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1. Let f(z) be a meromorphic function in the complex plane
< + oo. We assume that the reader is familiar with the fundamental

concepts of Nevanlinna's theory and in particular with the most usual
of its symbols:

log+, m(r, /) , n{r, /) , N(r, /) , T(r, /) , δ(α, /) and etc..
Valiron [5] proved the following theorem.

THEOREM A. // f(z) is a meromorphic function of finite order μ
and of lower order λ, and if μ — λ < 1, then all deficiencies of f(z) are
invariant under a change of origin.

Further, this theorem is generalized as follows. (See Mori [4].)

THEOREM B. Let g(z) be a polynomial of degree n and f(z) a
transcendental meromorphic function of order μf and of lower order Xf.
Assume that μf — Xf < 1/n. Then, for any w0, it holds that

δ(w0, f(g(z))) = δ(w0, f(z)) .

By a geometrical argument, Belinskii and GoΓdberg [1] gave an
example of a meromorphic function f(z) of order 1 and of lower order 0
having the following property: a deficiency of f(z) varies under a change
of origin.

This shows that in Valiron's theorem A cited above the condition
μ — λ < 1 can not be dropped.

In this note, following Edrei and Fuchs [2], [3], we give an example
which shows that the condition μf — Xf < 1/n in Theorem B can not be
weakened. In the case n = 1, our argument seems to be more elementary
than the one due to Belinskii and GoΓdberg.

2. In the construction of the example, we need following two
lemmas.

LEMMA 1. Let g(z) be a meromorphic function of order μg < + °°
and τ(Φoo) a complex number. Then, for any fixed t > 0, there exists
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an auxiliary function Φn(zn) such that

8(0, Φ.(«")) = δ(τ, g(z))

and

Σ ΛΓ(r, {llg(ω'{z + ί)) - r))
(1) δ(0, Φn((z + ί)")) = 1 - lim sup '=° ,_t

Σ T(r, g(ω'(z + t)))

Here the auxiliary function Φn(zn) is written as

= ff
t=o g(ω>Z) - X

where ω — e{2πlnH and X is some complex number.

PROOF. We follow Edrei's argument in [2]. Let Ω be the set as in
[2] . Then, for any fixed t > 0, there exists a complex number X such
that X&Ω,

N(r, * ) ~ T(r,g(z))
\ g(z) — X /

and

N( r, } ~ T(r g(o)j(z + t))) ,
V g(ωj(z + t)) - X J

(j = 0, 1, 2, , n — 1) as r —> oo, since a set of deficient values in the
sense of Valiron is of capacity zero.

Now we note that in (2), a zero of one of the n functions

g(ω>z)-τ (j = 0, 1, 2, . . . , n - 1)

can not cancel a zero of the n functions g(o)jz) — X. Hence we have

δ(0, Φn{zn)) = δ(τ, g(z))

(see Edrei [2]), and further we see

N(r, Φn{{z + «)•)) = Σ N(r, . , , } . „ ψ)

i=o \ g (θ)3(z + ί » - X'

- Σ Γ(r, flr(ω^ + ί))) (r > + oo)

and

jvfr 1 "\ — y\N(r - ^ ,
V ' φ n ( ( z + t)n) J i = o \ ' g ( ω j ( z + t ) ) - τ J

so we have
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% N(r, l/(g(a>i(z + t)) - τ))
= 1 — lim sup }~° n_ί .

Σ T(r, g{ω'{z + t)))

Thus we have our Lemma.
We note that Φn(z) is a meromorphic function of order μg/n and that

3(0, Φn(z*)) = «(0, Φn{z))

holds.

LEMMA 2 (Edrei and Fuchs [3]). Let zί9 z2, z3, (| zι | ̂  | z2 | ̂  | z31 ̂  •)
6e α given sequence of distinct complex numbers having no finite point
of accumulation and let vu v2, v3, be a given sequence of positive integers.
Finally, let ζ(r) be any given function of r(>0), decreasing and strictly
positive. Then, it is possible to find a meromorphic function F(z) of the
form

F(z) = Σ - — ^ - r - > (α* > 0 ΣΣ

a set E of finite measure such that

T(r, F) = N(r, F) (r g E)

0 S T(r, F) - N(r, F) < ζ(r) (r > r o , r e β ) .

3. For our purpose it suffices to construct a meromorphic function Φ(z)
in the complex plane \z\ < + <*> such that μ* = 1/w, λφ = 0, δ(0, Φ(z)) = 0
and such that δ(0, Φ((« + ί)n)) = 1 for any fixed t > 0.

First we consider an integral function

/i(«) = Π (1 - ( — ) ) > (0 < 2rr ^ n+ 1, %(^1): integer) .

We can see

and can take two sequences {rfc}£=i and {%}?=L such that

( 3 ) T(rk,fd< (logrkγ

and
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where [a] denotes the integral part of α. (See [1], [3]). For the sequences
V=i9 {%}AΓ=I and a fixed t > 0, we take zk such that

s* = a(rk - s) ,

where, if n — 2 m + 1, then

α = - 1 , β = £sin2(———π) ,
\2ra + 1 /

or if n = 2 m, then

= eUl~lί{2m))π

a = e V 4m

We next take a sequence {yfc}Γ=i such that vfc = [rk(\og rk)*]. Then by
Lemma 2 we can find a meromorphic function

^ , (α* > 0, Σ « * < +oo)

such that T(r,f2) = N(r,f2) + 0(1). We now put

Then we have

Γ(r, /(z)) = T{r,Uz) Uz)) £ T(r,fd

and

Γ(r, f(z)) > max (iSΓ r̂, 1 ) , N(r,

By (3) and by construction of f(z), we obtain

N(rk, f) = N(rk, f2) - v, log —^— + O((log rfc)
2)

n - s

- s(log rΛ)3 .

Thus we see

T(rk,f)~s(logrkγ

as rk —• + oo and s > 0. Therefore

1 ^ lim sup y /(«)) > Hmsup^^M = 1 .y T( f()) v T( /())T(r, f(z)) rt- v T(rk, /(a))

Hence we have
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On the other hand, for any sufficiently large r such that rk<*r < rk+ί9

we have

T(r,f(z+t))^N(r,—
+ *)

> if. % log -1— + O((log n) 2 ), K > 1
rk — t 3

and

N(r, f(ω™*\z + ί))) = iSΓ(r, /2(ω^/2^(^ + t)))

where 0?̂  = | ω~~ι%ma{rk — s) — t\ > rk — t. These two estimates are ob-
tained by the quite same argument as in [1]. Hence

0 .
T(r, f(z + t))

Further we see, from the above construction,

N(r, f{ω\z + t))) < N(r, f(ω™»(z + ί))) , (i = 0, 1, 2, , n - 1) .

Thus we have

Σ N(r, f{ω'{z + ί)))
limsup-g = 0 .

~~ Σ T(r, f{ω\z + t)))
3=0

In (2), we put r = 0 and g{z) = l/f(z). Then we have, by Lemma 1,

δ(0, Φn{z)) = HO, g(z)) = δ(oo, f{z)) = 0

and

Σ,N(r, V(g(ω'(z + ί))))
1 ^ 5(0, Φ,((z + ί)")) ^ 1 - lim sup ^^ = 1 .

Σ T(r, g(w'(z + ί)))
i=o

Therefore, for any fixed ί > 0, there exists a meromorphic function
Φw(z) of order 1/n and of lower order 0 satisfying

δ(0,Φn(z)) = 0 and δ(O,Φn((z + t)")) = l .

REMARK. In the case 1 < μf < +^f we can also construct a similar
example by an analogous argument.
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