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Abstract. It is known that the formal solution to an equation of non-Kowalevski
type is divergent in general. To this divergent solution it is important to evaluate the
rate of divergence or the Gevrey order, and such a result is often called a Maillet type
theorem. In this paper the Maillet type theorem is proved for divergent solutions to
singular partial differential equations of non-Kowalevski type, and it is shown that the
Gevrey order is characterized by a Newton polygon associated with an equation. In
order to prove our results the majorant method is effectively employed.

1. Introduction and main result.

The purpose of this paper is to characterize the formal Gevrey order of
divergent solutions to singular nonlinear partial differential equations of non
Kowalevski type. Such characterization theorem is often called a Maillet type
theorem.

In 1903, Maillet [4] proved that if an algebraic ordinary differential
equation has a formal power series solution then this formal power series
solution is in some formal Gevrey class. Later, by Gérard and Malgrange
the result was extended to general analytic ordinary differential equations.
This result was generalized to partial differential equations by Gérard-Tahara
2], and they got a critical value of Gevrey order for singular nonlinear partial
differential equations [3, Chapter 6]. Moreover, they studied many other
problems for singular nonlinear partial differential equations which are found in
their book [3].

In linear partial differential equations, various kinds of Maillet type theorems
were proved by Miyake [7], and Miyake-Hashimoto [9].

In this paper we shall give a critical value of Gevrey order for more general
equations than theirs.

Let (2,x) = (¢,x1,...,x4) denote (1 + d)-dimensional complex variables. In
this paper we use the following abbreviations. 0, = d/dt,0, = (0/0xy,...,0/0x4)
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and for a multi-index o = (ay,...,04) e N* (N=1{0,1,2,...}) we denote |a| =
o+ +og and 0% = (0/dx))™ -+ (0/dxq)™.

We denote by (O the set of holomorphic functions in x variables in a
neighborhood of the closed polydisk centered at the origin of radius R, by Og[[{]]
the ring of formal power series in ¢ with coefficients in (, and we set O[[{]] =
Ukoo @rl[]]. We denote by Or{r} the subring of (g[[]] of convergent power
series in ¢ near =0, and we set O{r} = | J,., Cr{r}, which is the set of holo-
morphic functions in (¢, x) variables in a neighborhood of the origin.

Let n,m,my, N,k be fixed nonnegative integers, which satisfy m < my < N.

Let A={(j,0) e NxN?:0<j<my,0<j+|af <N}, and J be the cardi-
nal of 4, i.e. 5 =°4. We denote by X = (Xjo) (jayen € C° the complex variables.

Let f(¢,x,X) be a holomorphic function in a neighborhood of the origin of
C x C" x C° with Taylor expansion

fox,X)= Y frxt xi= [ ¥, (4= (g.) eN°).

(p,q)eNxN5 (j,a)e4

We consider the following nonlinear partial differential equation,

L) t”(?tmu(l, x) _ a(x)tkfern + f(t, X, {8{8@(1, x)}(j,a)ezt)v
' u(t, x) = O(r%)

where a(x) (a(x) # 0) is holomorphic in a neighborhood of the origin.
In the equation we assume the following relation

(1.2) mo < k

between the vanishing order & of u(z,x) and my in the set of multi-indices 4.
Moreover we assume the following condition.

(13) () =0, if V(p,g):=p+ Y (k=jlgu<k—m+n
(j,o)ed

Now we introduce some notations.

J=A{(p,q) : lal = 1, ,,(x) # 0},
N(p,q) = max{j+ |o| : gj # 0}, for (p,q) € J.
We define a non-negative constant ¢ by

— max N(p’q)_m
(14) J_(p,q)eJ{O’ V(p,q)—(k—m—l—n)}’

Then the main result in this paper is stated as follows.
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THEOREM 1. Under the assumptions (1.2) and (1.3), the equation (1.1) has a
unique formal solution of the form

0
u(t,x) Zu, te(O

i=k

and it is in the formal Gevrey class 97, which is defined below. ~Especially if
g =0 then the above formal solution is convergent.

DEFINITION 1 (s-Borel transformation and Gevrey order). Let s> 1. For a
formal power series u(t,x) =Y., ui(x)t" € O[[1]], we define

v(t,x) = Z (th:)(jc_)l t,

i>0

which is called the s-Borel transformation of u(f,x).
If the s-Borel transformation v(¢,x) of u(t,x) is in (O{t}, then we say that
u(t,x) is in the formal Gevrey class 4", and s is called the Gevrey order of

u(t, x).

REMARK 1. It is obvious that 4" = ¢{s}, and by the definition we have
G = g if ¢ > 5.

REMARK 2. Here we give some remarks on the assumptions imposed in

Mheorem 1.
(i) The assumptions and (1.3) in are imposed to ensure

/l

the existence and uniqueness of the formal solution of [I.I}. (See Examples 1
and 2.)

(ii) In general, 1+ ¢ is the best constant for the Gevrey order of formal
solution of as we shall see in Example 3.

(ili) If an equation is not given in the normal form as [I.T), then there exist
many formal solutions which belong to different Gevrey classes, in general, as we
shall see in Example 4.

In linear ordinary differential equations it is convenient to draw a Newton
polygon associated with the operator to characterize the Gevrey order of formal
solutions. In fact, Ramis characterized the Gevrey order by the Newton
polygon for irregular singular ordinary differential operators, and Miyake [7],
and Miyake-Hashimoto [9] defined the Newton polygon for partial differential
operators, and they proved the Maillet type theorem.

In Section 5, we shall define the Newton polygon for nonlinear partial
differential equation of the form to make it easy to understand our result.
For the definition of the Newton polygon for nonlinear equation, see also S.

Ouchi [11].
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2. Examples.

ExampLE 1. Let us consider the following nonlinear ordinary differential
equation,

o0 r
(2.1) u(t) = 1 + tu(?) ;(%) . u(t) = 0(1).
This corresponds to the case d=n=m=0, my=k=1 and Y ° T" is
holomorphic on |T| < 1. Therefore, 1s a special case of except
the assumption [1.2). Let u(r) =) ,., u;t’ be a formal series, we substitute this
series into , then we have u; =1 and up = +00. This shows that does
not have a formal power series solution.

ExampLE 2. Let us consider the following ordinary differential equation,
which does not satisfy the assumption (1.3).

4 d*u
(2.2) u(t) = —t* 4+ + u(t) 5 (0), ult) = o).

Then by an easy calculation we see that (2.2) has two formal solutions of the
form
I

|
M(I):EZ +---, and u(t):—§t3_|_...

ExampLE 3. Let us consider the following nonlinear partial differential
equation,

(2.3) Gl X) =7

u(t,x) = O(£?).

{4 (0%u)?,

Our main theorem asserts that u(z,x) € 4*/3) which is the best class to which the
formal solution u(z,x) belongs as is proved as follows.
Let

0
u(t,x) = Z Uz ()"
n=1

be an expansion of u(#,x). Then we have the following reccurence formula.

(2.4) 1 , ,
uz—1(x) = Ocur(x)0uy(x) for m>2.
3n—1, & x "
+/=3n-2




Maillet type theorem and Newton polygons 569

By this formula we have

a1 () = (3n — 1)(311 —4)--. 5ai(n_l)uz(x)(aiuz(x»n_l +--

1 (2n—2)! o=l

TG4 (1— T o
By restricting at x =0 in this formula, we have
2"(2n)!
uz,—1(0) > C”" 3]
by some positive constant C independent of n, because ‘- -+ part is a linear sum

of terms {(1 —x) 7} with positive coefficients. This implies immediately that

u(t,x) just belongs to ¥4/,

ExaMpPLE 4. Let us consider the following equation
ou 5
(2.5) fult,x) = (1 = )} 5 = 7,

where (z,x) e C x C.
Let ), u,(x)t" € O[[f]] be a formal solution. Then we have the following
relation for u(x),

(1 (x) = (1 = x))ur (x) =0,
which implies u;(x) =0 or u;(x) =1—x.
Case of u;(x) =0. The equation is rewritten
RO
(2.6) ot l1—-x 1-x ot
u(t,x) = O(1?).

In this case, a formal solution of 1s holomorphic in the neighborhood of the
origin of C x C by [Theorem 1, because o = (1-1)/(3—-2) =0.

Case of u;(x) =1 —x. We introduce a new unknown function v(z,x) as
follows.

o(t,x) = u(t,x) — (1 — x)t.
Then v(z, x) satisfies the following equation,

t2_1 ov

I—x 1—x "o
v(t,x) = O(t?).

(2.7) o8, x) =
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In this case, a formal solution of is in ¥? by Theorem 1, because ¢ =
(1-0)/(3—-2)=1. Here the Gevrey class ¥¥ is the best possible class for
v(t,x) as can be shown by the same way as Example 3.

3. Reformulation of Theorem 1.

We shall reformulate our theorem for the sake of convenience to prove the
theorem.
We decompose 4 into three disjoint subsets as follows:
Ay ={(j,0)ed:0<j<m—1,0<j+ o] <mj},
dh={(j,0)ed:0<j<m—-1m+1<j+o <N},
A3={(j,0)ed:-m<j<mym<j+|a] <N}.
Under this notation, f(¢,x,X) is rewritten as follows:

f(t7 x? 5?777 g)
[))'x Vi 5'1
DR L | U O |
V(p,B,y,0) =k—m+n+1 (J,o) ey (j,0)edy (j,0)eds

where X = (&,1,0), ¢g=(p,7,0) and f,y,0 are multi-indices and
(3.1)  V(p,p,7.9)
=p+ Y k=Dt D k=t Y (k=)

(j,o)ed (J.x)edy (J,x)eds
Now the equation is rewritten in the following form:

"0 u(t, x) = a(x)tk=m+n
(32) + f(t’ X, {a{aju(tv x)}A17 {5553”0; x)}Az’ {aljaju(l7 x)}A3)7
u(t, x) = O(t"),

where {---}, denotes {---} , ., for simplicity.

If 4, = @ and 45 = &, then it is trivial that ¢ = 0. We are not interested
in this case so much. Indeed, in this case the proof of convergence of the formal
solution is proved more easily (see Remark 3 in Section 4). Therefore in the
following we assume

(33) Az 75 @ or A3 75 @
The definition of J, N(p,q) and ¢ can be rewritten as follows.

(3.5)  N(p,p,7,9)
=max{j+ |a|:y;, #0 or J;, #0}, for (p,f,7,6) €/,
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N(pnga%é)_m }
3.6 o= max .
(3.6) (,,,,;,y,(;)g]{ V(p;B,7,0) — (k —m+n)

By the assumption (3.3) we have ¢ > 0. Then theorem 1 is reduced to the fol-
lowing theorem.

THEOREM 1'.  Under the assumptions (1.2), (1.3) and (3.3), the equation (3.2)
has a unique formal solution of the form

u(t, x) = f:u,-(x)r" e O[]},
i=k

and it is in the formal Gevrey class 4+,

4. Proof of Theorem 1'.

We shall give the proof of Theorem 1’ by the following four steps:
Step 1: Construction of formal solution
Step 2: Construction of majorant equation
Step 3: Majorant estimate for integro-differential operator
Step 4: Convergence of (o4 1)-Borel transformation

Now we begin the proof of [Theorem 1'.
Step 1: Construction of formal solution.
In this step, we prove the following lemma.
LemMAa 1. The equation (3.2) has a unique formal solution of the form
o0
Zu, t e 0|t
i=k

Proor. We define an ideal O[[f]], of O[[f]] by 0O[[f]], = {> ;s pui(x)t’;
ui(x) € 0}. Denote P=1"0;". We can easily see that the mapping

P O[], — 0[]

k—m-+n

is invertible, and the inverse operator is given by P! =0d"r" where 8[_1
denotes integration in ¢ variable from 0 to z. Let us introduce a new unknown
function U(t,x) = Pu(t,x), that is, u(t,x) = P~'U(t,x). Then the equation for
U(t,x) is given by

(4.1) U(t,x) = a(x)t" + f(t,x,{0] "0 (" U(1,x))} 4,

{07 0" U1, x)} 4y (0] O U(,2))} ),
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where we put r = k — m + n for simplicity. Under this notation, (3.1) is rewritten

V(paﬂayvé):p"{_ Z (r+m_n_j)ﬂja

(j,OC)GAl
- Z rtm—n—jy+ Y, (rtm—n—j)
(j,o)edy (j,o)ed3

It 1s trivial that if has a unique formal solution then (3.2) has a unique
formal solution.

Now we substitute the formal power series U(t,x) =37 Ui(x)t into [4.1).
Then we have the following recurrence formula to determine the coefficients

{Ui(x)}:

(Ur(x) = alx),
03 U,y ()

Ui(x) - Z P/))Vé Z H m ]

(4.2) <« V(p,B,y,0)=r+1 (x) 41,1 (Mjs — 1+ 5)

a . Um/vl (

j—m—1
% — H( H N;ns)@fc‘UkM(x).
AZ,IHS

=1 (mjocl_n'i's 5=

\

Here we used the following notations and abbreviations. The summation }_,, is
taken over (p,{nju}, {mju}, {kju}) such that

(4.3) i:p—l—Z(nM—n—l—m—j)
Ayl
—|—Z(mio([—n‘|—m—j)+2(kjal —n+m—j),
A27l A3,l
and
B Vja Jja
A1,1 (j,0)ed; I=1 Ay, (j,o)edy I=1 A3, (j,0)ed; I=1
B Vja Jja
Al,l (j,O()GAl =1 Az,l (j,O()EAQ =1 A3,l (j,O()EA3 =1

The existence and uniqueness of the formal solution is proved as follows.
Since all njy;, mjy, kjyy >r, we have
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i=p+ Y (u—ntm—j)+Y (M —n+m—j)+> (kiy—n+m- )

Ahl Az,l A3’l
>p+ Y (r+m—n—jB,
(jva)EAl

+ > rEm=n—jyyt+ >, rrm—n— )t n—r
(j:‘x)EAZ (j,OC)EA3

= V(p7ﬁ7y75) +njocl -r

= Njg + I.

Therefore, nj,y <i—1 holds. Moreover, it is trivial that this relation does hold
by replacing nj,; by mj, or kj,;. Hence the right hand side of the reccurence
formula of U;(x) is defined only by {U,(x),U.1(x),...,Ui_1(x)} and their
derivatives. This shows that the coefficients U;(x) (i > r) are uniquely deter-
mined by induction on i.

Thus, is proved. ]
Step 2: Construction of majorant equation.

We shall define a majorant function of U(¢ x) obtained in Step 1.

When two formal power series f(x) =7 o f,x* and g(x) =32 _ogux"
are given, a majorant relation

f(x) < g(x)
is defined by
|f,| < gy, for all e N"
Moreover, when two formal power series f(¢,x) =Y., fi(x)t' and g¢(z,x) =
> 70 gi(x)t" € O[[f]] are given, a majorant relation
f(t,x) < ¢g(t,x)
is defined by
fi(x) «gi(x), forall i=0,1,....

In the equation [I.T), functions a(x) and f(z,x,X) are assumed to be
holomorphic in a neighborhood of the origin respectively. Therefore, we can
take majorant functions for a(x) and f(¢,x,¢,7,{) as follows:

A

a(x) « R

F(t,|x], &m0 = ) a2t P > f(tx,E,n,0)

5
Vip.fyozril (R— x| ) AR

by taking some positive constants 4, R and F,,s, where |x| =x;+ -+ xq.
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Let us consider the following equation for W(t,|x|),

(44) W lx) "+ F(t, x|, {003 (" W (1 X))y,

4
(R )
{07 ox (" Wt X))}, {07 X" Wt X))} )

with W (¢, |x]) = O(t").
We can prove the following lemma.

LemmA 2. The formal solution of (4.4) is a majorant power series of the
formal solution of (4.1), that is, U(t,x) < W(t,|x|).

PrOOF. We substitute the formal series W (z,|x|) = 3.2, W;(|x|)¢" into (4.4).
Then we have

W) = T

and for i>r+1

B Fopys Wi (1X])
sy wilh= > g

1

T W) H(jﬁ
s=0

il | 1 1(mja1 n+ )y

(Kjot =11 — S)) 0 Wi (1X1);

where the summation )_ ) is the same as [4.3). Since the recurrence formula
(4.5) is similar to (4.2), we can easily show U;(x) « W;(|x|) for i=r,r+1,... by
induction on i, that is,

(4.6) U(t,x) < W(t,|x|). O

Step 3: Majorant estimate for integro-differential operator.

LeMMA 3. The coefficients Wi(|x|) (i >r) can be written in the following
form:

Mi—(M—-1)r

Chi .
(4.7) willd) = > ———, ixr,

h=max{r, Bi} (R = [x])

where Cy; are non-negative constants and M and B are positive constants given by

M = max (N—m+n+1)(r+1) e r+N -1 b
k — my k—m+1
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1 (n
B = 1
(n
m-—n

\Y

m),

A

Here [x] denotes the integral part of x € R.

Proor. We estimate the power of 1/(R— |x|). The upper bound estima-
tion is calculated as follows:

h<p+IBl+ |71+ 16|+ > (Mnjy — (M = 1)r +[a])
Ayl

+ > (Mmjyy — (M = Dr+ [of) + Y (Mkjog — (M — 1)r + |a)
4,1 43,1

=Mi— (M —1)p+ ||+ |y| + ]

— MZ(—n +m —j)ﬁja — MZ(-” +m —j)Vja

Ay Vip)
— M (—n+m—j),— (M—1) (Zrﬁju +) et Z@)
A3 A4 A A3

Y B+ Y Ly + D 10
7] 15 75

=Mi— (M= 1)V(p,f,7,0)+ > (1+ ]| —m+j+n)B,
4

+Z(1+|oc|—m+j+n)yja+Z(1+|oc|—m-l—j+n)5j
1 A

< Mi— (M —1)V(p,B.7,0)

+(N—-m+n+ 1)<Zﬂja+2yja —I—Zéja>
A, 7R R

' N-m+n+1
< Mi— (M =1)V(p.f.7.0) + V(p,B,7,0)
—my
< Mi— (M—I—N_m+n+1)(r+1)
k—Wl()

<Mi— (M- 1)r.

Next, the lower bound estimation is calculated by the definition of B as
follows:
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h=p+ Bl + 2|+ 16l + D (Brju + o) + > (Bmj + o) + > (Bl + o)
Ay, 1 Ay,1 A3,1

=Bi—(B—1)p+ Y (1+|o|+Bn—Bm+ BB,
4

+> (1+|a| + Bn— Bm+ Bj)y, + Y (1 + |a| + Bn — Bm + Bj)dj,
Az AS

> Bi—(B—1)p+) (1+o|+ Bn— B+ Bj)B,

> Bi.
Thus, is proved. ]

The next lemma, which gives majorant relations between operators, plays a
crucial role to construct a majorant equation for W(z,|x|).

LemMa 4. Let W(t,|x|) be a formal solution of (4.4). Then we have the
following majorant relations:
i) If (j,«) € 4y, then we have

j—M AG(—N M ” m—j—n
(4.8) ol Mo ("W (1, ]x])) « (R— |x|> t"ITW( |x)).
(i) If (j,o) ed; (j=2,3), then we have
(4.9) oF MY W (1, ]x]))

M o ) .
me]fl 10 |oc|—m+/fn+1W / .
< (R — |x\) (t0;) (¢ |x])

Proor. Let (j,a) € 4. Since |o| <m —j, and by [Lemma 3, we have
ol MW (1, |x1))
ol
i )H(h—l—s—l)
_ Z Z s=1 Chi pimntm=j
m—j . )hHa\

i=r h= max{rBl}H I’Z—f-S ( ‘x|

i=r h=max{r, Bi} (

M N
— m—j—n / .
() e
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Let (j,a) € 4y, that is, m+1 < j+ |a| < N. Then we have
ol MW (1, 1x]))

|

B o [ J+s=1) .
§= hi i—n+m—j
o Z 2 m—lj ( . ‘x|)h+\cx\ g

i=r h= max{rBl}H I’l—f—S

och

o (j — demii i inme
<<Z Z M (i—n+1) 2 )h+all m—j

i=r h=max{r, Bi} ( - |x|

lof ‘
_ (RM ) (10, (),

— |x]
Next, let (j,a) € 45. Then we have
N A (AR

0 r|of j—m .
—Z Z Hh+s—1Hz—n—s+ %t"_”*m_j

i=r h=max{r, Bi} s=1 s=1 ( - ’x|

Mi

EOO R E ot (5 1 || =m+j Chi i=n+m—j

<< M (l —n—+ ) —/HMI
i=r h=max{r, Bi} (R - |X|)

|]
_ (RM > 1 (00,) T (). O

— ||

Step 4: Convergence of (¢ + 1)-Borel transformation.

We consider the following equation for V(z,|x|).

A
Vit |x]) = —=——Ft"
R—)
+ F(ta X, {Gl (.]7 OC) V}Ala {Gz(], OC) V}A27 {GZ(]a OC) V}A3)7
V(ta |x|) = O(Ir)’
where G|(j,«) and Gy(j, o) are the operators appeared in the right hand sides of
and [4.9), that is,

. M || )
i) = (72 )

o ,
Ga(J, ) = ( e |x|> (I (10,) T

(4.10)
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We put the formal solution V(7 |x|) = > Vi(|x])t’. Then we have

i=r
A

Vi(xl) :W

and for i>r+1

Fops M N\
@11 Vi) = o (—) Vo (1
Z (R— |x|)1)+|/3\+|y|+|0| % 4111_[ R — x| !

V(p,B,y,0)=r+1

I1 ] (L Ay
o= v
My, 1 R—|X| ]

o|—m+j M .
X H(kf“l —n+ 1)| =t <m> Vk,-az(|x‘)7

43,1 o

where the summation 37, is the same as in [4.3]. By the same argument as in
the proof of and from [Lemma 4, we can easily show W;(|x|) <« V;(|x|)
by induction on i, that is,

(4.12) U(t,x) < W(t,|x|) < V(t,]|x]).
If we can prove
(4.13) (e, |xl) e 91+,

then we obtain the consequence of Theorem 1’. Therefore, we will prove
in the remaining of this section.

Remark 3. If 4, = & and 43 = J, then the equation for V(z,|x|) is a
functional equation. Therefore, we apply the implicit function theorem for this
equation, we have a unique holomorphic solution V'(¢,|x|), which is a majorant
function of U(t,x).

Now we put

Vi(|x
Xih) = -
Then by dividing the formula (4.11) by (i!)?, we have
F
(@14 Xx)= > e G(p.f.7,9)

0
Vi fodys et (R = [x])P TV

. H(R_Lm)axnm,qxn

43,1

()

x|).
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Here
(415) G(p7ﬁ, 'y’é) = H(m](xl —n _|_ 1)‘“‘_n1+j H(k]al —n + 1)|O€|—m+j
AZJ A3.,l
[T mat)? T 0miaat)” T i)
y Ay,1 A1 A3,1
(i)”

Now we prove the following

LeEMMA 5. There exists a positive constant C independent of (p,p,y,0) such
that

(4.16) G(p, B, 7,0) < CPHIEL

The most important tool in proving is the following lemma.

LemMMA 6. Let L and m; be nonnegative integers such that m; > L for all
j=1,...,n. Then we have

(4.17) myl - omp! < (LN (my 4 - 4+ my — (n = 1) L)L,

PROOF OF LEMMA 6. is proved by induction on n. The case n =1
is obvious. Assume that (4.17) is true up to n— 1. For the case n, we have

m1! . -mn!
(LY 'y + - +my — (n—1)L)!

(LY 2 (my + -+ + my_y — (n— 2)L)!my!
LY my + -+ my — (n—1)L)!

<

m,!
S LY(mp 4 my g —(m—=2)L+1)---(my 4+ +m, — (n—1)L)

m,!
S I -10L=—-2L+ 1) (n=DL+my—(n—1)L)

m,!
CL(L+1)---m,
= 1.
Thus, [Lemma 6 is proved. ]

PrROOF OF LEMMA 5. For an arbitrary positive integer L, we have the
following estimate by using [Lemma 6.
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G(p,B,7,9)
< H(mjal —n+ 1)|oc|fm+jfLa H(kjocl —n+ 1)|oc|fm+jfLa
Ayl Az,
(H(”}'al + L) ] T0mjor + L)1 ] [ Gt + Lﬂ)
% Ay, Ay, A3,1
(ih)”
< H(mjal —n+ 1)|oc|—m+j—La
Ayl

x| [ (Ko =1 + 1)P=m=Le ey ) WA Rl 1)
s,

(an + > Y ki = r(IBI+ ]+ 10]) + r+L>!
Ayl

A27l A37l

g

X

i!

Now we decompose the set J into Q2 and Q:

N(p7ﬁ7 %5) —-m _ 0_}
. V(paﬁay75)_r ,

,N(pvﬂa%é)_m }
. V(paﬁa%é)_r SO0

When (p7ﬂ7 %6) is in ‘le we put L= V(p7ﬁ7 y75) —r= (N(p7ﬂa %5) —m)/O'
e N. Recall i is given by [4.3]. Then by an easy calculation we have

(anaz + 3 i+ > ki — (1B + 1]+ 10]) + 1 + L) |
Ayl Ay, 1 Az,

i!

Ql = {(P,/)),%é) eJ

QZ = {(paﬁa%é) eJ

=1.
Moreover we get
H(mjod —n+ 1)|a\—m+j—LaH(kjal S 1)\a\—m+j—La <1,
A27l A3,l

since |¢| —m+j— Lo <0 for the exponents by the definition of N(p,p,y,0)
and L (see (3.5)). Therefore, we have the following estimate in the case of

(paﬂa %5) € le
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0| —1
(4.18) G(p,B,7,0) < CPHIHPIEL

N-—m
o

where Cj = {F(r + + 1) }0(2 (r+L)H7%).

Next when (p,f,7,0) is in €,, we put

L= lN(paﬂa ’)),5) —m

g

]—l—leN,

where [x] denotes the integral part of x. By the definition of this symbol, it
holds that

Np.ppo)=m _, _Nppy0)=m |
o - g !
and
ML P10V (o)

holds since (p,f,7,0) € 2,. These imply

N(p7ﬁ7y75> -

g

L< Mo < Vip,By,0) —r+ 1.

Since L and V(p,p,y,0) —r+ 1 are positive integers, we have
L< V(p7ﬁ7y75) - T

Now we can easily check

((anal + ijfxl + ijal - F(|ﬁ| + |V| + |5|) 44 L) '>

A1l 4,1 45,1
1 2 3 <1

(i -

and

H(mjocl —n+ 1)\a\—nz+j—La H(kjocl 4 1)|oc|—m+j—La <1
A27l A3,l

does hold since the exponents |¢| —m+j— Lo are negative in this case.
Therefore, we have the following estimate in the case of (p,f,y,d) € 2,:

(4.19) G(p,B,7,0) < CYHIHPIEL

N —m

where C, = {F(r—l—
o

+ 2) }U(z ((r+L)")°).
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Since C; < G, and 1 < (,, by (4.18) and ((4.19) we have for all (p,f,7,0) € J

(4.20) G(p,B,7,0) < CPHIHPL
by C= Cy = {F(V—I—N;m-l—2)} (>((r+L))°).
Thus, is proved. [

By (4.14) and the above inequality [4.20), we have the following majorant
relation for X;(|x|).

(4.21)  Xi(|x])

Fppys
<<
V(p,ﬂ%zﬂ—l (R - |x|)P+|ﬂ|+|V|+|5|

<> 1l¢ (R ]_”|x|)aXn,»a,< )

M Jod M o
XEC<R_|X|) ijw(XDZ],;[[C(R_ |X|> ijal(x|)'

Now we consider the following analytic functional equation for Y(z,|x|):
At

()7 (R = |x])

+F( X[ AH (G, 0) Yy, {H (J,0) Yy, {H(J,2) Y )

with Y (z,|x|) = O(¢"), where

(422)  Y(1,]x]) =

e
t"ITY (¢t .
p) )

Then by the implicit function theorem we see that (4.22) has a unique
solution

H(j,0)Y := c(

o0

Y(t,|x]) = ) Yi(lx)r'

i=r

holomorphic in a neighborhood of the origin. We can easily examine that the
coefficient Y;(|x|) is just obtained by the same formula as the right hand side of
(4.21). This proves that

which we want to prove.

8
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5. Newton polygon.

In this section, we define the Newton polygon for nonlinear partial dif-
ferential equation.
First, let us consider the following linear ordinary differential operator,

finite /d k
(51) P= Z ajktf (E) y  djk € C.
J, k=0
For an operator ajt’/ (d/dn)* (ajc #0) we associate a sector S(j,k) such that
S(j k) = {(x,y) e R x <k, y > j —k}.
Then the Newton polygon N(P) for the operator P is defined by
N(P) := Ch{S(j,k); (j,k) with ay # 0},
where Ch{---} denotes the convex hull of {S(j,k)}; .
Let ro,r1,...,r; be the slopes of sides of the Newton polygon N(P) with

z-vertexes such that 0 =ry <r; <--- <r, =+4o00. Then Ramis proved the fol-
lowing Maillet type theorem.

THEOREM 2 (Ramis [11]). The formal power series solution of the following
equation

belongs to 4+ with ¢ = 1/r,.

SN

T

AL/

ro=0 Figure of the Newton polygon for P
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Miyake [7], [8] and Miyake-Hashimoto [9] showed that such an observation
of Maillet type theorem from the Newton polygon is possible for generel singular
partial differential equations, but for linear equations.

Here we shall introduce the Newton polygon for nonlinear partial differ-
ential equations and explain by using the Newton polygon as Ramis’
theorem.

Let us consider again the nonlinear partial differential equation considered in

'07"u(t, x) = a(x)tFm 4 (8 x,{070%u(t, x)} ),
(52) {u(t, x) = O(t%),

where
fexx)= > per I X
V(p,q) =k—m+n+1 (j,a)e4
(5.3) Vip.a)=p+ Y, (k=g
(J,x)ed

We introduced
J={(p,q) : lal = 1, f,,(x) # 0},
N(p,q) = max{j + |of : gj # 0}, for (p,q) e J.
By MTheorem 1, we have already known that the formal solution in O[[#] of

is in 9119 with

N(p,q) —m }
= max <0, :
“<Mm{ V(p.q) — (k —m+n)

Now the Newton polygon for nonlinear partial differential equation 1s
defined as follows. For each term

heer T (@/au™

(j,o)ed

we associate a point (N(p,q), V(p,q)) on (x, y)-plane, which means that the first
component is the highest order of differentiations in the term, and the second
component is the order of zeros of the term in ¢ variable. For example,

t"0"u(t, x) & (m,k —m+n),
(00050  (0u)" & (max{q -+ ], r}, p + K(k - @) + L(k - ).
Next we introduce a sector S(p,q) for each point (N(p,q), V(p,q)) by

S(p.q) :=={(x,») e R*x < N(p,q),y = V(p,q)}.
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Then the Newton polygon ./ of the equation is defined by

A= Ch{S(p,q): (p.q) € J}.

Let y,7(,-..,7, be the slopes of sides of the Newton polygon /" with

t-vertexes such that 0 =y, <y, <--- <y, = +00.
Then [Theorem 1 can be read as follows.

THEOREM 3. Under the assumptions (1.2) and (1.3), the formal solution of
(5.2) is in @19 with ¢ = 1 /v which is the inverse of the least positive slope of the
Newton polygon.

ExaMpPLE 5. Let us consider the following equation

(5.4) { u(t,x) = £+ (07u)(0) + £2(6u) (810 5u) + 120

u(t,x) = O(13).
The points corresponding to each terms are:

u(t,x) < (0,3), (83u)(8xu) < (2,4)
2(0u)(0,00u) & (3,6), t*oju s (2,5)

Therefore the Newton polygon of is drawn as below.

order of zeros

N
N\

—— (3,6) <= t2(0u)(B0%)
(2,5) < t40%u
~— (2,4) = (O}u)(0:v)

~— (0,3) <= u(t,z)
maximal order
of differentiation

+
-+

1 2 3

Now asserts that the formal solution of is in 49,

EXPLANATION OF THEOREM 3. Why is the Gevrey order taken from the least
positive slope of Newton polygon? The answer to this question is as follows.
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By Theorem 1, the Gevrey order is given by the maximal value of

N(paq)_m
V(paq)_(k_m+n)

for (p,q) e J.

Now the point associated with £"0"u(u(t, x) = O(¢¥)) is given by (m, k—m-+n),
and other points are given by (N(p,q), V(p,q)). Moreover, since V(p,q) > k —
m + n, the point (m,k —m+ n) is the coordinate of the vertex on the horizontal
side of the Newton polygon. Therefore, the minimal slope of segment from
(mk —m+n) to (N(p,q),V(p,q)) is just the least positive slope of Newton
polygon, that is,

- V(p,q)—(k—nfl+n)}

0 <y, = min < +o0.
a (,,,q)ej{ N(p,q) —m

By [Theorem 1, we obtain a consequence of [Theorem 3.

REmARK 4. We remark that for linear equations, the Newton polygon is
defined for the operator and does not depend on individual solutions. In fact,
even if we define the Newton polygon by taking care of the order of zeros of the
formal solution as is being done in nonlinear equations, the Newton polygons so
obtained will only be vertical shifts of the Newton polygon in the linear case, and
the slopes of sides are still the same.

ExampLE 6. In Example 4, we considered the following equation

(5.5) {u(t,x) — (1 — x)t}% -

As in Example 4, in the case of u;(x) = 0, the equation is rewritten into the
form and the Newton polygon of is drawn as Figure 1; in the case of
u;(x) = 1 — x, the equation is reduced to and the Newton polygon of is
drawn as Figure 2.

Figure 1 Figure 2
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This shows that the order of zeros of formal solution changes the form of the

Newton polygon for nonlinear partial differential equation.
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