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Abstract. Let M be a finitely generated module over a Noetherian local
ring R. The sequential polynomial type sp(M) of M was recently introduced
by Nhan, Dung and Chau, which measures how far the module M is from the
class of sequentially Cohen—Macaulay modules. The present paper purposes
to give a parametric characterization for M to have sp(M) < s, where s > —1
is an integer. We also study the sequential polynomial type of certain specific
rings and modules. As an application, we give an inequality between sp(.S)
and sp(SG)7 where S is a Noetherian local ring and G is a finite subgroup of
AutS such that the order of G is invertible in S.

1. Introduction.

The motivation of the present research comes from and dates back to a naive but
fundamental question of what non-Cohen—Macaulay rings are. There are at least two
different ways to generalize the notion of Cohen-Macaulayness; one is the generalized
Cohen-Macaulayness and the other one is the sequential Cohen-Macaulayness. Our
practical purpose is to find effective invariants which enable us to stratify non-Cohen—
Macaulay rings and modules, describing the distance of given rings and modules from
the class of Cohen—Macaulay rings and modules. For the purpose the polynomial type
and the sequential polynomial type introduced by Cuong [C1] in 1992 and Nhan, Dung
and Chau [NDC] in 2016 respectively are good candidates of these invariants. In the
present paper we succeed to the research [NDC]J. Our aim is to deepen the theory of the
polynomial and sequential polynomial types of modules, investigating basic properties of
the invariants.

Throughout this paper let (R, m) be a Noetherian local ring and M a finitely gen-
erated R-module with dimp M = d. We denote by R and M the m-adic completion
of R and M respectively. For an ideal I of R let V(I) be the set of the prime ideals
of R containing I. The polynomial type p(M) of M is defined to be the largest value
among the dimension of the local cohomology modules H: (M) (i < d) over the ring R.
In general

p(M) > max{dim nCM(M),dimg D; }

and one has the equality when R is a quotient of a Cohen-Macaulay local ring, where
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nCM(M) is the non-Cohen—Macaulay locus of M and D; is the largest R-submodule of
M with dimpg D1 < d. Therefore p(M) naturally measures the non-Cohen-Macaulayness
and the mixedness of the module M. The notion is originated also in the paper of
Cuong [C2], where he developed a deep theory of p-standard systems of parameters.
The celebrated theorem of Kawasaki [K] on the existence of arithmetic Macaulayfication
is based on the research [C2]. The reader may consult [CC] for further developments of
the theory in connection with arithmetic Macaulayfication and the annihilator theorem
of Faltings.

The notion of sequential polynomial type sp(M) was recently defined by [NDC]
in order to understand the structure of M in connection with the sequential Cohen-
Macaulayness of modules. Let

HO(M)=D;,C---CD,CDy=M

be the dimension filtration of M. Hence for all 1 < i <t D; is the largest R-submodule
of M such that dimg D; < dimg D;_1. Then M is said to be a sequentially Cohen—
Macaulay R-module, if each D;/D;;1 is a Cohen—Macaulay R-module. This notion was
given in the local case by Schenzel [Sch] as a generalization of the concept of Cohen-
Macaulayness. A sequentially Cohen-Macaulay R-module M is necessarily Cohen—
Macaulay once dim R/p = dimr M for all p € Assg M, which shows the concept of
sequential Cohen-Macaulayness is substantially unlike from the notion of Buchsbaum-
ness or generalized Cohen-Macaulayness of rings and modules.

In the present research we are interested to see the difference of given R-modules M
from the class of sequentially Cohen—Maculay modules. To do this let us set

sp(M) = max p(Di—1/D;)

and call it the sequential polynomial type of M. Therefore M is a sequentially Cohen—
Macaulay R-module if and only if sp(M) = —1 and M is a sequentially generalized
Cohen—Macaulay R-module in the sense of [CN, Definition 4.3] if and only if sp(M) < 0.
In general

p(M) > sp(M) > dimnSCM(M)
(Proposition 2.9 and [NDC, Proposition 3.2]), where
nSCM(M) = {p € Suppp M | M, is not a sequentially Cohen-Macaulay R,-module}.

One has the equality sp(M) = dimnSCM(M) also, when R is a quotient of a Cohen—
Macaulay local ring. Thus the invariant sp(M) measures well the non-sequential-Cohen-
Macaulayness of M.

The reader may consult [NDC] for several basic properties of sp(M). The question
of whether the invariant sp(M) is preserved under localization, completion, and being
divided by a single parameter is closely studied in [NDC]. The authors gave among
other results also the following practical method of computation.
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THEOREM 1.1 ([NDC, Theorem 4.7]). Suppose that R is a quotient of a Goren-
stein local ring and let KJ (M) be the j-deficiency module of M. We set q =
max;¢p () dimpg K7 (M) and g2 = maxjep(a) p(K/ (M)), where D(M) = {dim R/p |p €
Assp M}. Then

sp(M) = max{q1, g2 }.

It is well-known that M is a Cohen—Macaulay R-module (i.e., p(M) = —1) if and
only if every system of parameters of M is an M-sequence. Our Theorem 3.7 generalizes
this fact, showing for every integer s > —1 that p(M) < s if and only if every system
of parameters of M is an M-sequence in dimension > s, provided R is a quotient of
a Cohen—Macaulay local ring. Here a sequence x1,%s,...,T, € m is said to be an
M-sequence in dimension > s, if for each 1 < ¢ < n one has z; ¢ p for any p €
Assgp M /(x1,22,...,2;—1)M such that dim R/p > s ([BN2, Definition 2.1]).

According to Theorem 3.7, it seems natural to ask for such a parametric charac-
terization for modules M to have sp(M) < s. The first main result of this paper is
an answer to the problem in terms of distinguished systems of parameters of M/D; and
strict M/ D;-sequences in dimension > s. See Definitions 3.4 and 4.1 for the definition of
the terminology and let us note here only the fact that for a finitely generated R-module
M every strict M-sequence in dimension > s is always an M-sequence in dimension > s.
We then have the following, which we shall prove in Section 4.

THEOREM 1.2 (Theorem 4.3).  Assume that R is a quotient of a Cohen—Macaulay
local ring and let s > 0 be an integer. Then sp(M) < s if and only if for all 1 < i <t every
distinguished system of parameters of M/D; is a strict M/ D;-sequence in dimension > s.

The second main topic of this paper is to study the sequential polynomial type of
certain specific rings and modules such as the direct sum of a finite collection of modules,
the formal power series extensions, and the localization of the polynomial rings, which
we shall perform in Section 5. We will firstly apply the results in order to describe the
relationship between sp(S) and sp(S%), where S is a Noetherian local ring and G is a
finite subgroup of Aut S such that the order of G is invertible in S (Corollary 5.3). As
the second application of the results we will show the following, which is the goal of the
this paper.

THEOREM 1.3 (Theorem 5.7). Let q1,q2 > —1 be given integers and choose an
integer d so that d > max{qi,q2} + 3. Then there exists a finitely generated module M
over a Noetherian local ring R which is a quotient of a Gorenstein local ring such that

dimp M =d, q = dimr K7 (M), and g = KJ (M)).
imp @ = max dimp (M), and g2 jerglja(%p( (M))

Hence sp(M) = max{q1,q2}-

Let us now briefly explain how this paper is organized. Section 2 is devoted to some
preliminaries, where we summarize some basic results on the invariants p(M) and sp(M).
In Section 3 we study p(M) in connection with the behavior of systems of parameters,
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which plays a key role to prove Theorem 1.2. The proof of Theorem 1.2 (resp. Theorem
1.3) shall be given in Section 4 (resp. Section 5).

In what follows, unless otherwise specified, (R, m) denotes a Noetherian local ring
and M a finitely generated R-module. Let d = dimpr M.

2. Preliminaries.

The purpose of this section is to summarize some preliminaries which we need
throughout this paper.

For an Artinian R-module A the set AttrA of the attached primes of A defined
by MacDonald [Mac] is almost the dual concept of the set of the associated primes for
finitely generated modules. Let dimp A = dim R/AnngA. We then have Min Attg A =
Min V(AnngA), so that

dimp A = max{dim R/p | p € AttgA}.
When we naturally regard A as an Artinian ﬁ—module, we have
AttpA = {PNR|P c AttzA}
([BS, 8.2.4, 8.2.5]). Hence dimp A > dimg A in general.

REMARK 2.1. Let i > 0 be an integer and let H! (M) denote the i-th local co-
homology module of M with respect to m. Then HZ (M) is an Artinian R-module and
HE (M) = H;é(ﬁ/f\) as R-modules. If R is a quotient of a Cohen-Macaulay local ring,
then dimp H., (M) < i ([NH, Lemma 4.1]) and

AttzHE (M) = J  AsszR/pR
peAttgHE (M)

(INQ, Theorem 1.1]). Under the same assumption as above we always have
dimp HY, (M) = dimg HY, (M),

>~

which is however not the case in general, although dimpH? (M) < i since H{ (M)
H;ﬁ(M) as R-modules.

The notion of polynomial type was introduced by Cuong [C1]. Let = 1,22, ..., 24
be a system of parameters of M and n = ni,ns,...,ny a sequence of positive integers.
Set

Ino(n) = Lr(M/(a7,2h?, ..., 2 )M) — nina ... ng-e(z; M),

where e(z; M) denotes the multiplicity of M with respect to the system z. Then in
general Iy . (n) which is considered as a function in nq,ne, ..., ng is not a polynomial in
ni, Na,...,ng > 0 but it takes non-negative values and bounded above by polynomials.

DEFINITION 2.2. The least degree of the polynomials bounding above the function
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Ins . (n) does not depend on the choice of systems z of parameters of M ([C1, Theorem
2.3]), which is called the polynomial type of M and denoted by p(M).

Here we stipulate the degree of the zero polynomial to be —1.

It is clear that M is a Cohen-Macaulay R-module if and only if p(M) = —1 and M
is a generalized Cohen-Macaulay R-module if and only if p(M) < 0. Let us denote by
nCM(M) the non-Cohen—Macaulay locus

nCM(M) = {p € Suppr M | M, is not a Cohen-Macaulay R,-module}

of M. Then nCM(M) is not necessarily a closed subset of Spec R but stable under
specialization (it is actually a closed subset of Spec R, when R is a quotient of a Cohen—
Macaulay local ring), so that we can define its dimension dim nCM(M). With this nota-
tion we have the following, which show that p(M) measures the non-Cohen-Macaulayness
and the mixedness of M.

ProrosITION 2.3 ([C1], [NNK]). Let Dy be the largest R-submodule of M of
dimension less than d. Then the following assertions hold true.

(1) p(M) = p(M) = max;«qdimp H} (M). Hence p(M) <d—1.

m

(2) p(M) > max{dimnCM(M),dimg D, }, where the equality holds when R is a quotient
of a Cohen—Macaulay local ring. If in addition M is equi-dimensional, then p(M) =
dim nCM(M).

LEMMA 24. Let 0 - M' — M — M" — 0 be an exact sequence of finitely
generated R-modules and suppose that dimg M" < s. Then p(M) > s if and only if
p(M') > s.

- Proor.  Set dimg M’ = d. We may assume d > s. Hence dimg M = d and
Hi (M) = Hy, (M) for all j > s+ 2. Consider the exact sequence

HE (M) — HEFY (M) — HEFH(M) — 0

and remember that dimgp HL (M) < j for all j (Remark 2.1).  Consequently

dimp HY,(M) > s for some s < j < d if and only if dim g H{y (M') > s for some s < j < d.
Hence by Proposition 2.3 p(M) > s if and only if p(M') > s. O

The notion of dimension filtration was introduced by Schenzel [Sch]. Removing the
repeated components, Cuong and the second author [CN] have modified his definition.
Let us maintain throughout this paper the following definition given by [CN].

DEFINITION 2.5. A filtration HY (M) = D, C --- C Dy C Dy = M of M is said to
be the dimension filtration of M, if for each 1 < i <t D; is the largest R-submodule of
M such that dimg D; < dimpg D;_1.

We then have the following.
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PROPOSITION 2.6 ([Sch]). Setd; = dimpg D; for 0 <i<t—1. Then the following
assertions hold true.

(1) Assp D; = {p € Assg M | dim R/p < d;} for 0 <i <t—1.
(2) AssgpD;_1/D; ={p € Assg M | dim R/p =d;_1} for 1 <i<t.

(3) D; =HY (M), where a; is the intersection of the associated primes p of M such that
dim R/p < d;.

Let us recall the definition of sequential polynomial type.

DEFINITION 2.7 ([NDC]). The sequential polynomial type sp(M) of M is defined
by
Sp(M) = lnglza%(t p(szl/Dz)
We have sp(M) = —1 if and only if M is a sequentially Cohen—Macaulay R-module,
while sp(M) < 0 if and only if M is a sequentially generalized Cohen—Macaulay R-

module. In this sense the sequential polynomial type sp(M) measures how far the R-
module M is from the class of sequentially Cohen—-Macaulay R-modules. Let

nSCM(M) = {p € Spec(R) | M, is not a sequentially Cohen-Macaulay R,-module}.

Then nSCM(M) is stable under specialization and we consider its dimension. If R is
a catenary ring, then sp(M) > dimnSCM(M). The equality holds and nSCM(M) is
a closed subset of Spec R, if R is a quotient of a Cohen—-Macaulay local ring ([NDC,
Proposition 3.2]).

From now on, throughout this paper let us maintain the following notation and
assumptions.

SETTING 2.8. Let
HY(M)=D; C---CDyCDy=M

denote the dimension filtration of M. Set d; = dimg D; for 0 < i < t, where dimg D; =
—11if Dy =0. Let D(M) = {dyp,ds,...,d}. Hence

D(M)\{-1} ={dimR/p | p € Assg M }.

Let s > —1 be an integer. We denote by D(s) the largest R-submodule of M of dimension
at most s. If s > 0, then there exists an integer t(s) < ¢ such that D(s) = Dy. By
removing the submodules Dy(4)41, ..., D; from the dimension filtration of M, we obtain
the subfiltration

D(s) = Dysy C---C Dy C Dy =M,

which we call the dimension filtration of M in dimension > s.
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We note the following.
PROPOSITION 2.9. sp(M) < p(M).

PrROOF. Set sp(M) = h. If h < dimpg Dy, then h < p(M) by Proposition 2.3 (2).
Assume that h > dimp D;. Then by Proposition 2.3 (1)

— , )< i 1 —1<d; —1.
sp(D1) QHSliigtp(Dz—l/Dz)_Qnélii%(tdlmRDz—l 1<d;—1

Hence h = p(M/D7), so that by Proposition 2.3 (1)
dimz HY, (M/Dy) = h
for some j < d. Notice that j > h > dimpg D; by Remark 2.1 and we have
HY, (M/Dy) = H},(M).
Thus p(M) > h by Proposition 2.3 (1). O
The following two results play an important role throughout this paper.

PROPOSITION 2.10 ([NDC, Proposition 3.3]). sp(M) < s if and only if there exists
a filtration

D(s)=NyC--CN, CNy=M

of M such that dim N; < dim N;_1 and p(N;—1/N;) < s for all 1 < i < k. When this is
the case, the following assertions hold true.

(1) k=1t(s) and dimg D;/N; < s for all i < t(s).
(2) max;<y(s) p(Ni—1/N;i) = s if and only if max;<,s){sp(M),dimg D;/N;} = s.

THEOREM 2.11 ([INDC, Theorem 4.7, Corollary 4.8]). Suppose that R is a quo-
tient of a Gorenstein local Ting (S,n) with dim S = n. Let K/(M) = Extgfj (M,S) (j €
Z) be the j-deficiency module of M and set g1 = maxjg¢p(ar) dimr K/ (M), ¢ =
max;ep(r) P(K? (M)). Then

sp(M) = max{q1, g2}
Therefore sp(M) < s if and only if for all j € Z
(1) dimpKI (M) < 5 if j ¢ D(M) and
(2) dimrp K/ (M) = j and p(K/(M)) < s if j € D(M).

3. Strict M-sequences in dimension > s.

The purpose of this section is to summarize some basic results on strict M-sequences
in dimension > s. We firstly consider M-sequences in dimension > s. For a subset T of
Spec R and an integer i we set
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(T);=4{peT|dmR/p=i} and (T)s;={peT|dimR/p>i}.
Let s > —1 be an integer.

DEFINITION 3.1 ([BN2]). An element 2 € m is said to be M-regular in dimension
> s, if ¢ ¢ p for any p € (Assg M)~s. A sequence x1,xa,...,x, € m is said to be an
M-sequence in dimension > s, if x; is M/(x1,x9,...,x;—1)M-regular in dimension > s
forall 1 <i<n.

We then have the following.

PROPOSITION 3.2.  Suppose that p(M) < s. Let x € m be a parameter of M. Then
the following assertions hold true.

(1) Either dimR/p =d or dim R/p < s for all p € Assp M.

(2) x is M-regular in dimension > s and p(M/xM) < s.

PROOF. ( ) Let p € ASSR M and set dim R/p = r. Suppose that » < d. We choose
B € Assp R/pR so that dlmR/‘B = r. Then P € AssRM whence P € AttzH (M)
([BS, 11.3.3]). Therefore dimp Hy, (M) = r by Remark 2.1, so that r < p(M) < s by
Proposition 2.3.

(2) By assertion (1) z is M-regular in dimension > s; hence dimp(0 :ps z) < s.
Consequently H? (M) =2 Hi (M /(0 :pr x)) for all i > s, so that by the exact sequence

0— M/(0:p x) 3 M — M/xM — 0,
we have the exact sequence
0 — Hiy (M) /aHi (M) — Hy (M /M) = (0 115y ) = 0
for all i > s. Because p(M) < s, by Proposition 2.3 and the above exact sequence we get
dimz H) (M/zM) < s
for all s < i < d— 1. Therefore by Remark 2.1
dimg Hy (M /M) < s
for all ¢ < s, whence p(M/xM) < s by Proposition 2.3. O
We need the following fact in Section 4.

LEMMA 3.3.  With the notation of Setting 2.8 let i € {0,1,...,t} such that d; > s.
If v € m is M-regular in dimension > s, then D; NxD; = xD; for all j < 1.

Proor. We may assume j < i. Let m € D;NxD; and we will show m € zD;. We
write m = xm’ for some m’ € D; and set dimg Rm’ = r. If r = 0, then m’ € D, C D;.
Hence m € zD;. Assume that r > 0 and that m’ ¢ D;; hence d; < r. Then because
xm’ € D;, we get dimg z(Rm') < d; < r, so that the exact sequence
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0— z(Rm') = Rm’ — Rm'/z(Rm/) — 0

shows dimg Rm//x(Rm’) = r. Since Assg Rm’ C Assg M and z is M-regular in di-
mension > s, we have z ¢ p for any p € Assg Rm’ with dimR/p > s. Hence
dimg Rm//x(Rm') = r — 1 as r > s, which is a contradiction. Thus m’ € D;, whence
Di n (E.Dj = (EDZ O

Let us recall the notion of strict M-sequence in dimension s > 0.

DEFINITION 3.4 ([NH]). An element z € m is called strictly M-regular in di-
mension > s, if z ¢ p for any p € U?:o AttgH! (M) with dim R/p > s. A sequence
r1,Ts,...,T, of elements in m is said to be a strict M-sequence in dimension > s, if for
all 1 <i <n a; is strictly M/(z1,x2,...,2;—1)M-regular in dimension > s.

A strict M-sequence in dimension > s is naturally an M-sequence in dimension
> s, because Assg N C Uf:o AttgHE (N) for every finitely generated R-module N of
dimension ¢ ([BS, 11.3.9]). Notice that the converse is not true in general. In fact,
consider the formal power series ring R = K|[[z,y, z]] over a field K and set p = (x,y),
m = (x,y,z). We choose M = p. Then p = (z,y) € AttgH2(M) and z € p, so that z is
M-regular in dimension > 0 but not strictly M-regular in dimension > 0.

Assume that R is a quotient of a Gorenstein local ring. Then the local duality
theorem says that

H, (M) 2 Homp (K7 (M), Er(R/m)),
where Eg(R/m) denotes the injective hull of R/m. Hence
Assp K/ (M) = AttpHZ (M)
for all j € Z ([BS, 10.2.20]). We furthermore have the following.

THEOREM 3.5. Let R be a quotient of a Gorenstein local ring. A sequence
T1,%2,...,T, of elements in m is a strict M-sequence in dimension > s if and only
if it is a KJ(M)-sequence in dimension > s for all 0 < j < d.

PROOF. Suppose that z1,zs, ..., z, is a strict M-sequence in dimension > s. Then
for each 0 < j < d and 1 < k < n we have by [NH, Theorem 1.2 (ii)] and by the local
duality theorem that

d

U AttrHL (M/ (21,22, ..., 25-1) M)

J=0 >s

d
= U AttR(O :Hf',fk*l(M) (.’171,,%2,...,.%’]@,1)]%)
7=0

>s
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d
J Assp KITE=1 (M) /(w1 29, .. 2 )KITRH (M)
=0 >s
Hence z1, 22, ..., 2, is a KJ (M)-sequence in dimension > s for all 0 < 5 < d.
Conversely, suppose that x1,zs,..., 2, is a K/(M)-sequence in dimension > s for

all 0 < j < d. Then since Assp K7 (M) = AttgHZ, (M) for all j, x; is strictly M-regular
in dimension > s. Therefore similarly as above, thanks to [NH, Theorem 1.2 (ii)] and
the local duality theorem, we get

d
| AttpHY, (M/21 M)
j=0

Il
H ( 1<%
>
o+
-+
:U
%
+
S
8
=

>s >s

I
1C
>
%
o]
al

t

M) /a1 K7 (M)

>s

Hence z2 ¢ p for any p € (UJ OAttRHJ (M/le)) . Therefore x1, z9 is a strict M-
>s

sequence in dimension > s. Repeating this procedure, by [NH, Theorem 1.2 (ii)] we
readily get that z1,z9,...,x, is a strict M-sequence in dimension > s. g

We are now interested in the question of what happens when sp(M) < s. We need
the following result later in Section 4.

ProPOSITION 3.6. Let R be a quotient of a Gorenstein ring and suppose that
sp(M) < s. Let x € m be M-regular in dimension > s. Then the following assertions
holds true.

(1) Either dim R/p = j or dim R/p < s for all p € Assg K/(M) and j > 0.
(2) x is strictly M -regular in dimension > s and sp(M/zM) < s.

PRrROOF. (1) Let j > 0 be an integer and p € Assp K7(M). We set dim R/p = r.
Then r < j by Remark 2.1. If j ¢ D(M), then by Theorem 2.11

r=dim R/p < dimg K/ (M) < sp(M) < s

Suppose that j € D(M). Then Theorem 2.11 shows that dimpK/(M) = j and
p(K/(M)) < sp(M) < s. Therefore p € (AssgKI(M)),, so that by [BS, 11.3.3]
p € AttgH% (K7 (M)). Suppose r < j. Then since dimpg K7 (M) = 7,

s > p(KI(M)) > dimg HY, (K7 (M)) = dimpg Hy, (K/(M)) > dim R/p =7

by Remark 2.1 and Proposition 2.3.

(2) Let j > 0 be an integer and choose p € (Assg KI(M))ss. Then dim R/p = j by
assertion (1). Hence p € (Assg K7(M));, so that p € (Assg M); by [Sch, Proposition
3.2]. Since j > s and x is M-regular in dimension > s, we have z ¢ p. Thus by Theorem
3.5 x is strictly M-regular in dimension > s. Therefore dimp(0 :ps x) < s, since x is
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M-regular in dimension > s. Hence
H (M) =2 HL(M/(0 :r x))
for all 7 > s, so that by the local duality theorem and the exact sequence
0— M/(0:px) 3 M — M/zM — 0
we get the exact sequence
(#) 0— K/ (M) /aKITH (M) — K (M/xM) = (0 x5 @) — 0

for all j > s. Let j < d— 1 be an integer such that dimzp K/(M/xM) > s. Then j > s
by Remark 2.1. Because z is strictly M-regular in dimension > s, it is K7 (M)-regular in
dimension > s, whence dimg(0 :ks(ar) ) < 5. Therefore exact sequence (#) above shows
dimp K/t (M) > s. Since sp(M) < s, it follows by Theorem 2.11 that j + 1 € D(M);
hence dimp K’*1(M) = j + 1. Since j > s, x is a parameter of K/T1(M), whence
dimg K9 (M) /2KITH (M) = j. Therefore exact sequence (f) shows j > s, so that
dimpg K/ (M/xM) = j. Thus (Assg(M/xM)); # 0 and j € D(M/xM). Because j + 1 €
D(M), we get p(K/*1(M)) < s by Theorem 2.11, whence p(K/*1(M)/2Ki+1(M)) < s by
Proposition 3.2. Therefore Lemma 2.4 shows p(K’/(M/xM)) < s. Thus sp(M/zM) < s
by Theorem 2.11. O

We close this section with the following characterization for M to have p(M) < s.

THEOREM 3.7. Assume that R is a quotient of a Cohen—Macaulay local ring. Then
the following conditions are equivalent.

(1) p(M) < s,
(2) Every system of parameters of M is a strict M -sequence in dimension > s.
(3) Every system of parameters of M is an M-sequence in dimension > s.

ProOOF. (1) = (2) We assume that d = dimp M > 0 and that our implication
holds true for d — 1. Let xy,x2,...,24 be a system of parameters of M. Then by
Proposition 3.2 7 is M-regular in dimension > s and p(M/z1M) < s. Hence z; is
M-regular in dimension > s. Because sp(]/w\) = sp(M) ([NDC, Theorem 3.5]), we get
by hypothesis (1) and Proposition 2.9 that sp(]/W\) < s. Therefore by Proposition 3.6
x1 is strictly M -regular in dimension > s, so that z; is strictly M-regular in dimension
> s. Because p(M/x1 M) < s, the hypothesis of induction shows xs,x3,...,24 is a
strict M /xq1M-sequence in dimension > s, whence x1, o, ..., x4 is a strict M-sequence
in dimension > s.

(2) = (3) This is clear; see [BS, 11.3.9].

(3) = (1) Assume that d > 0 and that the implication holds true for d—1. Therefore
for every parameter x € m of M, every system of parameters of M/xzM is an M/xM-
sequence in dimension > s, so that p(M/zM) < s. We must show p(M) < s. Assume
the contrary. Then since R is a quotient of a Cohen—Macaulay ring, by Remark 2.1 and
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Proposition 2.3 we have i > dimpg H% (M) > s for some i < d. Set dimpg H% (M) = 7.
Then since r < d, we can choose a parameter = of M so that x € AnngH? (M). Because
x ¢ q for all q € (Assg M)~ by the hypothesis of induction, we get dimg(0 :ps z) < s,
whence HJ, (M) 22 H, (M/(0 :5 2)) for all j > s. Therefore because i > r > s, the exact
sequence

0— M/(0:p x) 53 M — M/zM —0
gives rise to the exact sequence
Hi (M) — Hi ' (M /2 M) = (0 i ar) ) — 0.
We now notice that (0 :p: (ar) ) = Hi, (M) by our choice of z and get
dimp H Y (M /2 M) > dimg Hi (M) =7 > s.
Hence p(M/xM) > r > s by Proposition 2.3 because i — 1 < d — 1, which is a required
contradiction. 0
4. A parametric characterization.

The purpose of this section is to prove Theorem 1.2. To begin with let us recall the
following.

DEFINITION 4.1 ([Sch]). A system of parameters xy,23,...,2zq of M is called a
distinguished system of parameters of M, if (xg,+1,Zd,+2...,24)D; =0 forall 1 <i <t.

Thanks to the prime avoidance theorem, distinguished systems of parameters of M
exist. Notice that if x1,xs,...,x4 is a distinguished system of parameters of M, then
Z1,%2,...,2q, is a distinguished system of parameters of D; for all 0 <: <t — 1.

Let us start from the following.

THEOREM 4.2. Let R be a quotient of a Gorenstein local ring and let s > 0 be an
integer. If sp(M) < s, then every distinguished system of parameters of M is a strict
M -sequence in dimension > s.

PROOF. Suppose that sp(M) < s. Let z1,29,...,24 be a distinguished system of
parameters of M. For each 1 <n < d we set M(™) = M/(x1,29,...,2,)M. Let H™ be
the largest R-submodule of M of dimension at most s. Let

H® =gM™ c...c H™ c H" = M™
be the dimension filtration of M (™ in dimension > s and let
D(s) =Dy C---C D1 CDy=M

be the dimension filtration of M in dimension > s. For each integer i < t(s) we set
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D\ = (D; + (x1, 22, .., x0) M)/ (21,22, ..., 20) M

and rog = t(s). We will prove by induction on n (1 < n < d) that the following assertions
hold true.

(a) z1,z2,...,2, is a strict M-sequence in dimension > s.
(b) sp(M/(x1,x9,...,2,)M) < s.

(c) DZ(") C Hi("), dimp an)/DE") < s, and dimp Hl(f)l = dimp Dl(f)l =d;_1 —n for all
1 < Ty

(d) r, =rp_q if dimpg Df:j?_l >s+1landr, =7,_1 —1if dimp Dfn:jll)_l =s+ 1.
Step 1: Let n = 1. Notice that (Assp M)ss = U;igl(AssR D;)q,. Since
T1,T3,...,Tq is a distinguished system of parameters of M, x; is a parameter of D;
for all ¢ such that d; > 0. As s > 0, x; is M-regular in dimension > s. By Proposition

3.6 (2), a1 is strictly M-regular in dimension > s and sp(M/x1 M) < s. Let i <rg — 1.
Then d; > s. Since s > 0 and D;; C D;, we get by Lemma 3.3

dimp DY = dimg D; /(D; N2y M) = dimg D; /2, D; = d; — 1
and

DV /DY) = (Di + 21 M) /(Dig1 + 21 M)
= DZ/ (Dz n (Di+1 + ZElM))
= D;/(Dit1+x1D;)

2 (D;i/Diy1)/x1(Di/Dig1).

On the other hand, because sp(M) < s, we have p(D;/D;4+1)<s. Asd; >s and s > 0, 2
is a parameter of D;/D; 1. Hence p(Dgl) / DSF)I) < s, thanks to the above isomorphisms
and Proposition 3.2. We now consider the filtration

HY =HO 1 DO c...c HO 4+ DIV c DY = M/, M,

where p =79 — 1 if d,,_1 = s +1 and p = 7 if d,,_; > s+ 1. Then since dimp H®) < s
and p(DEl)/DS_)l) < s for each i < p — 1, it follows by Lemma 2.4 that
p((D + HW) /(D) + HY)) < s,

) - Hi(l) possessing

Consequently Proposition 2.10 shows that r; = p and that DZQ
dimp HY /(DY + HW) < s

for all i < ry. Therefore since dimp H) < s, we have

dimp HV /DY < s
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for all i < rq. If i <7y — 1, then dimpg HZ-(l) > s and hence
dimg H" = dimp DV = d; — 1.

Thus the assertion follows.
Step 2: Let n > 2 and assume that our assertion holds true for n — 1. Hence

(a") x1,29,...,2p—1 is a strict M-sequence in dimension > s.
(b") sp(M/(z1,22,...,2p—1)M) < s.

() D"V ¢ H™Y dimp H" Y /D" < s, and dimp H"Y = dimg D7 =
di—1—n-+1foralli<r,_i.

(n—2)
Tn_Q—l

(n=2) _
Tp—2—1 —

(d/) Tn_1 = Tp_g if dimp D >s+landr,_ 1 =r, o—1ifdimg D s+1.

Let ¢ <r,_1—1. Then dimp Hl-(nfl) = dimpg Dgnil) =d; —n-+1. Since dimpg Hi(nfl) > s

and dimpg Hi(nfl)/DEnfl) <s,wehaved; —n+1>sand

" (n—1) _ . (n—1)
(A55R Hl )di7n+1 - (AbSR DZ )difnjtl'
Since s > 0, we have d; > n — 1. Notice that x1,22,..., 24, is a system of parameters of
D;; hence x,, is a parameter of D;/(z1,x2,...,2Zn—1)D;. Therefore because

dimR Dz(n_l) = dl —n+1= dlmR Di/(Il,IQ, . ,$n_1>Di

and Dgnfl) is a quotient module of D;/(x1,...,2y—_1)D;, the element x,, is a parameter
of Dgn_l). Hence z,, ¢ p for any p € (Assgp Dgn_l))di,nﬂ, so that x,, ¢ p for any
p € (Assg Hi(n_l))di,nﬂ. On the other hand, since dimpg Hi("_l) =d;i—n-+1> s for
alli <r,_1 —1 and dimpg Hr(fffll) <'s, we have

Tnflfl

_ U (ASSR Hi(n*1)>d’.7n+17

=0

(ASSRM(n_l))

>s

whence x,, is M (™ D-regular in dimension > s. Therefore since sp(M"~1) < s by
assertion (b’), Proposition 3.6 shows that x,, is strictly M(*~1-regular in dimension > s.
Consequently by assertion (a) x1,22,...,z, is a strict M-sequence in dimension > s,
whence assertion (a) follows. Thanks to Step 1 and assertions (b'), (¢’), and (d’) for the
module M~ we readily get assertions (b), (c), and (d). Thus 1, s, ...,z is a strict
M-sequence in dimension > s. O

The following is the main result of this paper, which gives a parametric characteri-
zation for M to have sp(M) < s.

THEOREM 4.3. Let R be a quotient of a Cohen—Macaulay local ring and let s > 0
be an integer. Then sp(M) < s if and only if for all 1 < i <t every distinguished system
of parameters of M/D; is a strict M/D;-sequence in dimension > s.
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PrOOF.  Assume that sp(M) < s. Let z1,z2,...,2z4 be a distinguished system of

parameters of M. Then since R is a quotient of a Cohen—Macaulay local ring, sp(]\//.T )=
sp(M) < s and

—~

HO(M)=D,C---C Dy CDyg=M

is the dimension filtration of M (INDC, Theorem 3.5]). Therefore x1,zo,...,24 is
a distinguished system of parameters of M. Hence by Theorem 4.2 x1,xs3,...,%4
is a strict M\—sequence in dimension > s. Let i € {1,2,...,d} and p €
(AttRHﬁl(M/(xl,xz,...,a:i_l)M))>S. Choose B € Assp E/pf% so that dimﬁ/‘p =
dim R/p. Then by [NQ, Theorem 1.1] (see Remark 2.1 also)

o~

(AtbEE (M / (21,2, ..., ;1) M))

>s R >s?

m € (AttﬁH%(M/(l‘l,‘TQ, ce ,I’i_l)M))

whence x; ¢ B. Thus z; ¢ p, as p =P N R. Hence 1,x2,...,2q is a strict M-sequence
in dimension > s.
Let ¢ € {1,2,...,t}. Then since sp(M) < s and

OCDi_l/Di C-e CDl/Di CM/DZ

is the dimension filtration of M/D;, we get sp(M/D;) < s. Hence every distinguished
system of parameters of M/D; is a strict M/D;-sequence in dimension > s.

Conversely, assume that for all 1 < i <t every distinguished system of parameters
of M/D; is a strict M/D;-sequence in dimension > s. Suppose that sp(M) > s and
we will produce a contradiction. Since sp(M) > s > 0 and dimg D; < 0, there exists
ke {1,2,...,t} such that p(Dy_1/Dy) > s. Remember that R is a quotient of a Cohen—
Macaulay local ring and we get by Proposition 2.3 and Remark 2.1 that

j>dimgHI (Dy_1/Dy) > s
for some integer j < di—1. We consider the exact sequence
H{ 1 (M/Dy—1) — Hiy(Dy—1/Dx) — HE,(M/Dy)
induced from the exact sequence
0— Dyx_1/Dx — M/Dy — M/Dy_1 — 0.

Then since dimRHfg(M/D;g) > s or dimRHﬂfl(M/Dk,l) > s, there exists p €
AttgHL (M/Dy) or p € AttgHL '(M/Dj_1) such that dimR/p > s. If p €
AttgHZ (M /Dy), then di_; > j > dim R/p by Remark 2.1. If p € AttgH% '(M/Dy_1),
then dp_1 > j > j— 1> dimR/p. So, in any case we have dim R/p < di—_1. There-

fore, thanks to the prime avoidance theorem, there exists a part x4, ,+1,%a,_,+2,--.,%d
of a system of parameters of M such that (zg4,41,2%d,42,...,24)D; = 0 for all
1 < i < k — 1, while there exists a system xz,xs,...,24,_, of parameters of

M/(%dy 1 +1:Tdyy_y+2, - - - Ta)M such that z1 € p. Notice that since
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OCDkfl/Dk C - CDl/Dk CM/Dk

is the dimension filtration of M /Dy, x1, z2, ..., x4 is a distinguished system of parameters
of M/Dy. We similarly have that 1,9, ...,24 is a distinguished system of parameters
of M/Dy_1. Therefore by our assumption xy,xa,..., x4 is a strict M/Dg-sequence and
M/ Dy,_1-sequence in dimension > s, which is impossible since 1 € p. g

5. The sequential polynomial type of some specific rings and modules.

In this section we study the sequential polynomial type of certain specific rings and
modules. Our goal is Theorem 5.7 below.

Firstly we study the sequential polynomial type of finite direct sums. Let {M; }1<i<n
be a family of finitely generated R-modules. If each M; is sequentially Cohen-Macaulay
(resp. sequentially generalized Cohen—Macaulay), then so is @, M; ([CN, Proposition
4.5]). We generalize this result in the following form.

LEMMA 5.1.  Let {M;}1<i<n be a family of finitely generated R-modules.
(1) p(®?:l Mz) = maxlgign p(Mi), Zf dimR M1 == dimR Mn.
(2) sp(D;_y Mi) = maxi<i<n sp(M;).

PROOF. We may assume n = 2. Set M = M; and N = M,. Assertion (1) is a
direct consequence of Proposition 2.3, since Hi (M @& N) = H: (M) @®H:, (N) for all i > 0.
To prove assertion (2), we may assume that d = dim M > dim N. Let

H(M)eHY(N)=D, C---C Dy CDy=M&N
be the dimension filtration of M @ N. Set dimpg D; = d; for each i. Then
DM @& N)=D(M)UD(N) = {do,d1,...,d:},

where d; < 0 and dy = d. If t = 0, then d < 0, whence sp(M & N) =
max{sp(M),sp(N)} = —1. Suppose t = 1. Then d > 0 and dimg D; < 0. There-
fore by Proposition 2.3 we have

sp(M @ N) = p((M & N)/Di1) = maxdimp Hy, (M & N)
= igg{{dim 7 Hi (M), dims HY (N)}
= max{p(M/Hy, (M), p(N/Hy, (N))}.

Notice that D(M)UD(N) C {d,0,—1}. Ast =1 and d > 0, we readily get sp(M) =
p(M/HY, (M)). Moreover, if dim N > 0, then sp(N) = p(N/H%(N)). If dim N < 0, then
N/HY (N) =0, so that sp(N) = —1 = p(N/HS,(N)).

Let ¢t > 1 and assume that our assertion holds true for t —1. Notice that D; = E; D F;
for all i € {0,1,...,t}, where E; (resp. F;) is the largest submodule of M (resp. N) of
dimension at most d;. We set M’ = M/E;_; and N' = N/F;_;. Then
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D(M'® N')={-1,d;_a,...,d1,dy = d},
so that
sp((M & N)/D;—1) = sp(M' & N') = max{sp(M’),sp(N')}

by the hypothesis of induction, while because D;_1 = Ey_1 ® F;_1 and Dy C D;_1 is the
dimension filtration of D;_1, we have

sp(Di—1) = max{sp(E;—1),sp(Fi-1)}
by the case where ¢t = 1. Thus
sp(M @ N) = max{sp(M),sp(N)}
as wanted. O

Assume that R is a subring of a Noetherian local ring S such that S is a finitely
generated R-module. Let M be a finitely generated S-module. Then M is a finitely
generated R-module with dimg M = dimpr M and the dimension filtration of the S-
module M is also the dimension filtration of the R-module M (cf. e.g., [TPDA, Section
3]). Hence

spr(M) = spg(M),

where spp(M) (resp. spg(M)) denotes the sequential polynomial type of M as an R-
module (resp. as an S-module). Therefore by Lemma 5.1 we readily get the following.

PROPOSITION 5.2.  Let S be a Noetherian local ring and let R be a subring of S such
that S is a finitely generated R-module. If R is a direct summand of S as an R-module,
then sp(S) > sp(R).

Let S be a Noetherian local ring and let G be a finite subgroup of Aut.S. Assume
that the order g = |G| of G is invertible in S and let R = S denote the ring of invariants.
Then R is a Noetherian local ring and S is a module-finite extension of R (see [Br]| and
reduce the general case to the case where S is a reduced ring) such that R is a direct
summand of S. Hence we have the following.

COROLLARY 5.3.  Suppose that S is a Noetherian local ring and G is a finite sub-
group of AutS such that the order of G is invertible in S. Then sp(S) > sp(S%).

Secondly, we study the sequential polynomial type of canonical modules.

PROPOSITION 5.4.  Suppose that R is a quotient of a Gorenstein local ring. Denote
by K(M) the canonical module of M. Then p(K(M)) < p(M) and sp(K(M)) < sp(M).

PROOF. Set d =dimr M and N = M/D;, where D; is the largest R-submodule
of M with dimg D7 < d. Then K(M) = K(N) and Assg K(N) = (Assg M)4. Let
p € nCM(K(N)); hence (K(N)), is not a Cohen-Macaulay R,-module. Choose q €
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Assgp K(N) so that g C p. Then since dim R/q = d and the ring R is catenary, we have
d = dim R/p + dimp, N,.

Hence (K(NV)), = K(Ny), so that K(N,) is not a Cohen-Macaulay Ry,-module. Conse-
quently N, cannot be Cohen-Macaulay, whence p € nCM(XV), which shows

nCM(K(NV)) € nCM(N).
Therefore because the R-module K(N) is equi-dimensional, by Proposition 2.3 we get
sp(K(M)) = sp(K(N)) = p(K(NV)) = dimz nCM(K(N))
< dimpnCM(N) < p(N) < sp(M).
Thus p(K(M)) = sp(K(M)) < sp(M) < p(M), which proves the assertion. O

We now study the sequential polynomial type of polynomial extensions and formal
power series extensions. We begin with the following.

LEMMA 5.5. Let T = R[zy,x9,...,2,] be the polynomial ring. Set n =
(m,z1,29,...,2,) inT. If sp(R) > 0, then sp(T,) = sp(R) +r.

PROOF. We may assume r = 1. Let 3 =z and S = (R[z])n, where n = (m, z).
Then the canonical map R — S is a flat local homomorphism and every fiber ring S/pS
with p € Spec R is an integral domain. Hence the dimension filtration H) (M) = D; C
-++ C D1 C Dy = R of R induces the dimension filtration

H)(R)®rS=D;®rSC--CD ®rSCDy®rS =S8
of S (cf. e.g., [GHS, Proposition 2.6]). We need the following.

Cram 1. Letk e€{0,1,...,t—1}. Ifp(Dy/Dgs1) > 0, then p((Dg/Dr+1)®rS) =
P(Dk/Dy41) + 1.

PROOF OF CLAIM. Let L = Dy/Dj_1. Then dimgp L = di. Since S/mS is a
Cohen-Macaulay ring, there exists a system aq, as, ..., aq, of parameters of L such that
x,a1,0as,...,aq, is a system of parameters of the S-module L ®p S and

e(z",alt, a5?, .. .,aZ:’“;L ®rS) =n-e(z;S/mS) -e(al*, as?, ... ,aZ:‘“;L);

KS(L ®R S/(m",a’l“,ag?, .. .,aZ:k)L ®R S) =n-e(x;S/mS) - Lg(L/al*, a3?,.. .,aZ:’“L)

for all positive integers n,nq,...,nq, ([CCT, Lemmas 6.2, 6.3]). Then the difference

n n nd n n Ny |
ER(L/(CL117(122, e 7adkk)L) - e(a117a22a e 7adkkaL)
considering as a function in nj, ng, ..., ng, is bounded above by polynomials and the least

degree of those polynomials is p(L) ([C1, Theorem 2.3]). Since p(L) > 0, the difference
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n Ny,
lr(L®R S/(x", al*, a5?,. .. ,ad:’“)(L ®rS)) —e(z", alt, a2, ... ,ad:"';L ®g S)

considering as a function in n,n;,ne,...,nq, is bounded above by polynomials and the
least degree of such polynomials is equal to p(L) + 1. Thus

P(L®rS) =p(L)+1
as claimed. 0
Let X = {k <t |p(Dg-1/Dy) > 0}. Then since sp(R) > 0, X # () and therefore

sp(S) = max, p((Dk—1®r S)/(Dr, ®r S)) = max p((Dr—1/Dy) @R S)

= max p(Dg—1/Dy) +1 = sp(R) +1

by Claim 1. O

Let us use Proposition 5.5 to study the sequential polynomial type of the formal
power series ring R[[z1, 22, ..., Zy]].

PROPOSITION 5.6.  Suppose that R is a quotient of a Cohen—Macaulay local Ting.
If sp(R) > 0, then sp(R[[z1, 3, ..., z,]]) = sp(R) + r.

PrROOF. We may assume r = 1. Since R is a quotient of a Cohen—-Macaulay local

ring, we get sp(R) = sp(R) and sp(R[[z]]) = sp(R][[z]]) ((INDC, Theorem 3.5]). Let
n = (m,z) be the maximal ideal of R[z]. We then have extensions

Rla] C (R[z])a C R[]

of rings and when R is a complete local ring, R[[z]] is exactly the completion of the local

~

ring (R[z])n. Hence sp(R|[[z]]) = sp(R) + r = sp(R) + r by Lemma 5.5. O

Suppose that R is a quotient of a Gorenstein local ring and let M be a finitely
generated R-module. We write D(M) = {do, d1,...,d:} and set

— dim K7 (M d = K7 (M)).
a1 = max dim (M) and g jgl)&(%)p( (M))

We then have by [NDC, Theorem 4.7] that

sp(M) = max{q1,q2}.

It seems natural to ask whether for given integers g1, g2 > —1, there always exists a finitely
generated module M over a Noetherian local ring R which is a quotient of a Gorenstein
local ring, possessing ¢ = max;¢p ) dimp K7 (M) and g = max;jep(a) p(K/(M)). We
close this paper with an affirmative answer to this question.

THEOREM b5.7. Let q1,q2 > —1 be given integers and choose an integer d so that
d > max{qi,q2} + 3. Then there exists a finitely generated module M over a Noetherian
local ring R which is a quotient of a Gorenstein local ring such that
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dimM =d, ¢ = max dimpK/ (M), and ¢» = max p(K/(M)).
@ = max dimp (M) 2 jeD(M)P( (M))

Hence sp(M) = max{q1,¢2}-

PROOF. We consider two cases.

(1) The case where ¢ = g2. If g1 = g2 = —1, we have nothing to prove, because every
sequentially Cohen-Macaulay module of dimension d satisfies our requirements. Assume
that ¢ = ¢o > 0 and set kK = d — ¢q;. Let us choose a Buchsbaum complete local ring
(R, m) such that dim R = k&, H% (R) = 0, and HJ, (R) # 0 for some j € {2,...,k—1} (this
choice is possible; see [G, Theorem 1.1]), whence sp(R) = p(R) = 0 and dimg K/(R) = 0
for some j € {2,...,k — 1}. Therefore the canonical module K(R) of R is not a Cohen—
Macaulay R-module ([BN1, Corollary 2.7]); hence p(K(R)) = 0. If ¢g; = 0, the ring R
satisfies our requirements. Assume that ¢ > 1. Let S = (R[z1,2,...,%q,|)n, Where
Rlz1,29,...,24] is the polynomial ring and n = (m,z1,x2,...,24,). Then dimS = d
and sp(S) = ¢1 by Lemma 5.5. Since 0 C R is the dimension filtration of R, 0 C S is
the dimension filtration of S; hence D(S) = {—1,d}. As p(R) = 0, we have p(S) = q1
(see Claim 1 in the proof of Lemma 5.5), whence by Proposition 2.3 and Remark 2.1 we
get dimpr K*(S) = ¢ for some ¢ < d such that ¢ ¢ D(S). Thus the ring S satisfies all our
requirements.

(2) The case where g1 # q2. Let R = K[[z1,%2,...,2q]] be the formal power series
ring over a field K and m = (21, 23,...,24). Fori € {1, 2} satistying ¢; > 0, we set M; =
(xl, o, ... ,a:d_qi)R, N; = R/(l‘l, o, ... ,xd_qi_l)R, and pi = (l‘l, o, ... ,Jid_qi_ﬂR.
Then N; is a Cohen—-Macaulay R-module of dimension ¢; + 1 with Assg N; = {p;}, while
R/M; is a Cohen-Macaulay local ring of dimension ¢; with Assg M; = {0}. Therefore
KI(N;) = 0 for all j # ¢; + 1, while K%*1(N;) is a Cohen—Macaulay R-module of
dimension ¢; + 1. Besides, thanks to the exact sequence

0—-M;, - R— R/M; =0,

we get KI(M;) = 0 for all j # ¢ + 1,d, K%+t (M;) = K%(R/M;), and K¢(M;) =
K4(R). Hence K%+1(M;) is a Cohen-Macaulay R-module of dimension ¢; and K?(M;)
is a Cohen—Macaulay R-module of dimension d.

Let us now consider the following three cases separately. Firstly suppose that gy =
—1. Then q; > 0. Let M = M;. Then Assg M = {0}. We have K/(M) = 0 for all
j# @ +1,d and dimg K8+t (M) = ¢, dimp K¢(M) = d, and p(K¢(M)) = —1. Hence
M satisfies our requirements.

Suppose that ¢ = —1. Then g5 > 0. Let M = M5 & N5. Then dim M = d and
Assg M = {0,p2}. We have K/ (M) = 0 for all j # g2 + 1,d, K}(M) = K(R), and

K2+ (M) = K2 (R/M,) @ K®2TH(Ny).

Hence dimp K%+ (M) = ¢ + 1 and p(K®+(M)) = g2, while dimgp K(M) = d and
p(K%(M)) = —1. Thus M satisfies our requirements.

Let us consider the last case where ¢ > 0 and g2 > 0. Let M = My & My @ Ns.
Then Assg M = {0,p2}. As q1 # g2, we have K/(M) = 0 for j # q1 + 1,q2 + 1,d.
Notice that dimg K2 TH(M) = ¢p, dimg K2TH (M) = ¢ + 1, and p(K2TH(M)) = go,
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while dimp K4(M) = d and p(K%(M)) = —1. Thus M satisfies our requirements, which

completes the proof of Theorem 5.7. g
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