the Schur function sx(X) at t = 0 and the Schur @-function @ (X) at
t = —1, the Hall-Littlewood measure gives the Schur measure at ¢ = 0 and the shifted
Schur measure at t = —1.

The mean value and the variance of the size |\| of a partition A are given explicitly
as follows.

THEOREM 5.1.  The mean value E(|)\|) and the variance Var(|\|) of the size || of
a partition with respect to the Hall-Littlewood measure are given by

E(A) =Y (1 —t*)pp(X)pr(Y), (5.1)
k=1
Var([A]) =Y " k(1 — t*)pp(X)pi(Y). (5.2)
k=1

Here pi(X) is the k-th power sum function.

PROOF. Define a differential operator Ax by
= Ipk(X)

Since Qx(X3t) = >, 0=z 2p() X)) [Tz, pr(X )mx(P) (see [Mac, TI1-(7.51)]) we
have

AxQr(X;t) = [MQA(X;1).
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Therefore we obtain E(|)\|) z LS L INQA(X ) PA(Y;t) = Ax(logZ). On the other
hand, since Z = exp (Yo 157 pk(X)pk(Y)) (see [Mac, p.223]) we have Ax(log Z) =

> e (1= t")pr(X)pr(Y) so that we get (5.1).
In general, we see that E(|A|") = 2A% Z. In particular, it follows that

B(\?) = %A%((Z) — 38x(2585(2)) = 5 Ax(ZAx(10p 2)

= {AX ) - Ax(log Z) + ZA% (log Z) }

= (Ax(log Z)) + Ag((logZ).
Therefore we have

Var(|A]) = E(IA?) — E(]A)* = A% (log Z)

— Ax <§:(1 - tk)pk<X)pk(Y>>

=D k(1= )P (X)pr(Y).
k=1

This completes the proof of the theorem. O

REMARK 5.1. The mean value E(]\|) with respect to the Schur measure is given
n [03].

Next we consider the mean value E(\;) of Ay, the first row of a partition \. Based
on the fact in Theorem 5.1, we now examine whether E()\;) has an expression similar
to E(JA]). Assume X = Y in the definition of the Hall-Littlewood measure and let

M(t, X) =237 (1 — t*)pi(X).

ExAMPLE 5.1. The poissonized Plancherel measure for symmetric groups is ob-
tained from the Hall-Littlewood measure by putting ¢ = 0 and the exponential special-
ization p(X) = pr(Y) = /€01x. Hence it follows that M (¢, X) = 2¢/€. Since it is known

that E(\1) ~ 2¢/€ as £ — +oo (see e.g. [BOO]), we have lim M((:‘;()) =1

ExaMpPLE 5.2. The a-specialized Schur measure is obtained by putting ¢t = 0
n

and the a-specialization X =Y = (a,...,a,0,0,...). We have hence M(t,X) =
2> 0 na* = 2%n. Since it is proved in [J2] that E(\) ~ 22 as n — +oo, we
have lim 1\1/‘13((:\;()) = 1

EXAMPLE 5.3. The poissonization of the shifted version of the Plancherel measure

for symmetric groups is obtained by putting t = —1 and pg(X) = pp(YV f 01%. We
have hence M (t,X) = 4\/; = 24/2€. Since we have proved that E(/\l) ~ 2¢/2€ as

E)
M x) = 1

& — 400 in Section 4, we have lim
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EXAMPLE 5.4. The a-specialized shifted Schur measure is obtained by putting
t = —1 and the a-specialization X =Y = (a,...,a,0,0,...). Hence We have M (t, X) =
23 p>10dd 2nak = 9%  Since it is proved in [TW2} that E(\) ~

as n — 400,

(12
we have lim 1\5((3;()) = 1.
In view of the examples above, we might expect that ]5((;‘ ;()) always converges to 1.

However, we encounter an example that Af((t/\ }()) does not converge to 1 as follows.

EXAMPLE 5.5. Suppose 0 < ¢t < 1. We make the principal specialization X =Y =
(t,t2,...,t",0,0,...) and n — +oo. Then we have

(M)Al

Qu =tV Py
Hj21(t5t)mj(/\)

/

where we put n(A) = >, (j—1DA; =325, (AJ), (a;q)m = H;”:_Ol(l —ag’) and denote
the multiplicity of j in A by m;()\) (see [Mac, III-2 Ex.1]). Further we obtain

e 1— ti+j+1 0

1
Z= 1l 5= =l

i,5=1

Since 2n(A)+[A[ = 32,51 Aj(A; =143 5, ) = Zj21()\;»)2, the Hall-Littlewood measure
becomes

o0 5212+

Pipin(A) == [J(1 - t")H

ool s Dm0

This measure is studied by Fulman [F1].
We calculate the distribution function of A;. Since for a positive integer h

tZ7>1(/\ )2 +IA]

2 Tt

A:d<h _]>1(t t)”L]()‘)

tEj-fll(w)zﬂli\ o0 1
Z ( - H 1—¢’

wb(p)<h )Hj*#jﬁ—l r=1
r#0,£1 (mod 2h+1)

(the second equality is proved by Andrews [A], see also [F2]) we have

Pt,Prin(/\l < h) = H (1 — tr)
r>2
r=0,%£1 (mod 2h+1)

H — ¢@h DRy (] _ p(GhEDEFLY () y(2htDk=1) (5.3)

The mean value E(\1) is given by E(A1) = Y721 M(Pyprin(AM < h+1) =Py prin(A1 < h)).
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It follows from (5.3) that E()\1) = t? + O(t®) as t — +0. On the other hand, it is easy
to see that

= = > tk %
RS SUED ST S (NSRS

k=1 j=1 k=1

and therefore M(t, X) = 2t + 2t + O(t3) as t — +0. Therefore E()\;) is not equal to
M(t, X).

Thus it is interesting to determine when the ratio % converges to 1. We will
study this problem in future.
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