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A New Solution to a Problem
of Hosoi and Ono

MICHAEL ZAKHARYASCHEV

Abstract  This paper gives a new, purely semantic proof of the following
theorem: if an intermediate propositional lodichas the disjunction property
then a disjunction free formula is provableliriff it is provable in intuitionistic
logic. The main idea of the proof is to use the well-known semantic criterion of
the disjunction property for “simulating” finite binary trees (which characterize
the disjunction free fragment of intuitionistic logic) by general frames.

Hosoi and Onold] raised the following problem: is it true that if a consistent ex-
tensionL of intuitionistic propositional logidnt has the disjunction property (i.e.,
L+ ¢ v ¢y impliesL - ¢ or L - ) then the disjunction free fragment afis the
same as the disjunction free fragmenkmtf? Minari [L0] and ZakharyaschefLf] and
independently gave positive solutions to this problem. In fact, both of them con-
structed special sequences of disjunctions and showed that if a disjunction free non-
thesis ofint is provable in an intermediate logicthen some disjunction in the se-
guence is also a thesis bfwhile its disjuncts are not. (An anonymous referee has
kindly informed me that Minar{I1] found another proof which uses a sequence of
characteristic formulas.) Here | present a new, purely semantic solution to the prob-
lem of Hosoi and Ono, which is simpler and (I hope) more elegant. The idea of my
approach is to use a semantic equivalent of the disjunction property for “simulating”
finite binary trees, the class of which characterizes the disjunction free fragment of
Int.

We shall use three well-known results. The first one is that an intermediate logic

L=Int+{gi:iel}
has the disjunction property if and only if its greatest normal modal “companion”

oL=Grz+{T(¢):iel}
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has the modal disjunction property, i.el. - O¢ v O impliesoL - Og or oL -

Ov. HereT is the Gdel translation prefixing to every subformula of a given intu-
itionistic formula andGrz, the Grzegorczyk logic, is obtained by addingc (p —

Op) - p) — ptoS4as anew axiom. This fact was first noted by Gudovschikov
and Rybakov([]; for a proof see Zakharyaschdid].

| prefer to deal with modal logics rather than intermediate ones for purely tech-
nical (or, more exactly, aesthetic) reasons. Of course, this is a matter of taste, but it
seems to me that semantic constructions based on the classical Boolean operations
look clearer than constructions with the pseudo-Boolean ones. Anyway, it is not dif-
ficult to realize the idea of the proof below using only intuitionistic means.

The second result we need is the algebraic criterion for the disjunction property
of intermediate logics which was found by Maksimolgh [I will reformulate it for
normal modal logics containing4 in terms of descriptive general frames (for defini-
tions consult Goldblat).

Theorem 1 (Semantic criterion for the modal disjunction propertyA normal mo-
dal logic M 2 $4 has the modal digunction property iff, for every two descriptive
general frames §1 and §» validating M, thereis a rooted descriptive general frame
$ for M such that the digoint union §; + §» is (isomorphic to) a generated subframe
of §.

| remind the reader that in every general fraghe- (W, R, P) for $4 the pair
(W, R) is an ordinary quasi-ordered Kripke frame aats a non-empty collection of
subsets ofV, which containsz and is closed under the set-theoretic operations,
— and the following (closure) operatign for everyV C W,

V| = {ae W: aRbfor someb e V}.

A frame§ = (W, R, 2V}, called afull or Kripke frame, is denoted byg = (W, R).
Without loss of generality we will assume that every finite general frame is a Kripke
one.§ = (W, R.P) is calledrooted if at = W, for somea € W, where, forV C W,

V4t ={ae W:bRaforsomeb e V} andat = {a}1.

A frameg = (W, R, P) is agenerated subframe of §1 = (Wq, Ry, Py) if Wis an up-
ward closed subset & (i.e., W = W%) in §1, Ris the restriction ofR; to W and
P={VNW:V e P}. Finally, a frame§; + §» = (W, R, P) is called thedigoint
union of disjoint framesg; = (Wi, Ry, P1) andg, = (Wo, Ry, Po) if W =W, UW,,
R=RURyandP={V1UV,:V; € P, \, € P,}. The definition of descriptiveness
is not vital for us here; it can be found in Goldbl@.[

Our third auxiliary result is actually a consequence of Zakharyas&t@b[it |
can give a simple straightforward inductive proof here. To formulate this result we
need the following notion of cofinal subreduction.

Definition 2 A partial (i.e., not completely defined, in general) mafrom W,
onto W is called asubreduction (as in Fine[] or a partial p-morphism, as n Za-
kharyascheV[9)) of a frameF; = (Wi, Ry, Py) to a frame§ = (W, R, P) if the fol-
lowing conditions are satisfied:

e aR;bimplies f (a) Rf (b), for everya, b € domf;
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e cRdimpliesvae f~1(c)db e f~1(d) aRb, for everyc,d e W;
e f~1(V) e Py, for everyV e P.

We say a subreductiofi of §; to § is cofinal if a € domf4 impliesa € domf |, for
everya e W (i.e., ifais “seen” from the domain of thenaitself “sees” at least one
point in domf).

Lemma3 Let g beanintuitionistic disunction freeformulaand §1 = T (). Then
S E T(g), for every cofinal subreduct § of §;.

Proof: Suppose thatf is a cofinal subreduction df; = (W, Ry, Py) to § =
(W, R, P) andg  T(¢). Using the Generation Theorem of SegerbBfg,[we may
assume thatV, = domf4 (in any case, we can always take the subframg,ajen-
erated by donfi and show that it refute$ (¢)). Given a valuation refuting T (¢)
in §, we define a valuatiofJ; in §; by taking

F if3dbeat U(p, f(b)) =F;

T1(p, a)={ T otherwise,

for every variablep and everya € Wy. 0, is a valuation, since
{aeW,: Bi(p,a)=F = ft({beW:V(p,b)=F})| € P..
Now by induction on the construction @fwe prove that, for everg € Wi,
1(T(p),a) = Fiff 3be at V(T(p), f(b)) =F.

The induction basis for variables follows immediately from the definitior?ss pand
subreduction. As for the constant(falsehood), we use the cofinality éfand our
assumption above according to whigke domf 1, for everya € W;.

Letyp = ¥ — x and soT (¢) = O(T(¥) — T(x)). Supposel(T(g),a) =
F. ThenU1(T(y),b) =T andU,1(T(x), b) = F, for someb € at. Therefore, by
the induction hypothesis, theredse bt such thatG(T (), f(c)) = F. Notice also
that U (T (y), f(c)) = T, for otherwise we hav&i, (T (¥), ¢) = F, which implies
U1(T (), b) = F, sinceT (y) begins withd. Thus, B (T (¢), f(c)) = F for some
c e at.

Conversely, supposB(T(¢), f(b)) = F, for someb € at. Then, using the
definition of subreduction, we obtaiti(T (v), f(c)) =T andU(T(x), f(c)) =F,
for somec € bt. By the induction hypothesi€j1(T(x), ¢) = F. Besides, we have
U1(T(y), c) =T, for otherwise there id € ¢t such thatG (T (v), f(d)) =F, which
implies B (T (¥), f(c)) = F, sincecRd. Thus, U1 (T(y¥) — T(x),c) = Fand so
D1(T(p),a) =F.

The case of = ¥ A x is considered analogously.

It follows thatF, & T (), which is a contradiction. Thug = T (¢).

Remark 4 This proof does not go through fgr= v v x, since there may be a
situation whenl, (T (¢), a) = F because&i (T (y), f(by)) =F,U(T(y), f(by)) =
F, for some distincby, by € at, butU (T (), f(b)) =T, forallb € at Ndomf. As
an example, the reader can analyze the Scott Axiom

(7=p—> p)—= pV—p) = —pVv—-p
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Remark 5 It follows from Zakharyasche{lB] that an intermediate logit is ax-
iomatizable by disjunction free formulas if and onlylifis characterized by a class
of frames closed under taking cofinal subframes (not necessarily generatddjsand
axiomatizable by purely implicative formulas if and onlylifis characterized by a
class of frames closed under taking subframes (cf. e [

Itis not difficult to see that, for each finite rooted partially ordered fr@qtbere
is a finite frame§, which has the form of binary tree and is cofinally subreducible to
$ (one can prove this by induction on the number of point§)n Thus, for each
disjunction free nonthesig of I nt, there is a finite binary treg such thaf§ |~ T (¢).
This is just another form of the well-known result of Segerb@.[

Now we are in a position to prove our main theorem.

Theorem 6 If an intermediate logic L has the disunction property then the dis-
junction free fragments of L and I nt are the same.

Proof: Suppose that has the disjunction property agdis a disjunction free for-
mula such thaltnt t/ ¢. Then oL has the modal disjunction property a@dz I/ T (¢).

Let o = (Wp, Rg) be a finite frame forz having the form of binary tree and
refuting T (¢). Using the Criterion for the modal disjunction property, we shall con-
struct a descriptive framg = (W, R, P) for oL which is cofinally subreducible to
So. Then, by Lemma 3, we shall havg:= oL, § = T(¢) and sooL t# T (¢), which
impliesL t/ .

We construct¥ by induction on the number of points §y. The case whef
consists of a single point is trivial: we can simply tdke- §o. Suppose now that
is the least point (i.e., the root) §y and§1 = (Wi, Ry) andg, = (Ws, Ry) are the
two maximal subtrees @ which do not contaimg. By the induction hypothesis, we
have two descriptive general fran@gs= (W!, R, P!)andg? = (W2, R?, P?)foroL
such that there are cofinal subreductidnsf F* to §; and f, of 2 to §». According
to the criterion for the modal disjunction property, there is a rooted descriptive general
frameF = (W, R, P) for oL, containingg* + 32 as its generated subframe.

To define a cofinal subreductioh of § to Fo, with eacha € Wy we associate
a setG, which then will be mapped ontaby f. It should be clear that will be a
cofinal subreduction if the se@;,, for all a € Wy, satisfy the following conditions:

() Ga # @;

(i) if a, b e Wp and notaRgb thenG,| N G, = ;
(iii) if aRgbthenG, € Gpl;

(iv) Gy € P;

(V) W = Uaew, Gal-

(The first four conditions guarantee thiawill be a subreduction and the last one en-
sures its cofinality.)

We begin our construction of the se®, by observing that, for everg € Wy U
W5, there is a seH; € W such that

e HaNW' = f(a), forae W,i=1,2;
e HaNnW =g, forag W,i=1,2;
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[ J Hae P,
e HyNnH,=o,fora#b.

Indeed, by the definitions of generated subframe and disjoint union and the fact that
f~1(a) € P' C P, fori = 1, 2, we have some seks;, satisfying the first three condi-
tions. To satisfy the last one, we can take, for eveeey W,

Ha=Hy— [ Hp.
b#£a

Clearly f;(a) < Ha, since f1(a) N f;1(b) = @ fora b, andHa € P, sincego
is finite.

So H, is a good candidate to the role 6. However, it may contain points
violating (i) — (v), and we should get rid of them.

Let us consider first only the sek$; corresponding to the final points (i.e., the
leaves)a in §o. Removing fromH, those points that “see” some other $&f (and
so violate (i), since ncaRyb), we obtain the set

Ua=Ha— [ J Hol € P,
beW,UW,, b+£a
for each finala. Notice thatfi—l(a) C U, if a € W, since otherwisexR'y, for some
x e f1(a) andy € Hp with b # a; but theny € W' and soy € f~1(b), which leads
to a contradiction betweemR;b anda being final ingo.
Next, removing fromJ, those pointx that “see” somey & Uy, we obtain the
set

Va=Ua— (=(Ual )| € P,

for each finala. Again we havefi—l(a) C V4, for every finala € W, since the sub-
reductionf; is cofinal andg! + g2 is a generated subframe f

Now, in order to satisfy (v), we pick some finalin Fo and add tov, all those
points that “see” nd/, for all final cin §. Thus we arrive at

Ga:VaU—UVC\L S P,

cisfinal in o

and we let
Gb = Vb S P,

for the other finab £ a. So we have:
e f1(a) C Gy, for every finalae W, i =1, 2;

e Gyl NGy = o, for all the distinct finakh andb;
o W=| JGal.

ais final in §g

All technical difficulties are now behind. Suppose tha W, U W, and that we
have already defined the s&g for all successorb of a. Then we let

Ga=Han [ GolN— [ GeleP.

aRpb,a#£b cis final in Fo, —aRgC
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Notice thatf~1(a) € G,, for a € W, sinceaR;bimplies f1(a) € f1(b)| by the
definition of subreduction.
And, finally, the last step: for the roag in o we let

Gay= [ ] Gal € P.
agRoa

Gy, # @, sinceg is a rooted frame.
It is clear that the set&; we have just constructed satisfy (i)—(v), and so the
partial mapf from W onto W, defined by

f(x) =aiff xe G,

is a cofinal subreduction & to Fo.
I conclude this paper with a few remarks concerning related results.

Remark 7 Theorem 6 proved above may be regarded as a syntactical necessary
condition for the disjunction property of intermediate logics. Unfortunately, there
are no syntacticaufficient conditions of equal generality and simplicity. A pair of
rather general sufficient conditions was proved in Chagrov and Zakharya§dhev |
[4). These conditions are imposed on the canonical formulas of Zakharyakciev [
using which one can axiomatize all intermediate logics. Both of them cover a contin-
uum of intermediate logics.

Remark 8 Difficulties in finding general effective necessary and sufficient con-
ditions for the disjunction property of intermediate and modal logics turned out to
be of principle nature: Chagrov and Zakharyascliglv[[] proved that there is no
algorithm which is capable of deciding, given an intuitionistic or modal forngyla
whether the logidnt 4+ ¢ or Grz + ¢ has the disjunction property.

Remark 9 The proof above would be much easier if every intermediate logic with
the disjunction property was complete with respect to Kripke frames. (However, in
this case we ought to adapt our proof either to the least modal “companidn’ of
viz., 1L = SA+ {T(p) : L F ¢}, or to L itself, since, as was shown by Shehtman
[13], oL may be incomplete even thoughis complete. As forL, it was proved by
ZakharyascheVl[g] that it is complete and/or has the modal disjunction property iff

L is complete and/or has the disjunction property.) Mirfad [nentioned the ques-

tion concerning completeness of intermediate logics with the disjunction property as
an open problem. Unfortunately, the difficulties we have encountered in the proof
above were unavoidable: in Appendix to Chagrov and Zakharyas@jé\gpve a
method for constructing an incomplete logic (calculus) with the disjunction property
beginning with any incomplete intermediate logic (calculus) which can be axioma-
tized by negation free formulas. (Such a calculus can be found in SheHiaian |
This method uses one of the sufficient conditions mentioned in (Remark 7) and the
apparatus of the canonical formulas. In exactly the same way undecidable interme-
diate logics and calculi with the disjunction property can be constructed.
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Remark 10 Theorem 6 has an interesting consequence concernirogrhgexity
function f|_(n) for a logic L, which is defined as follows:

fL(n) = max min | §|
LFe.l(@)=n FEL.JEe
wherel (¢) is the length ofp and| § | the cardinality of§. Answering Kuznetsov’s
problem on the lower bound fof; ¢ (n), in Zakharyaschev and Popd2( | con-
structed a sequence of disjunction free formyasuch that

min | § | > 2"

SHen
andl (¢n) is a linear function oh. Thus, it follows from this result and Theorem 6
that, for each intermediate logicwith the disjunction property

fL(n) > 27,

wherec is a positive constant. This fact was first noted by Chagrov and Zakhary-
aschevl[p].

Remark 11  For a more detailed discussion of the disjunction property of interme-
diate and modal propositional logics consult a review by Chagrov and Zakharyaschev

@l
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