Toéhoku Math. Journ.
24 (1972), 269-274.

AN EXAMPLE ON DEFECT OF A COMPOSITE FUNCTION

Dedicated to Professor Gen-ichird Sunouchi on his 60th birthday

SEIKI MORI

(Received Oct. 22, 1971)

1. Let f(2) be a meromorphic function in the complex plane
|z| < +c. We assume that the reader is familiar with the fundamental
concepts of Nevanlinna’s theory and in particular with the most usual
of its symbols:

log*, m(r, f), n(r, f), N(r, f), T(r, f), d(a, f) and ete..

Valiron [5] proved the following theorem.

THEOREM A. If f(2) is a meromorphic function of finite order p
and of lower order N, and if g — N <1, then all deficiencies of f(z) are
invariant under a change of origin.

Further, this theorem is generalized as follows. (See Mori [4].)

THEOREM B. Let ¢g(2) be a polynomial of degree n and f(z) a
transcendental meromorphic function of order p; and of lower order ;.
Assume that tt; — Ny < 1/n. Then, for any w,, it holds that

o(wo, f(9(2))) = 0(w,, f(2))

By a geometrical argument, Belinskii and Gol’dberg [1] gave an
example of a meromorphic function f(z) of order 1 and of lower order 0
having the following property: a deficiency of f(z) varies under a change
of origin.

This shows that in Valiron’s theorem A cited above the condition
tt — x < 1 can not be dropped.

In this note, following Edrei and Fuchs [2], [3], we give an example
which shows that the condition g, — A, < 1/n in Theorem B can not be
weakened. In the case » = 1, our argument seems to be more elementary
than the one due to Belinskii and Gol’dberg.

2. In the construction of the example, we need following two
lemmas.

LEMMA 1. Let g(z) be a meromorphic fumction of order p, < + oo
and T (# ) a complex number. Then, for any fived t > 0, there exists
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an auxiliary function @,(z") such that
90, 2,(z") = a(z, 9(2))
and

SN, (1g(@(z + 1) — 7))
(1) 00, 2,((z + t)*)) =1 — limsup L= .
e T(r, 9(0(z + 1))

i=

Here the auxiliary function @,(2") is written as

ny =y g(wjz) -7
(2) o) = [ LoD

b

where @ = e*/" aqnd X 1is some complex number.

Proor. We follow Edrei’s argument in [2]. Let 2 be the set as in
[2]. Then, for any fixed ¢ > 0, there exists a complex number X such
that X ¢ Q,

1
N(’I‘, m) ~ T(r, 9(z))
and
1 j
N(r =) ~ T 9@+ ),

4G=012 ---,nm —1) as r— o, since a set of deficient values in the
sense of Valiron is of capacity zero.

Now we note that in (2), a zero of one of the » functions
glwz) — 7 (7=0,1,2,---,m — 1)
can not cancel a zero of the n functions g(w’z) — X. Hence we have
(0, ?,(2")) = 0(z, 9(2)

(see Edrei [2]), and further we see

N 1
N(r, @.((z + 9)) = 2, N(r, g (0i(z + t)) — X)

~ S T, 0@ + 1) (r— +22)

and

Nr ) ~ 2N e =)

so we have
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6(0, @.((z + 1)) = 1 — lim sup Ngfrl/é@Zf§z++t;3;;))

S N@, 1(g@i(z + 1) — 1)

=1 — lim sup +=>——
o 2 T(r, 9(@'(z + 1))

Thus we have our Lemma.
We note that @,(z) is a meromorphic function of order p,/n and that
(0, @,(z")) = 0(0, 0,(2))
holds.

LEMMA 2 (Edrei and Fuchs [3]). Let 2z, 25, 25, *++ (|2, |S[2:]Z ]2 00 0)
be a given sequence of distinct complexr numbers having no finite point
of accumulation and let v, v,, v, - -+ be a given sequence of positive integers.
Finally, let {(r) be any given function of r(>0), decreasing and strictly

positive. Then, it is posstble to find a meromorphic function F(2) of the
form

Fo)=3S—% | (@,>0, Sa,< +<)
k=1 (2 — 2)"%

and a set E of finite measure such that
T(r, F) = N(r, F) (reFE)
and
0T, F) — N(r, F)<l(r) (r>r,rck).

3. For our purpose it suffices to construct a meromorphic function @(z)
in the complex plane |z| < + < such that g, = 1/n, X = 0, (0, @(z)) = 0
and such that 60, @((z + t)*)) = 1 for any fixed ¢ > 0.

First we consider an integral function

hisd ) T .
=T (1= (Z)"), <2 <., n(zL: integer) .
k=1 s
We can see

N(r, %) < T(r, f) < N(r,%) +4
and can take two sequences {r,)7-, and {n,}7-, such that
(3) T(ry, f1) < (log 74)*
and

7, = [r(log 72)*]
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where [a] denotes the integral part of a. (See [1], [3]).

{ri}e=i (0=, and a fixed ¢t > 0, we take z, such that
= a(/"k —8),

where, if # = 2m + 1, then

For the sequences

a:—l, s:tsin2< m TZ'),
2m + 1
or if n = 2m, then
a = gityems s = tsinz(z’m—ln_> ]
m

We next take a sequence {v,}7-, such that vy, = [r,(log 7,)’]. Then by

Lemma 2 we can find a meromorphic function

) =3 —% | (>0, S, < +)

k=1 (2 — 2)%k
such that T(r, f,) = N(r, f,) + O1). We now put
F @) = fi(z)- fo(?) .

Then we have

I(r, f(2) = T(r, fi(2)- fo(2)) = T(r, f) + T(r, f2)

< N(r,%) + N@, f) + OQ)

1

and

T(r, f(2)) = max (N(r, fi) N, fz)> :

By (3) and by construction of f(z), we obtain

Ny, f) = N(ry, f2) ~ v, log — — + O((log 1)?)

Ty —
~ s(log 7,)° .
Thus we see
T(ry, f) ~ s(log 7.)°

as r,— +o and s > 0. Therefore

1 = lim sup N, f(2) > lim sup N(ry, f(2)

rae - T(r, £(2)) i T(ry, f(2)
Hence we have

(e, f(2) = 0.

=1.
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On the other hand, for any sufficiently large » such that », < » < 7y
we have

1
Tr, e+ 0) 2 N(r, t))

> K-7, log
Tk -

-+ O((log ), K > %

and

N(r, f(@™(z + 1)) = N(r, f(@""(z + 1))

<y, log* ";— + O((log )% ,
k

where 2z, = |0 ™¥x(r, —s) — t| >r, — t. These two estimates are ob-
tained by the quite same argument as in [1]. Hence

lim sup N f(@"z + 1) _
roe T(r, f(z + 1))

Further we see, from the above construction,

N(r, f(@'(z + t))) = N(r, f(@™"" @+ 1)), (=012 -, n-1).

Thus we have

SN, (@2 + 1)

lim sup 4= =0

ST, F@e + 1)

In (2), we put = 0 and ¢g(2) = 1/f(2). Then we have, by Lemma 1,
(0, 9,(2)) = 0(0, g(2)) = 9(=, f(2)) =0
and

ZN(T 1/(g(w(z + t))))
1=600, 2,2+ ") =1 — limsup -
T jZ=O I(r, g(w'(z + 1))
Therefore, for any fixed ¢ > 0, there exists a meromorphic function
?,(z) of order 1/n and of lower order 0 satisfying
000, 2,(2) =0 and 6(0,9,(z+t)") =1.

REMARK. In the case 1 < g, < 4o, we can also construct a similar
example by an analogous argument.
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