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On strongly separable extensions
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E. McMahon and A.C. Mewborn introduced a type of separable
extensions in [4], which is called strongly separable extension. In this
paper, we shall study some properties of strongly separable extensions
corresponding to H-separable extensions. In § 1, we give some equivalent
conditions (1.4) and in § 2, we give the commutor theorem for strongly
separable extensions (2.5).

The author expresses his gratitude to professor Kazuhiko Hirata for
his advices during the preparation of this paper.

1. Strongly separable extensions

Let R be a ring and M and N left R-modules. We shall denote M~
N if M is a direct sum of submodules S and K such that S<
D (NP---®N) and HomGK, N)=0. It is easy to see that K coincides
with the reject of N in M (cf.[1]), which is defined by

Reju (N)=N{ker f; f€EHomGM, :N)}.

Using this notation, we can state that a ring / is a strongly separable
extension of a subring I" if and only if A®rA~>A as A-/A-medules.

LEMMA 1. 1. Let R be a ving and M and N left R-modules such
that M~N. Then for every R-dirvect summand L, of M, Li,~>N.

Proor. We can writ M=L,®L, and M=SPK with
RS<@R<N@"'@N>, H0m<RK, #N)=0.

Let m and m be projections of M to L: and L., respectively, and px the
projection M to K. By (8.18) in [1], we have K=m(K)®m(K). Then
the restriction of mpx to L: is the projection of L: to m(K) (;=1,2).
Hence we can write Li=S:®Pm(K) and L.=SPm(K). Then we have M
=SPK=SPS:PK and S=M/K~=S:PS,. Hence Si<®S<DND--N).
Since m(K)<®K, Hom(Gzm(K), xN)=0. Then L,~>N.

Let 'CBCA be rings. In case the map B&®rA— /A such that
bRA—— bA for bEB and A€ A splits as a B-A-map, we shall call briefly
that B®rA— A splits. In this case, by tensoring on the left with /A over
B, AQsA<PAR®rA as A-A-modules. So, from the above lemma, we
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obtain

ProprosITION 1. 2. Let A be a strongly separvable extension of I.
Then for every subrving B of A such that 'CB and BQrA— A splits,
A s strongly separable over B.

COROLLARY 1. 3. Let /A be a strongly separable extension of I.
Then for every separable subextension B of A over I', A is strongly
separable over B.

For any A-/A-module M, we denote by M* the subset {meM ; Am=
mA for all A€ A} of M, and for any subring A of A, we denote by V,(A)
the commutor ring of A in /.

Let I'C A be arbitrary rings C the center of A and 4=V,(I"). Then
we always have a A-A-map ¢: AQrA— Hom (4, A) defined by
P(ARA) (8)=ASA for A, A’EA and §€4. We shall denote its kernel by
Rr(/A). Since Hom(4A®rA4, 4A4) =4 by the map f—f(1Q1) for fE
Hom(uA&®rA4, aA4s), Rr(A) coincides with the reject of A in AQ,A as a
A-A-module. In particular, if A is strongly separable over I" then we can
write

AQ®rA=Hom (4, DDRr(A)

as /1-/1-modules.
The next theorem is a generalization of Theorem 1.2 in [6].

THEOREM 1. 4. Let I'CA be rings, C the center of A and 4=V,
(I"). Then the following statements arve equivalent.
(1) A is a strongly separable extension of I.
(2) For every A-A-module M,
M =4dM"®X

such that the map g: AQM*— AM* defined by g(5Qm)=0m for SE€4
and mEM?* is an isomorphism and X<ERej n(A).

(3) UARD"'=4NARND*'QX
such that the map g for M=AKrA is an isomorvphism and X CRr(AN).
PROOF.  Assum (1). By (3. 10) in [4]
M"=(UQM")@Hom(uRr(A)a, aMa).

In this case, the injection Hom(4Rr(A) 4, aMs)— M" is given by fr—
f(k) for fEHon(uRr(A)4, sM4), where k is the image of 1®1 in Rr(A)
by the projection p: AQrA—— Rr(A). For any gEHom UM, 4A4), gofo
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p is a map of A®rA to A. Since kERr(A), the reject of A in ARrA,
g(f(k))=gofop(k)=0. Then g(X)=0 and XCReju(A). Hence (2)
holds. If we put M=A&®rA then (2) implies (3). Assume (3). We can
write

1IR®1=2;;0xQy:;+k
for some 6.€4, 2x,;Qy,€(ARrA)* and k€ X. By definition of Rr(A),

o= @(1@1)(8) ZZij&xi,@yij for all d&4.
Hence /1 is strongly separable over I by (3.5) (2) in [4]. This completes
the proof.

As a generalization of (3.4) in [2], we have

PROPOSITION 1. 5. Let I' be a ring R the center of I’ and 4 a
separable R-algebra such that 4 is R-f. g. projective. Then A=AR:I" is

a strongly separable extension of I'" where I is a natural homomorphic
mmage of RQrI" in AQRI.

ProOF. By Lemma 3 in [7], A"=4. By (3.3) in [4], 4 is strongly
separable over R. Then we have 4Q:4=S®K with
ASA<@A<A@'"@A>A, H0m<AKA, AAA):O.

Hence

AQrA=(SQIND (KR
with

1S 4<Bs(AD- DD 4.
On the orther hand,

HOm(AK®RFA, AAA> :H0m<F—AK®FF—A, F-AAI’—A>
:Hom(AKA, AHOm<FFI", rAr>A> :H0m<AKA, AAA> =90

Thus AQrA~A as A-A-modules and A is strongly separable over I'.

For any /A-/A-module M, we call that M is centrally projective over A
if M is a direct summand of a finite direct sum of copies of A as a /-
/l-module.

COROLLARY 1. 6.  Let A be a separable extension of I' such that A
is I'-centrally projective. Then A is strongly separable over T.

PROOF.  Let R be the center of I' and 4= V,(I"). By (5.6) in [3],
A=I'®rd and 4 is R-f.g.projective. By in [7], 4 is a sepa-
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rable R-algebra. Then by (1.5), A is strongly separable over I'.

Let A be a strongly separable extension of I', C the center of A, 4=
VaI") and I"'=V4(4). By (3.6) in [4], A is strongly separable over I,
and by (3.9) in [4], the map 4®cA— Hom(rA, rA) defined by d®i——
[A+——0A'A] for 6€4 and A, A’€A is a (split) monomorphism. Then a
generalization of (2.2) in can be obtained in the same way.

PROPOSION 1. 8.  Let A be a strongly separable extension of I' such
that N=d4dI". Then A=A4AQc", 4 is a central C-separable algebra and
A is an H-separable extension of I'', wherve I''=V,(4).

ProoF.  The latter assertion follows from (3.4) in [2].

2. Commutor theorem

Throughout this section, whenever we denote a ring and its subring
by A and I', respectively, we denote the center of A by C and V,.(I")=4.

Let %, be the set of subrings B of A such that 'CB, BQrA— A
splits and there exists a B-I'-projection pz: A— B such that (1.&ps)
(Rs(A))=0, where 14 is the identity map of A and 1.&®ps is the map of
AQzA to A given by (1,Qps) (ARQA)=Aps(A) for A, ’EA, and 2, the
set of C-subalgebras D of 4 such that pD<@®pd and D& cd— 4 splits.
%, and Z, are defined similarly. Furthermore, let . % be the set of subr-
ings B of A such that B is a separable extension of I' and there exists a
B-B-projection pz: A— B such that (1.Qpz) (Rs(A))=0 and & the set
of separable C-subalgebras of 4.

Firstly, we prove

PROPOSION 2. 1.  Let A be a strongly separable extension of I', D a
C-subalgebra of 4 such that DQcd— 4 splits, and B=Vs(D). Then
there exists a B-I'-projection ps: A—— B such that (1,.Qpz) (Rs(A))=0
and the map ¢s: BOrA— Hom(pd, pA) defined by ¢s(bQA) (8)=boA
for bEB, A€ and 6€4 is a split epimorphism as a B-A-map. If
Jurthermore pD<Qpd, then BQRQrA— A splits.

PROOF. Let 2:d:®Q8:€(DQcA)® such that 2idiAd:=1. If we put
p8: A— B by ps(A)=22:diAd: for AEA, and 7p: Home (4, A)—> Hom (4,
p/) by mp(f) (8)=20:d:f (8:0) for 64 and f€Homc(I, A) then these
maps are split epimorphisms as a B-I'-map and a B-/A-map, respectively.
Now, consider the commutative diagram
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AR/ ¢ »Home (4, A)

pB@].A D

B 95 Hom(od, o).

Since ¢ is a split eprimorphism, ¢5 is a split epimorphism. If we put 7:
Hom ¢(D’, A)—> A by 5(f/)=2f(d:)d: for f€ Hom (D', A), where D'=
Vi1(B), we have a commutative diagram

0— Ry()— AQsA—22 Home (D', 1)

1A®p3\ 1 /77

where the row is exact. Then we have
(14®ps) (Rr(A))=7neps(Rr(A))=0.
Consider the commutative diagram

BRrA—25 Hom(od, pA)

N

A

where @ is the map given by a(f)=f() for f€EHom(pd, pA). If pD<
@»pd, then « is a split epimorphism and B&r/1— A splits.

PROPOSITION 2. 2. Let /A be a strongly separable extemsion of I.
Then for every BE%,, V,(B)ED,.

PrOOF. Since B®rA— A splits, we have pD<@Ppd, where D=
Va(B). By (1.2), A is strongly separable over B. D is C-f. g.projec-
tive since pD<@pd. Then we have the following isomorphisms

Hom(Ar, s/Ar) = Hom(UAQsAr, 4Ar)
~Hom(Homc(D, A)r, 4Ar) DHom(4Rs(A)r, 4Ar)
~(DQcd)PHom(4Rs(A)r, 4Ar).

In the above direct decomposition, the injection ¢p: D&®cJd— Hom(sAr,
s/lr) is given by ¢p(d®F) (A)=dAd for dED, d€4 and A€A. Clearly
¢p is the D-A-homomorphism. In this case, the action of D and 4 to
Hom(Ar, sAr) is given by (df) (D) =df(A) and (f8) (A)=f(A)3J for de
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D, 6€A and f€ Hom(gAr, 38Ar). Let a: HomGAr, sAr)—
Hom(4Rs(A)r, 4/Ar) be the projection in the above decomposition, and M
the map of A®sA to A given by MARA)=A for A, ’EA. Then
a(f) (x) =MA4QF) (x) for f€ Hom(sAr, sAr) and x€R-(A). Since
a(ps)=0 by the definition of %, we have pzE¢p(D®cd). Hence there
exists 2d:®38:€ DQcd such that ps=¢p(3d:®0:). Then we have

2di6i2¢0<2di®8i> (D:PB(D:L
and for any d€D,

¢p(2dd:Q68:) =d¢p(Xd:Q8:) =dps=psd =¢p(Xd:R8:)d =
¢p(Xd:Q6:d)

as the image of ps is B. Since ¢p is a monomorphism, 2dd:Qd:=
2.di®0d:d. Then 2d:Q6:€(DQcA)® and this implies DR cd— 4 splits.

As a generalization of Proposition 1.2 in [6], we have the next
lemma.

LEMMA 2. 3. Let I'CA be rings and there exists a left I'-
projection p: A—— I such that (1.Qp) (Rr(A))=0, the Va(Va(I'))=T.

Proor. Let x€ V,(V,(I")). By definition of Rr(A), xQ1—1QxE
Rr(A). By hypothesis, we have x—p(x)=0 and x&T.

LEMMA 2. 4. Let A be a strongly separable extension of I'. Then
for every D2, V,(V,(D))=D.

PrROOF.  Since D®cd— 4 splits and 4 is C-f. g. projective, 4 is left
D-.g. projective. Let B=V,(D) and D'=V,(B). By (2.1), s Hom(p4,
D/DA < ®BB®PAA. Then we have

D,®DA = Hom(BAA, 8/ 4) Qpd = HOITI(BHOI’II(DA, D/DA, 8/\4)
< @HOIH(BB@FAA, BAA> 2I‘IOI’I’I(BBP, BAr) ~/.

Hence the map D'®pd— 4 ginen by d’'®6——d’S is injective. Since
this map is always surjective, D'®@pd=~4. Then D'=D, since pD<®p4.

Now, we can obtain the commutor theorem for strongly separable
extensions, which is a generalization of (1.3) in [9].

THEOREM 2. 5.  Let A be a strongly separable extension of I', and
consider the correspondence V : A Va(A) for a subring A of A.
Then we have

(D V yields a one to one correspondence between % . and @, (vesp.
Fr and 2,) such that V:=identity.
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(2) V yields a one to one correspondence between # and 2 such
that V*=identity.

Proor. (1) For any BE€ %, Via(B)EZ, by (2.2) and V,(V4(B))
=B by (2.3). For any DE2, Vy(D)E%Z,by (2.1) and Va(Va(D))=D
by (2.4).

(2) Since #C.%,, for any BE%, V,(V4(B))=B and V4(B)=De&
2, Since BQRrB— B splits, sDp<@®pdp. Hence D is a C-separable
algebra by (1.4) in [9]

By (1.1 in [9], 2 C 2. Then for any DE 2, V,(V,(D))=D and
Va(D)=B<E %,. Since DQcD— D splits, zBs<@PsAs. Hence B is sepa-
rable over I' by (1.4) in [9].
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