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1. Introduction. Let us consider the Hubert transform / of function
/ e L ^ - o o , oo), it is well known that the / exist a.e. but the only local
integrability of I/I^O < ε < 1) holds in general. Then we shall discuss
its integral estimation on the whole space from a stand point of views
of interpolation of operations on intermediate spaces.

The intermediate space between two Banach spaces, was introduced
by A. J. Luxemburg [6, 7]. Let us consider totally α -finite measure space
(R, μ) and the space V of equivalent classes of real valued measurable
functions on R. The equivalent relation here is that of coincidence of
almost everywhere. If in V we introduce a topology of convergence in
measure on sets of finite measure, V becomes a topological vector space.
If we take as the interpolation pair Lι

μ and Lp

μ(l < p < oo), then these
are continuously embedded in V. We shall consider the space Lμ + L%
and introduce in it the norm

+ \\h\\\Uμ\)
where the infimum is taken over all pairs ge Lp

μ and he Lι

μ such that
f = g + h, then Lμ + Lp

μ also becomes a Banach space and also continuously
embedded in V. We shall also consider another totally σ-finite measure
space (S, v) and the intermediate space Lι~ε + Ll on S. Although U~ε is
not a Banach space, for the sake of convenience we shall use the same
notations as before.

Let us consider the operation T which transforms measurable functions
on R to those on S. The operation T is called quasi-linear if

(i) T(/i + /2) is uniquely defined whenever Tfγ and Tf2 are defined
and

where fc is a constant independent of /x and /2,
(ii) T(cf) is uniquely defined whenever Tf is defined and

|c| \Tf\
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for all scalars c.
We say that the operation T is of type (p, p) (1 < p < oo) if Tf is

defined for each feLp

μ(R) and belongs to Ll(S) such that

where Mp is a constant independent of / . The least admissible value of
Mp is called the (p, p)-norm of operation T. Next we shall define the
weak type (1, 1) of operations. Given any y > 0, denote by Ey = Ey[Tf]
the set of points of the space S where \Tf\>y, and write v(Ey) for the
v-measure of the set Ey. We say that the operation T is of weak type
(1, 1) if

where M1 is a constant independent of /. The least admissible value of
Mγ is called the weak (1, l)-norm of operation T.

Now we shall prove

THEOREM, Suppose that a quasi-linear operation T is of weak type
(1,1) and of type (p, p) (1< p < oo) respectively. Then we have Tfe L]rεjrLp

v

(0 < e < 1) for any fe Lι

μ + Lp

μ and

|| Tf\\[Ur + U] ^ κM««-*\\f\\[Uμ + Lfl

where K is a constant independent of f, M means the maximum value
of Ml9 Mp and 1.

2. Proof of Theorem. Let us begin to prove the following supple-
mentary results.

PROPOSITION. Let us suppose that a quasi-linear operation T is of
weak type (1, 1). Then we have if heLι

μ,

(1) (ί

and

\Th\>l

respectively.

PROOF. These are immediate consequence of results of our preceding
paper, but we prefer to give a simple and direct proof. Let us denote
by n(y) the distribution function of \Th\, then
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Th\pdv = -[ypdn(y) = -n(l) + p[yp-1n(y)dy
Jo Jo

\\h\\)dy
y I p — 1

The passage is justified easily (see A. Zygmund [9, vol. II, p. 112 (4.8)]).
Similary we have

( I Th\^dv = -\~yι~sdn{y) = n(l) + (1 - e)\~y-n(y)dy
J\Th\>l J l J l

= Ml\\h\\ .
ey

Now we shall need the following lemma.

LEMMA. Let us suppose that the inequality between three non-negative
numbers A, B and C such that A ^ κ(B + C ) , Λ : ^ 1 . Then we have the
following inequalities

(i) if 0 ^ A S 1,

(tc(B + C), if 0 ^ C ^ 1
= \κ(B + C(1-ε)/*), if C> 1

(ii) ifA>l,
((2κ)pnι-ε)(BPl{ι-ε) + CPίil-ε)), if 0 ^ C ^ 1

A ~ ((2/c)3)/(1-δ)(β^(1-ε) + C), if C> 1 .

End of proof of Theorem. Without loss of generality we can assume
that 11/11 = 1. For any given positive number rj there exists a decomposi-
tion of / such that / = g + h and ||fir|| + | |λ| | ^ | | / | | + η = 1 + η. Let
us denote by S1 and S2 the set of points | Tf\ > 1 and | Tf \ ̂  1 respectively.
Let us also denote by Sn and S12 the set of points [ Th \ > 1 and | Th \ ̂  1
respectively. Then if we apply the first part of Lemma to \Tf\ = A,
\Tg\ = B and \Th\ = C and integrating over S2

(\ \Tf\pdv)llP

Γflr| + I Th\Ydv)llP +κ(\ (\Tg\ + \ rA|<l-"')»<ZyY" .
•' V J ^ n ^ n /

If we apply the Minkowsky inequality and substitute estimations (1), (2)
of Proposition and || Tg\\ ^ Λfp||ί/|| then we shall obtain

\lP\Tf\pdv\

I Tg\pdv\ + κ(\ I TΛ|pdvj + ιc{\
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rg KM2\\g\\ + KMv\\h\\ + KMf-V'WhW11-'"' ^ KM(1 + η)

By the same way we get

\i/d-0

\τf\>ί I
a-ε) + KMι\\h\\

\

τf\\[ur + u] < (( i Tfi'dv)1" + (\

If we let the η tend to zero we have

\l/(l-ε)

J|77Ί>i /

= KM*nι-%)\\f\\[Uμ + Lp

μ] .

From the Marcinkiewicz-Zygmund theorem and this one we can derive:
COROLLARY 1. Let us suppose the same hypothesis those of theorem

and let us write

r = (1 — θ) + θp 0 < θ ̂  1 .

Then we have Tfe Lt"β + Ll(0 < ε < 1) for any feLμ + Lr

μ and

where K is a constant independent of f and M means the maximum value
of Mlf Mp and 1.

Moreover we can prove the following proposition which corresponds
to the case θ = 0.

COROLLARY 2. Let us suppose that a quasi-linear operation T is of
weak type (1,1). Then we have Tfe Lι~ε + Ll+ε(0 < ε < 1) for any fe Lμ

and

The above discussions suggest us that results are naturally generalized
by the same method developed here.
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