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ON THE LAPLACIAN ON A SPACE OF
WHITE NOISE FUNCTIONALS

By

Isamu DOKU*

§1. Introduction.

We are greatly interested in the Laplacian on a space of white noise func-
tionals. To have in mind aspects of application to mathematical physics, we
can say that it is common in general to use the weak derivative D on a given
basic Hilbert space, so as to define d, which just corresponds to the de Rham
exterior differential operator. In doing so, one of the remarkable characteristics
of our work consists in adoption of the Hida differential 9, instead of D. This
distinction from other related works does provide a framework of analysis
equipped with the function for perception of the time ¢, with the result that it
is converted into a more flexible and charming theory which enables us to
treat time evolution directly. It can be said, therefore, that our work is suc-
cessful in deepening works about the general theory done by Arai-Mitoma [2],
not only on a qualitative basis but also from the applicatory point of view in
direct description of operators in terms of time evolution.

The differential 0, has its adjoint operator dF in Hida sense and it is called
the Kubo operator. Indeed, 0¥ is realized by extending the functional space
even into the widest one (E)*, where a Gelfand triple (E) G (L?) G (E)* is a
fundamental setting in white noise analysis, in accordance with our more general
choice of the basic Hilbert space H. On the contrary, we define the adjoint
operator d,* of d, associated with 0, without extending the space up to that
much. Consequently the Laplacian A, constructed in such an associated manner
with d, (so that, with d,) is realized as an operator having analytically nice
properties, such as C=-invariance, etc. On the other hand, when we take the
Kubo operator as its adjoint, then the so-called Hida Laplacian Ayx is naturally
derived. It is, however, well-known that Ay is an operator which maps (S)
into (S)*, or in our general setting from (F) into (E)*, which means that it
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transforms a smooth class not into itself, but into the widest class of generalized
white noise functionals (or the so-called Hida distributions). On this account
the following problem is highly interesting in the standpoint of operator theory
or infinite-dimensional analysis.

Let us choose the Hida differential 9, as the starting point of the theory.
Then if we assume that the Laplacian A constructed according to the de Rham
theory should possesse a nice property such that it maps a smooth class into
itself (i.e. A: C*--C=>), what on earth would its adjoint d,* naturally corre-
sponding to d; (hence d,=d,(0:)) be like? This is one of our motivations in
this paper (cf. the beginning of §5). The followings are in fact outstanding
features of our work and what have been acquired in connection with the
aforementioned problem: (1) in regard to the adjoint operator d,*=d,*(@,) of
dp,=d,(0:), we have as a matter of fact succeeded in constructing it in such a
satisfactory manner as to fit into our requirement; (2) as a consequence the
constructed Laplacian A,, which is associated with 9, enjoys extremely nicer
properties on analytical basis, i.e., A, is a C>-invariant operator on a space of
white noise functionals (cf. Theorem 7.7); (3) moreover, peculiar ideas of
generalized functions totally released from smearing with respect to time ¢
produces the corresponding higher version of theory in operators on functionals,
which allows us, despite its implicity, to draw the description of time evolu-
tion; (4) our A, primarily settled with the Hida derivative 0, is a Laplace-
Beltrami type operator getting possession of such a nice property, and it is
completely distinct from other Laplacians in white noise analysis, such as the
Lévy Laplacian A;, the Gross Laplacian Ag, and the Volterra Laplacian Ay ; (5)
the Laplacian is in a sense successfully constructed in concrete and satisfactory
manner, simply corresponding to our more general choice of the basic Hilbert
space H, and the explicit form A,w of the Laplacian on w2 (the space of
polynomials) is also obtained (cf. Proposition 6.3); (6) as one of applications in
terms of our Laplacians, this paper includes several versions of the so-called de
Rham-Hodge-Kodaira decomposition theorem associated with Hida derivative in
white noise calculus or Hida calculus (cf. Theorem 7.1, and
Theorem 7.8). To comment upon the above (4) in addition, it is therefore
expected in a quite natural way that A, should play a remarkable and proper
role in white noise analysis, which is entirely different from those of the other
Laplacians. It remains to be stimulating object in relation with other works
[21, 28 & 30] on Laplacians, and it is highly interesting as well.

This paper is organized as follows:

§1. Introduction.
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§ 2. Notation and preliminaries.

§ 3. Hida differentiation.

§4. De Rham complex.

§5. Laplacians A,(0, 0;) of de Rham complex {d,(O, d.)}.

§6. Explicit forms of the Laplacians A,(@, a.).

§ 6. Des Rham-Hodge-Kodaira decompositions associated with Hida derivative.
§ 8. Concluding remarks.

In §2 we shall introduce notations commonly used in this whole paper, and
preliminary results are also stated in §2, some of which are generalizations
[9-11] of the well-known results on basic and fundamental theorems in white
noise analysis, having been obtained by many pioneers and forerunners [17, 24,
25 & 27]. §3 is devoted to general but brief explanations on the basic ideas,
important concepts, and interpretations of Hida differentiation. This will be
the key to understand the succeeding sections. There are contained some asser-
tions, simply corresponding to our general setting (cf. [12-15]). §4-§7 are the
main parts of our paper. In §4 we shall construct de Rham complexes. For
a complex Hilbert space K, let A?K be the space of exterior product of order
p. Consider a nonnegative selfadjoint operator A on a given normal Hilbert
space H, and we denote by the symbol @ the linear closed operator: Hc—K,
determined regarding A. Then the operator d, from @(APK) into @(AP"'K),
depending on O, is able to be realized by making use of the Hida differential
operator. In §5 we shall state a systematic construction of Laplacians A, of
{d,}. The corresponding Laplace operator can be constructed theoretically and
get into entity when we take advantage of the adjoint operator and have resort
to functional analytical method (see Proposition 5.2). By virtue of closedness
of the sequences of complexes we can obtain the de Rham-Hodge-Kodaira
theorem (Theorem 5.3) in L%sense [16]. In §6 the explicit form of the Lapla-
cian A, will be obtained by a direct computation (see Proposition 6.3), where
the leading idea is similar to [2], however, as stated before, the employed
calculus and basic mathematical background are actually different, since we are
totally based upon the white noise calculus or Hida calculus. In §7 we shall
make mention of several versions of de Rham-Hodge-Kodaira type theorem
associated with Hida derivative [8]. It is easy to see that such a type of
decomposition holds for the space of smooth test functionals, induced by the
Sobolev type space H** of functionals relative to the Laplacian (Theorem 7.1),
namely,

H:=(N\F(K)=Im [A,(6) I H*“(A$(K))]DKer A,(6) .
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On this account we may employ the Arai-Mitoma method (1991) to derive the
similar decomposition theorem even for the category (S)(APK), just correspond-
ing to the space of white noise test functionals (see Theorem 7.8). Basically,
principal ideas for proofs are due to the spectral theory. However, some of
statements include subtler precise estimates, for which we are definitely re-
quired to execute elaborate computation with some other results in orthodox
probability theory and Malliavin calculus.

Finally it is quite interesting to note that this sort of result leads to the
study of Dirac operators on the Boson-Fermion Fock space (cf. [1]), and also
that our analysis could be another admissible key to the supersymmetric quantum
field theory (e.g., [34]). We believe that this formalism proposed in this paper
should be possibly regarded as a clue to open a new pass towards analysis of
Dirac operators in quantum field theory through the framework of Hida calculus.

§2. Notation and preliminaries.

Let T be a separable topological space equipped with a ¢-finite Borel mea-
sure dy(t) on the topological Borel field #(T"). Further suppose that v be equi-
valent to the Lebesgue type measure dt. H:= L¥T, dy; R) is the real separa-
ble Hilbert space of square integrable functions on 7. Its norm and inner
product will be denoted by |-|, and (-, -). Let A be a densely defined non-
negative selfadjoint operator on H. We call A with domain Dom (A) standard
if there exists a complete orthonormal basis {e,}5-oCDom (A) such that

(A.1D Ae,=A,¢n for ., €eR,
(A.2) 1<HSAS - —> o0,
(A.3) 20 A,"*<c  holds (cf. [9, 107).

Obviously, A™! is extended to an operator of Hilbert-Schmidt class. Put

p:=A4 =AY op,
and

oo 1/2
p— -2 —_— -1
3:=(S4*) =14"us

where | -|lop is the operator norm and | -|lus is the Hilbert-Schmidt norm. We
also note the following apparent inequalities :

0<p<l, p<0.

For a complex separable Hilbert space K, we further assume that
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(A.4) There exists a densely defined, closed linear operator
© from H¢ into K such that A=0*6O ,

where we define the complexification He=H-+:H as usual way, and O* means
the adjoint of 6.

Given such a standard operator A on H, we can construct a Gelfand triple
in the standard manner (see [22, p. 2591, [27]). For p=0 let E, be the com-
pletion of Dom (A7) with respect to the Hilbertian norm [§],:= | AP§|,, £
Dom (A?), where Dom (A?)=H for p<0. Then E, becomes a Hilbert space
with the norm |-|,. We thus obtain a chain of Hilbert spaces:

. CE,C - CE,C - CHC -
i CE_,C - CE_,C -
for 0<¢<p. Equipped with the Hilbertian norms {5} pzo,
E:=NE,

p=20

becomes a nuclear Fréchet space. FE is topologized by the projective limit of
Hilbert spaces {E,}pez with inner products (& %), (§, € E), and is called the
space of test functions on 7. The topological dual space E* of E is obtained as

E*:= \UE_,,

p=0

i.e., the dual space E* of E is the inductive limit of E_, as p—o. FE* is
equipped with the inductive limit convex topology (e.g. [10, Eq. (3.1), §1Ii]).
The triplet ECHCE* is called a rigged Hilbert space or a Gelfand triple.
Then note that the dual space Ec¢c*=(E¢)* is equivalent to (E*)¢=FE*+iE*. It
is known that the strong dual topology of E* coincides with the inductive limit
topology in our setting (see [35]). Let p be the Gaussian probability measure
on the measurable space (E*, @) whose characteristic functional is uniquely
determined, by virtue of the Bochner-Minlos theorem, by

2.1) [ expcx, rpdm=exp (— 5 18160),  &<E,

where @ is the og-algebra containing cylinder sets. For simplicity we denote
only by <-, -> the canonical bilinear forms between any dual pairs unless it
causes any confusion in the context. For instance, when <-, -> is a bilinear
form on E*XE, then it is naturally extended to a C-bilinear from on E¢*X E¢.
We will denote the space L*E* @, p; C) briefly by (L? according to the
notation in [17]. Let ||-||, denote its norm. Note htat (L?) is a complex Hilbert
space. We them assume the following three conditions (cf. [9-11]) which are
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suggested by Kubo-Takenaka [24].

(A.5) For every £ FE there exists a unique continuous function

£ on T which coincides with & up to v-null functions.

(A.6) For each t=T the evaluation map 9.: §—&@), E€E,
is continuous, i.e., 0. E*.

(A.7) The map t—4, is continuous from T into E*.

By virtue of (A.5) we agree then that E consists of continuous functions. The
symbol E:®" denotes the n-fold tensor product of the complexification of E.
For f=E®" and p=R, define | f|, o0 := [(AP)®"f],. Let (E,,)C@" be the n-fold
symmetric tensor product of (E,)c. Ec2" denotes the projective limit of (E,)¢®"
and (E¢*)®" the inductive limit of (E_,,)Cén as p tends to infinity. In the fol-
lowing we shall consider all the time the inductive limit space together with
the inductive limit convex topology.

REMARK 2.1. Note that the measure v is supposed to be rotation invariant
in the setting of white noise calculus. T is often thought of as time parameter
space. In the above we have in mind the harmonic oscillator Hamiltonian [19,
p. 148] as a concrete model of A (cf. Example 2.1 given later in §2), which is
typical in Hida calculus (see [7, 27]).

By the Wiener-Ité decomposition theorem we have
2.2) (LY= 3 DK,

where K, is the space of n-fold Wiener integrals I.(f,), f.=Hce" (cf. [24,
1981] or [9, Remark 1.2, §1]). H®" is the n-fold symmetric completed Hilbert
space tensor product of the complexification of H, hence H®m is again a Hilbert
space. It is a fact that (L?) is canonically isomorphic to the Fock space over
Hc¢, that is,

(2.3) (L?)= i__")o PH" .

For each ¢&(L?) there exists a unique sequence {f,}%-o, fneHcé" such that

oo

(2.4) lpll*= 2 711 faliton ,
and

(2.5) gp(x):n%(: x®:, o, p-a.e. xeE*.
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where the right hand side is an orthogonal direct sum of functions in (L?) (e.g.
[9, Theorem 2.37; see also [20]). The symbol :x®": is the Wick ordering of
the distribution x®”(E®")*, which is defined inductively as follows:

1 x®0i=1, 1 x®i=x,

T x®n = x® T x®m- —(n—l)z'@) x®n . (n=2)
where t&(EQE)* is the distribution defined by
(2.6) {r, EQn>=<§ vy, & nekE.
Note that z is also expressed as
@.7) r={ seduo= Slese;.
When we define S-transform as
2.8) Sp@=|_¢wFe; npdn),
then we have (SI,(f2))&)={fn, €8>, where

F(§; x)=:exp<x, £ =exp (<x, $>—% Ié-‘loZ)

(see [24]; also [9, §1]). Based upon the result in[2.4) and we may intro-
duce a second quantized operator /'(A) on (L?%. Let Dom (I'(A)) be the sub-
space of p=(L?) given as in Eq. such that

(i) f.=0 except finitely many = ;

(i) fa€Dom (A)Raip -+ a1, Dom (A) (n-times).
Then for ¢=Dom (I7(A4)) we put

(2.9) (T (Dp)x)= 3 In(A®" f)(x)
Let (E,) be the completion of Dom (/" (A)?) with respect to the Hilbertian norm

l@llo® = I T (A pllo*= 3 1| fal oo

= S nl(AP" falofon
where fne(E,)®". Equipped with the norm {|-||} =0,
(E):=N(Ep)
20

becomes a nuclear Fréchet space. Let (E)* be the dual space of (E). For any
p<=(E), ¢ has a continuous version @, and it is bounded on each bounded set
of E*, moreover the evaluation map d,: ¢—¢@(x) is a continuous linear func-
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tional on (F), i.e., 0.=(E)* for any xeE* (cf. [25]; see also [10, 11]). By
the above fact we always regard (E), as a space of continuous functions on E*,
An element in (E) (resp. (E)*) is called a test (resp. generalized) white noise
functional. We denote by -, -) the canonical C-bilinear form on (E)*X(E).

Lastly we introduce an example, which is enough to show that our general
setting stated above is not unsubstantial.

ExaAMPLE 2.1. When T=R, dy(t)=dt, and when we choose A=1+1t*—(d/dt)?,
then @ is given by d/dt—t (tR) with Hc=K=L*R), and we have (E)*=(S)*,
(E)Y=(S) with Gelfand triple

(S (LH(S)*.

This is a typical model of white noise spaces in Hida calculus, originally intro-
duced by T. Hida [17, 18] and developed by others [19, 22, 24 & 297 (see also
[7, 26] for its applications).

§3. Hida differentiation.

We now introduce a differential operator a, which plays a fundamental and
important role in white noise calculus. We call d, the Hida differential and
d.¢p(x) a Hida derivative. Originally the operator 9, is written as

0/0x(t)=0/8B(t)

under the framework of choice H=L*R: dt), where B(t) indicates the formal
time derivative of one-dimensional Brownian motion B(¢), tR (cf. [17, 18]).
Because the causal calculus or Hida calculus is the analysis on white noise
functionals and its basic idea is to take a white noise B(t) to be the system of
variables of white noise functionals, it is quite natural to consider 9,=d/0B(t)
as its coordinate differentiation. It is needless to say that T. Hida’s original
idea was a farsighted choice of coordinate system fitting for the causal calculus,
if one sees its rapid exciting development and progress in white noise analysis
(WNA) for the last few decades (cf. [19, 20 & 22]).
For ¢=(E) and d.=E* we put

(3.1) 0:p(x) := (Ds,)(x)

8

= 1n<:x®‘"‘”:, Ocxfrn),

n

I

where f,eE:8". Note that 0:=2Djs, is a continuous linear operator on (E) [12].
It is known that
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(0ep)(x)= }}im 0 Hp(x+60-0)—p(x)},
-0

for p=(E). For &e(E)*, its generalized U-functional U(§)=Ug(§) is defined
to be
ULD1(E): =KD, ez, ek

where :exp -, &: :=exp<-, &dXexp (—(1/2)|&|.H)=(E) (see [29] for its charac-
terization). We can rephrase the above definition as follows: (S@)&)=U[D](&).
In white noise calculus the collection {B();t=R} is taken as a coordinate sys-
tem. Thus we need to define the coordinate differentiation with respect to
this system. This can be done directly through the U-functional. Let @ be in
(E)*. Suppose that the U-functional F of @ has the Fréchet functional deriva-
tive F/(¢; u)=0F(§)/06(u). If the function F’(-;t) is a U-functional, then the
Hida derivative 0,@ of @ is the element in (E)* with U-functional F’(-; 1), i.e.,
U[0.9](&)=F’(¢;t). Note that in general 9, is a distribution as a function of
t. In other words, according to Kubo-Takenaka [24] we have
0

0&(D)
(cf. [12-15]). Let @ be the set of polynomials in E*, and its element PE2 is
expressed as

(3.2) 0:D(x)=S"1 SO(x),

P(x)=nzi)0< x®:, fa), frEES.

We know that, for tT, 0, and the Giteaux derivative in direction J. coincide
on P (see [14, Lemma 2.2]).

If ¢o=(E) has chaos expansion {f,; n=N,}, then denoting by ¢ and fn,
ne N, their corresponding continuous versions (cf. [9, Remark 3.4], [10, Th.
3.1], and [11, Th. 2.1]), we have

(0= R xo 0, oty ), teT,

where Fa(t, )=08xfn=<d:, f»> (see [14, Remark 3.2]). We always identify
pe(E) with its continuous version on E*, so that, in the following we shall
suppress the distinction between them on a notational basis. The number
operator N is defined by

(3.3) N(é%(:xe" ) f,,>)=§l né:x® s, fod.

By [14, Theorem 3.5], generally, for any y=E*, D, extends from 2 to a con-
tinuous linear map from (E) into itself. In particular, (E) is infinitely Gateaux
differentiable in every direction of E*, moreover, for any ¢&(E) the function
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y—D, ¢ is strongly continuous from E* into (£). Therefore, in particular, the
function t—0,¢ is continuous from T to (E) (see also [12, 13]). The followings
are verified by employing reflexiveness of (F) (Lemma 4.1 in [14]) with the
celebrated Schwartz kernel theorem: namely, for ¢&(E), Vo EQ(E) holds,
and for every ye E*,

(3.4) Dyp=<y, Vo, , p—a.e.,

suggesting that V¢ is the Fréchet derivative of p=(E). In particular, if heH,
then

(3.5) DthISTh(t)a,godv(t) . p—a.e.

where the integral should be interpreted as a Bochner integral. Furthermore,
every ¢&(FE) is infinitely Fréchet differentiable and the k-th Féchet derivative
of ¢ is given by V”geré’k@(E) (cf. Theorem 4.3 and Theorem 4.4 in [14]).
Moreover, the gradient V extends from % to a continuous linear operator from
Dom (+/N) into L¥T—(L?); dv) (see [15]), where (Vo)({, x)=0.¢(x).

§4. De Rham complex.

First of all we start on a notation. <2 is the whole space of C-valued poly-
nomials on E* as described in §3. Note that < is dense in (L?. For peN,,
the p-fold exterior product space APK is defined by A?K .= {weQR?K: o(w)=
sgn (0)-w, Yo=gG,}, where ¢, is the symmetric group of order p. We intro-
duce the following metric in APK: i.e., for any w, y€ A?K such that o=/f,A
 Nfp T=&IN - Ngp, €K, gr=K (for any k=1, 2, ---, p), the inner pro-
duct between w and y is given by

{w, T>ApK = 3 sgn (0')'12]2[1 {frr oatrVK -

UEgp

APK¢ denotes the completion of APK by the above metric (-, ->\*¥, with
A°K°=C. Its element is called a p-fold skew symmetric tensor, and A, is an
alternating operator from ®?K into APK. When B:= ©@60*, then D*(B):=
mQN Dom (B™). We denote by ®(A?PK°) the whole space of A?K°-valued poly-

nomials on E*, whose element is expressed by
4.1) o(x)= 3 P(x)-6,, xcE*,
n=1

where P,e®, £,€A4,(°D*(B))C APK. Notice that @(APK¢) is dense in
A2(K), and AZ(K) is defined to be (L)Q@APK® which is identified with
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L¥E*—~APK®; dp) in a usual manner [32].

Now we will introduce a linear operator d, from P(A?PK°) into P(AP"1K®)
for each p=N,. Actually, for any wsP(APK®) especially of the form [4.1),
the operator d, (=d,(0)=d,(0, d,)) is defined as

k A~
4.2) dpw(X)E(p-l—l)ng Aps1(0:0.Pr(x)R6r),
where 0, is the Hida differential (see §3). We have 13,, in our standard repre-
sentation of element in (L?%):
© N(@n) P
Po(x)= gl Cix®e, fo,
where £, is the element in Ec®' given by

fl: %lbanabl@ ®77al.l) baEC; ﬂaj,lF—EC ’
ac

Note that all representations of 1-7n are everywhere defined, continuous functions
on E*. Therefore, the U-functional of d,(@)w is given by

(4.3) Uld (@)@l

N(n

k ) i
:ngl{ =1 aezlvlbﬂmgl(nal'l’ C) (ﬂam,lv; C) (7701;,1, C)}

'@(na#.l(t))/\wl(n)/\ /\wp(n) ’ CEE ’
where the symbol \V means omission of the term. For each peN,, d,(O) is
densely defined linear operator in A,?(K), and, it is easy to see that
(4.4) dpi(@, 01)°d (6, 0,)=0 on @P(A?K°).
Its adjoint operator d,*(@)=d,*(O, 0;) from A,?*'(K) into A,?(K) is defined by
<dp<@)CU, T>A12’“(K) =<, dp*(@)T>Ag(K)
for v AY(K), ye A2*(K).

REMARK 4.1. Note that the U-functional representation of d,*(@)w is
given by

@5 Ud#0010=5[Z 0 5 bl (s One

=1

N(n)

(O, Do ("3} 3 ba 5 5 amil®

j=1 aeNJ “m=1

“Mag.is &) Mag.i¥s &) ayir O @*wl(n))zz }

c

KXW MN o AW A - /\wp+l(n)] ,
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for {&FE (cf. Lemma 6.2). O

It follows immediately from that
(4.6) dp¥(6, 01)dp,1*(6, 0)=0  on Dom (d;,,%(0)).

It can be deduced from denseness and the adjoint argument that d,(®) becomes
closable for each pN,. We write its extension d, of d,, and we put A,*:=

5_?(,) A;?(K). Then the sequence (A, *(K), {d,(©, d.)}) forms a de Rham complex.

REMARK 4.2. For {€E, ocP(A?K*), we have

l

k. sN(n)
SO= (2 3 ba 1L Gagts Qu Jwr ™A - Aw,™ .

aen! i=

Recall Eq. (3.2) in §3, then (4.3) is obvious.

REMARK 4.3. In general, the operator d,(6, d;) constructed in such a way
Is not necessarily closable. The closability of d,(@, d;) depends on the struc-
ture of the measure p on E*. This is a very touchy problem indeed. How-
ever, fortunately in our case d,(0, 9;) is well-defined for the Gaussian white
noise measure g defined in (2.1).

§5. Laplacians A,(0, 0;) of de Rham complex {d,(O, 0.)}.

As we have stated in §1, it is clear why we stick to the Hida differentia-
tion, for we are aiming at opening a new pass toward analysis in mathematical
physics through the framework of Hida calculus. On the other hand, when we
say that an operator is called to be smooth if it transforms the space of smooth
elements into itself, there is the fact that the Hida Laplacian (cf. §1) is not
smooth any longer in the above sense. That is why we would like to know
what the desired Laplacian should be like, which is one of our motivations.
One may find an answer to the matter in this section (see also Theorem 7.7
in §7).

Thanks to the fact that Im (d,_,(@)) and Im (d,*(@)) are closed for p&N,
in our case, by making use of the sesquilinear form and elaborate functional
analysis methods we can define a unique nonnegative selfadjoint operator acting
in A,?(K). This is nothing but the desired Laplacian corresponding to the de
Rham complex {d,(@, d:;)}. In the last we shall give a primictive version of
the de Rham-Hodge-Kodaira type decomposition for the p-forms in the L2-sense.

We first consider the bilinear function J, on Dom (J,(©)):= Dom (d,(@))
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Dom (d,_,*(@)), which is dense in A,?(K). For pEN,, [,(0)=],(0O, d,) is de-
fined to be

(5.1) jp(@)(w: T) = <Jp(@)w: Jp(@)T>A21’“(K>
+{dp ¥ (O)w, dp_1¥(O)7Dr,P~ k)

for any o, y€Dom (J,(0)). This J, turns to be a sesquilinear form on A,?(K)
X A,?(K). Note that this formalism indicates the Laplacian A, to be roughly
given by d,*d,+d,_,d,.* as usual. As a matter of fact, it is easy to see
that the form J,(@) is a nonnegative, densely defined, closed form on
Dom (J,(@)). On this account, we obtain the following representation of Frie-
drichs type.

PROPOSITION 5.1 [16]. Let J,(®, d;) be a mnonnegative closed sesquilinear
form with the dense domain Dom (J,(@)). Then there exists a unique nonnega-
tive selfadjoint operator A,(O)=A,(0, 0,) acting in N\,?(K) such that

(5.2) {w, Ap(@)7’>1\21’(1{>:]p(@)((0» 7’),
for @=Dom (J,(0)), y€Dom (A,(0)), p=N.,.

REMARK 5.1. In the above assertion, Dom (A,(@)) is dense in Dom (/,(6))
in the sense of J,(@)-form norm, as a consequence Dom (A,(0)) is also naturally
dense in A,?(K). For the proof, see Theorem 2.2 and §III in [16]. O

Proposition 5.1 and the second representation theorem [23, VI. 2] im-
mediately gives:

PROPOSITION 5.2. There exists a unique nonnegative selfadjoint operator
A,(O, 8,) in A,P(K) such that the equality

(5.3) (AR (O)w, Ap'*(O)1) a2 )=J (@), T)

holds for every @, y=Dom (A,"%(0))=Dom (J,(0)), p&N. (see also [16, Theorem
2.3]).

REMARK 5.2. Proposition 5.1 is unsatisfactory in that it is not valid for
all u, veDom (J,), which is furnished by Proposition 5.2. What is essential in
(5.3) is that A,"/%(@) is selfadjoint, nonnegative, (A,"/%0))*=A,(0, 0;), and that
Dom (A,(@)) is a core of A,Y*O). O

For the case p=0, we need to define the operator A,(®) properly. The
answer will be given by a version of the well-known von Neumann type theo-
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rem [32, II]. Hence we can define A,(0)=A\(O, ;) by
Ay(O):= (do*do)(@) .

Thus we attain that {A,(@)}%-, is the Laplacians associated with the de Rham
complex {d,(©)}5-,. Now we are in a position to state a decomposition theorem
of de Rham-Hodge-Kodaira type for the sapace A,?(K) in L%sense [16, Th. 2.57.

THEOREM 5.3 (Decomposition of de Rham-Hodge-Kodaira type for the space
A.?(K)). For all pEN,, the space N,P(K) admits the following orthogonal de-

composition :
(5.4) AP(K)=Im (d,_(0))DIm (d,*(O))DKer A,(O).

N.B. Notice that the above decomposition assertion (5.4) is valid even for
»=0 with d_,(©)=0 for convension.

§6. Explicit forms of the Laplacians A,(O, d,).

Here we shall give an explicit form of the Laplacians {A,(©, d,)}, on
{P(APK)} ,, which is extremely important on a basis of the fundamental pro-
perties of our Laplacians. We first consider the element wcP(APK*) of the

form:

w(x)= éf’n(x)-&n (xe E*, I-N’neQ)

k
= §< x®";, fn>.w§n)/\ /\w},’“ ,
where f,eE%", £,€A,(QPD=(B)). Then, recalling Eq. we have

6.1) dy@(n)=3 = be 33 C: 5000, BEAN(g,; 1)

n=1 acNT™"

XO@awy, aAWLIN - Awp™

where we put
k

a A \ A
Zem 1)(7]*; k)-: 77a(1).n® ®7]a(n),n

and employed a formula for exterior products. Notice that

0k fn= 33 ba/n 3 facwr,n(®)-E3 0 k).

aeN™T

Then its U-functional (cf. is given by
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ULdy(@0)E)=3 3 ba 3 Gaco.n &)

n=1 acN" 1{i=1

vV
(ﬂa(i),m E) (77a(n),m E)
XW ™3, t; O)NWL DN - ANWpa™, (EEE),

where we set w;™:=w; ‘v for ;=23 -, p+1, and @0, t; 0):=
@(Wa(i),n(t))-

LEMMA 6.1. For any re@(A?K) with the form 3 Qux)n, d*@)(x)
l=1
1S given by

6.2) dp*<@>r<X>=pé<——1>f‘lé {Qu(x)-<x(), O+

_ ~ v
—(O*0; P, 0:Qi(xNugt Vi PN - AV s Avp Pl

PrROOF. By the isomorphism in A,?*Y(K) we get

(6.3) <Jp(("’)>0), 19TV ARITS
k k p+1
=2 3 X sgn(o)Xba X II<W:™, voeyV ok
n=1 l=1 0€9p4y a Jj=1 1i=1

XSE Cix®mh Bea-b(p. s 5 x®:, gidu(dx)

where note that only @,‘™ depends on the parameter ;. By employing a direct
result derived from the coordinate multiplication operator formula in WNA (cf.
Remark 6.3 below), we may apply Lemma 2.2 [14] for (6.3) to obtain

k D+1

PP Sgn(G)H<ﬁ/i‘”’, Vo) POk

n=1 l=1 ae§p+1 =2

XSE*<x(t), O*vy P x® 1, far- o x® 1, gou(dx)

P+l
sgn (0) TL <0, vor Yok
i=2

I

— 2

n=1 1 degp+1

XSE*< tx® L ) (O*,) P, 0. x®, @) mop(dx)

=:5L+1,

because we used above the Fubini type theorem relative to dp and dv. Note
that the relation
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n vV
(6.4) LA o A= (D UQUN - Ale\ -+ <ly).
k=1

By making use of we can rewrile
kE p+1l

L=—3 S(=1)"Xo, (6%, 3QuxDn,

= =

\Y
!
XU DA - AVSON - AvpaODaek)

where
~ ! CY Vs .
0:Q(x)=C: x24T b D sy, (B) ESTTV (s 1))
BeNl i=1
when g, is given by 3} bp-r;ﬂm,ufi)m @77,9(”_,. Likewise as to the I, term,
Ben?
we conclude the assertion. q.e.d.

REMARK 6.1. We need to explain how to interpret the term <{x(¢), @*vy,">.
The element @*y,, in H¢ is well approximated by a sequence {y:}i1CEc¢
under our abstract setting. So we can define it by a limiting procedure.

REMARK 6.2. As a technical merit of computation in white noise calculus
(cf. Remark 1.1 and Lemma 2.4 in [9]), we have

n o d :
<X, [ Kx, fari= 10 az N R (L POy S O

i=1

In fact, the operation of d,* on @P(A?*'K¢) is also described evidently by
the U-functional (cf. Remark 4.1).

LEMMA 6.2. The U-functional of d,*O)y(x) (x€E*) is given by

(6.5) ULd,O01@= 2 (-1 3{ Db L (o0, ©

=1

-1
X(6w;*, )+ g]bpig (B*w;V), npeor.1)

-1 l
XTI s, §)— 2 g2 S Mpcnre, &)
k=1 BeN1 i=1 z:%

krt

X (6*1);”’, /IO l(t))}

\%
XU DAV DA - /\vf(l)/\ /\Up+1(l)! (¢€E).

PrROOF. By Lemma 6.1 we immediately obtain
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(6.6) ULd, (@)1= S(d, O)7)&)
=" (=177 5 {S@@u()- <x (D), B, P)E)

—(B%0;D, S0.0:1(2)Eu )

\4
‘ XU PAVDN - AV;ON A vp P
While, we easily get

(6.7) S@:Q:1(- @)= 52+ S@ 1))

BE(t)

= 2] bﬁ 2 N By, 1«8 (77ﬂ(1> 1 S)HCC

L
“(ﬁﬁ(i),z, uc - Mew .1 e, (€E.

To compute S(@l(-)-<x, O*w; V))& (E€E), we may utilyze similar type
equalities as in Remark 6.2 (cf. Lemma 2.5 and §IV in [9]) to obtain

6.8) S( n Gy e CCXE), OFw M) E)

(1__;:?)7 2(_ * H1j1<j§ <is Fpupatisap.at - FHsup.0 O

1 - . 1-k~1
+ 2 (@*(1)]( )>) nﬂ(’b) l)( l)' ( ) 11<fz<"'<fk

XMyt +7],su,-),z+ e Y
where we put
T, 1:=Ngw, b (for k=1, 2, ---, ),
e+, 1= O*(v;W), for k=I[+1).
In connection with Remark 6.1, commutativity between the S-transform and the
limiting procedure with k—oco is required in the above computation. However,
it is verified with the Lebesgue type bounded convergence theorem with respect

to the Gaussian white noise measure. To complete the proof it is sufficient to
substitute [6.7) and [(6.8) for [6.6), paying attention to the fact that

S x®z, g Lx(t), O*w;P)N)E)

= 3 55 S(: L <, macws, > 1 <D, OFw2DYE).
qg.e.d.

REMARK 6.3. When we observe carefully the computation of the term



110 Isamu DOKU

(dp(@)w, y>r,p+1(x, in the proof of Lemma 6.1, then we may regard that it is
roughly equal to

C(0)ApnO<@.P,, Q>
where C(p) is some constant depending on pN,. Then
@, Gr=<P,, [x1Q>r—<(P,, 3.0,
=Py, (.+0MQ > —<Py, 3.0,

where we used the significant discovery on the coordinate multiplication operator
by x(t) in WNA (cf. [26]). The above computation means roughly that the
adjoint d.* is employed in order to determine d,*(@), but in ®@-dependent man-
ner. It is interesting to note that our discussion in Lemma 6.1 and Lemma 6.2
provides a subtle framework to construct a nicer Laplacian A,(©, d;) by making
use of the operator ©&. We would be able to take much advantage of it to
apply our theory later for the problems arizing in quantum physics (see §7 or
[8D). ]

Now we are in a positon to express the explicit form of our Laplacian
A,(@, d,) on (APK°). By the discussion in §5, we have only to compute
d,¥0)d ,(@)w(x) and d,.,d,_,*w(x) respectively. To take [6.1) and [6.2) into
consideration, it is easily checked that

6.9 4,40, O)(x)= TS b3 B(—17"
G xOMD  FBEI (s 1) (x(8), @K, )y
—(BFG;, 9, x®PD L B3N (e D)y o}
XPG, 1 ONTEON - ABEIA = Ay ™.
Next we consider the other part: in fact,
s -(0)d - X(O)o(x) = p,(O)(d 1 *(O)())
= 5 (=7 STy a0, €20,
KW DA o AWSPIA e Awp )]
— 2 (=D 2 (FF0, 3P
MW, DA o AW e A, D]
= i
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As to Jy-part computation, it is verified with ease that
d s [P0 (), O%(w, ™) w, A o AW A e Awy ]
= 321ba D a8, OO (s 1))+ {x(), OX (™))
X O aity n VAW o AWDA o Awp™
—{—ﬁn(x)-@[(@*wj‘m)(t)]/\wl”"/\ /\;/vj““/\ AW
As to J,-part computation, it goes almost similarly. Indeed,

n \/
dp i {(O*w; ™, QePr(XNme-wi ™A - AW TN e Awp ™)

3

=26, 3 2 (0%, Dacr are
k#l

o x®mn 5@(71—2)[5@(1»—-1)(7}* - DR
v
le(n)(k, t; @)/\wl(n)/\ ce /\wj(n)/\ e /\wp(n) .

Finally we attain the principal result in this section.
PROPOSITION 6.3. [For pEN,, we have
k
A,(0, at)w(x)zngl {g ba §<x(t), O*O () 4 (my. n (@)

(ox®ETD L FOU(ny s m)y—2ba DX
« P m

m#1

‘(ﬂa(nl),n(t), @*@<7]a(l),n(t)))ﬁ'c
(o xerm s, FERESC D (g s ](m)))

KXW M AWL™MN - /\wp(n)
Y4 k

3 DB W, AW - AOOFW M A e Ay,

j=1 n=1

§7. De Rham-Hodge-Kodaira decompositions associated
with Hida derivative.

The purpose of this section is to introduce two distinct decomposition
theorems of de Rham-Hodge-Kodaira type [8] (R-H-K type for short). Similar
results in infinite dimensional analysis or stochastic analysis may be found in
[2] & [31]. It is quite natural to employ the weak derivative in some sense
in order to define the exterior differentials on forms, instead we do adopt the
Hida differential to realize it. This is only our unique point, compared with
other related works. Our decompositions being supplying with interesting and
stimulating objects in mathematical physics, namely, with those especially
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oriented to analysis of Dirac operators in quantum physics, are naturally derived
as one of applications in terms of our Laplacians constructed in the previous
sections, which can be said to be the R-H-K type theorems associated with
Hida derivative in WNA.

For p=N, we define

D>(A,(0)) := f\N Dom (4,(6)™),
Moreover, for we D*(A,(0)), we define
k 1/2
0lls := { 2 IU+A5(6)' 0l Eacor-r?xe;ap}

and denote by H?*(A,?(K)) the completion of D*(A,(@)) with respect to the
norm | -]l.. When we set

(7.1) HE=(A2(K)):= (N H*(A,2(K)),
k=0
then (H?*<(A,?(K)), ||-1lx) is a complete, countably normed space. We denote

the spectrum of operator A by the symbol ¢(A). The second quantization
operator d/',(A) for a selfadjoint operator A in H. is defined by

(dFI(A)w)(x):éle x®m:, AR fnD, wEP
where A®[k]:= IR - ®§4\®--~ I (k<n). Then dI'\(A) is a uniquely deter-
mined, selfadjoint operatorkacting in (L?). We define the operator d/'y(B) by
ATy ™ (B):= é BeI[k],

which is a nonnegative selfadjoint operator acting in APK°. Recall that the
operator B is given by @6@* (cf. §4). So let us write the operator acting in

AP(K) as
(7.2) L,0):=dI"(ARQI ,+1/Qd TP (B)

with identities: I,:= I(2, I,:= I,pxc. Further we define the unique nonnega-
tive selfadjoint operator /';(A) acting in (L?) by

ryd):= s7( 3 4em)s,
n=0
where S is the S-transform (see [2.8)). Then it holds that
I Aa(x)= 3 < x® 5, A% fr)

for w=(L?), with I, (A)1=1 (see [2.9)). The nonnegative selfadjoint operator
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I's(B) in APK® is defined by

P (B):= XR?B, (p=0).
Let
[Yp(@) = I'(ARQIP(B)

acting in A,?(K). For weDom (I',(@)*) (k=1), we define the norm
lleoll x : = !I(I‘Frp(@))kw”/\zp(m ’

and denote by (S).(APK) the completion of Dom (/',(@)*) with respect to the
inner product induced by the norm |[|-||.. Then (S):(A?K) becomes a Hilbert
space. Set

(7.3) (SYAPK):= ﬁ(sn(mfo.
((SY(APK), |I-lle) is a complete, countably normed space.

Now we shall state the first decomposition theorem :

THEOREM 7.1 ([8], 1992). Suppose that inf a(@*@)\ {0} >0. Then the decom-
position of R-H-K type

(7.4) H*>(AP(K))=Im [A,(O0)  H*>(A.*(K))]PKer A,(O)
holds for all p=N.,.

We need the following lemma :

LEMMA 7.2. For all pEN,, we have
(7.5) Ap(O)=L,(0)  (in AP(K))

holds in operator equality sense.

E\’mén["]*; @*@] = 7]a(1).n® ®@*@(ﬂa(m),n(t))® ®77a(n),n .

A simple computation with Proposition 6.3 and the recursive relation of the
Wick ordering (cf. § 2) gives

n k .
Ax(O)(x)= 3 (B, %5, Dba-Endrna: 6*61)
WA e Aw ™
+f§1 éﬁn(X)-wluw/\  ANOOFY M /\wp("’)

=(dI"(O*O)RI pw(x)+ Qa1 P (OOF)w(x),
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which implies that holds on @(APK*®). Clearly £,(0) is essentially self-
adjoint on P(APK®), since so is dI.(A) (resp. d1.‘P(B)) on ¢ (resp. P(APK®)).
Therefore the closedness verifies the assertion. g.e.d.

PROOF. By virtue of the spectral property of the second quantization
operators and the Deift theorem [4] for commutation formulae of operators, it
follows immediately from Lemma 7.2 that inf ¢(A,(@))\ {0} >0. Obviously we
have

AP(K)=Im (A,(O))PKer A,(O) .

Roughly speaking, the matter is whether A,?(K) should be replaced with
H*>=(A,?(K)) when we put restriction on the domain of A,(@) to H*=(A,?(K))
in the right hand side. However, clearly this turns to be true. An application
of the spectral representation theorem leads to

D=(A(6))=Im [A,(60) | D=(A,(0)]JRKer Ay(6).

To complete the proof we have only to note that H**(A,?(K)) is isomorphic to
D>(A,(@)) as a vector space. qg.e.d.

REMARK 7.1. In Lemma 7.2, when p=0 then we have .£(0)=d*(0)-d,(O),
which is, of course, a nonnegative and selfadjoint operator. This is due to
von Neumann theorem.

REMARK 7.2. It is generally right that the heat equation method is even
effective for the proof of decomposition theorem on the space of the type like
H*=(A,?(K)). In fact, similar works on R-H-K type decompositions by Shige-
kawa [31] and Arai-Mitoma [2] are greatly due to the heat equation method. [J

Finally we shall introduce our second decomposition theorem for the space
(S)(APK) (see Theorem 7.8). However, since the structure of (S} APK) is dif-
ferent from that of H?*>(A,?(K)), the heat equation method is not applicable
any more to the case. So necessity will occur that we have resort to the Arai-
Mitoma method. Their method is principally due to a comparison theorem,
which is derived by a series of finer estimates based on precise computation of
weighted norms. There the spectral theory plays again an essential role in
reduction of the problem, representation of the operators, and precise estimates.
Before mentioning the decomposition theorem we need to prepare for the basic
estimates whereby the nice property of our Laplacians reveals itself, namely,
our Laplacians do serve as desired operators which map the space of smooth
p-forms into itself (see Theorem 7.7 below).
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LEMMA 7.3. Suppose that
(7.6) @*@Z(l‘f‘s)fnc

holds with a positive constant ¢. Then for each s>0, all pN, and kEN,,
there exists a positive constant Cy(e, k) and there can be found a proper positive
integer k, such that the inequality

7.7 ”TS—I(I"‘Ap(@))kw”Agp(K)éCo(a, k) NT+T"5(@))* ]| o, )
holds for every weDom (I',(0)*0), where Ty ™' := I'(e)R1,. O

The proof is an easy exercise. It follows from the spectral theory and the
fundamental properties of Ornstein-Uhlenbeck semigroups.

REMARK 7.3. We write the Ornstein-Uhlenbeck semigroup (e.g. [33]) on
(L?) as T,:= I'i(e”*), s=0. There exists its inverse operator 7,' being self-
adjoint, which is given qy T '=71",(e®), s=0. Moreover, its natural extension
to A,P(K) is written as T, := I (e*)®1,, which appeared in the above (7.7). [

As a direct corollary of Lemma 7.3 we readily obtain

LEMMA 7.4. Under the assumption [(7.6), for all pN, and k&N there
exists a positive constant C,(e, k) such that the inequality

I +Ap(O)*0llap )= Ci(e, ) [(T+Tn(O)) 0l g, k)

holds for every wsDom (I",(0)*). O

Therefore, by repeating the reduction to the subspace K,?:= K,QAPK°®
and employing the limiting proceeding for the acquired relative to P(APK®), we
can easily see that

LEMMA 7.5. Under the assumption we have

Dom (I",(0)*)CDom (A,(©)*)

for all kN and p=N.. |

The next proposition is a comparison theorem for the spaces H?**(A4,?(K))
and (S)(A?PK), whereby our second decomposition can be derived according to
the Arai-Mitoma theory. One may find some of familiar techniques and methods

useful and effective in this argument as well, and those have been used well
in the Malliavin calculus [33].
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PROPOSITION 7.6. Suppose [7.6). Then the inclusion
(7.8) (SYAPK)YCH*>(A,P(K))
holds for all pEN.,.

As to the proof it is sufficient to show that ”T”kéé'”ﬂ”;v, (reP(APK)),
for any N>k (N, keN), each pN,, and some positive constant C. In fact,
an application of Khinchin’s inequalities yields the assertion by virtue of hyper-
contractivity of 7,. The next assertion indicates that our Laplacians have such
a nice property as stated in §1.

THEOREM 7.7. Under the assumption we have
(7.9 A (O (SAPK)]C(SXAPK)

for all pEN,.

It is sufficient to prove
A,"(B)wsDom (I',"(O)*),

for w=(S)»(APK)NK,?, all kN, and each p&N,. It is easy, hence omitted.
Ultimately, we are now in a position to state our R-H-K type decomposition
theorem for (S)(A?K).

THEOREM 7.8 ([8], 1992). Assume the condition [7.6). Then the space
(SXAPK) admits the decomposition
(7.10) (SYAPK)=Im [A,(O) | (SYAPK)]PKer A,(O)
for all pEN.,.

PROOF. According to Theorem 7.1 and Proposition 7.6 the element @ of
(S)(APK) is decomposed into

O=0,+0,=A,(0)n+w,,

with @, €Ilm [A,(O) } H2~(A,?(K))], w.=Ker A,(6), and

1=Qu(O)={ (Ki(p; O)o—w)dse H*~(A(K)),

where Ky(p: 6):= S:e‘”dE,,(@; ), (s=0) and {E,(6:2); AR} is a family of

spectral measures associated with the operator A,(®). Because of (7.9), it results
from the following lemma :
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LEMMA 7.9. Under the condition (7.6) we have
Qr(OWwE(S)(APK),  (w€Dom (I'x(6)*))
for all k=1, each p=N,. g.e.d. O

§8. Concluding remarks.

After having finished writing this paper, the author learned that H.-H. Kuo,
J. Potthoff, and J.-A. Jan had obtained very useful and important results in
“Continuity of affine transformations of white noise test functionals and appli-
cations”, Stochastic Processes and their Applications 43 (1992), 85-98. They
succeeded in obtaining a direct simple proof of the fact that the space of white
noise test functionals is infinitely differentiable in Fréchet sense, which is closely
related to our results in §3. We found it very interesting and suggestive, and
stimulating as well.

In addition, we were informed of the publication of H.-H. Kuo’s paper
entitled “Lectures on white noise analysis”, which appeared as Special Invited
Paper in Soochow J. Math. 18 (1992), 229-300. There can be found at pp. 251-
266 very interesting and remarkable descriptions about a variety of differential
operators in white noise analysis, which are deeply connected with the contents
of §3 and §5 in our paper (cf. [12-15]). Especially so excellent are his works
on the characteristics of various sorts of Laplacians (pp. 279-249) via an infinite
dimensional version of the Fourier transform which is compatible with Hida
calculus (see [7], [26]).
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