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ABSTRACT. A uniqueness theorem is proved for the weak
solution of the Cauchy problem for an infinite thermoelastic
plate with transverse shear deformation. The problem for the
homogeneous version of the governing system of equations is
then studied by means of some special initial potentials. This
is a fundamental step in the construction of a potential theory
for dynamic problems for thermoelastic plates, since its results
make it possible to reduce various initial boundary value
problems to their analogs with homogeneous initial conditions,
which, in turn, may then be solved by means of dynamic
(retarded) potentials.

1. Introduction. Plate theories reduce three-dimensional initial-
boundary value problems for this type of mechanical structures to
ones in two dimensions. Although Kirchhoff’s old mathematical model
(1850) is a good approximation in many practical situations, it is in
some respects not refined enough to satisfy today’s increasing demand
for accuracy and detail. This drawback is remedied to a large extent by
transverse shear deformation models (see, for example, [1]), where the
displacement field, the moments, and the shear force can be computed
in full, thereby giving a better picture of the physical process of
bending. The model considered in [1] was generalized to the case of a
thermoelastic plate in [2].

In what follows we consider the time-dependent bending of a very
large, that is, regarded as mathematically infinite, plate subject to
external forces, moments, internal heat sources, and natural initial
conditions. After studying some properties of the corresponding matrix
of fundamental solutions, we define “initial” potentials of the first and
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second kinds, investigate their behavior, and show that the original
Cauchy problem has a unique distributional solution, which in the
case of the homogeneous equation can be represented in terms of these
potentials. The analogs of the above results for plates with transverse
shear deformation in the absence of thermal effects were obtained in
[3].

2. Formulation of the problem. We consider an infinite elastic
plate of thickness hg = const > 0, which occupies a region R? x
[—ho/2,ho/2] in R®. The displacement vector at a point 2’ in this
region at ¢ > 0 is denoted by v(a’,t) = (vi(a’,t),va(2’,t),v3(2',1))",
where the superscript T signifies matrix transposition. The temperature
in the plate is denoted by 7(z',t). Let 2’ = (z,23), z = (71, 72) € R%
In plate models with transverse shear deformation it is assumed [1]
that

v(a,t) = (zguy(z,t), xaus(z, 1), us(x, t))T.

If thermal effects are taken into account, we also consider the “aver-
aged” temperature across thickness defined by [2]

Lot s _ 13
ug(z,t) = = /h P x37(x, x3,t) drs, h? = T
— o

The factor 1/h? has been introduced for reasons of convenience. Then
the vector function U(z,t) = (u(z,t)T,us(z,t))T, where u(z,t) =
(u1(z,t), ug(w,t), uz(z,t))T, satisfies the equation

(1) BodU(z,t) + B1oyU(x,t) + AU (2,t) = Q(,t), (w,t) € G,

where G = R2 x (0,0), By = diag {ph?, ph?, p,0}, 0; = 9/0t, p > 0 is
the constant density of the material,

0 0 0 0 h2y0,
o 0o 0 o - A h2~0,
Bi=14v o 0o o | A= 0 ’
7781 ?’]82 0 »! 0 0 O —A
—h2uA —h2(A 4+ p)oi+ p —h (XN + 1)0102 uoy
A= —h2(X + )10 —PPUA =R+ p)d5+p pdy |,

—,u81 —,uag —,U,A
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On = 0/0n, a = 1,2, m, 3¢, and ~ are positive constants, A\ and p are
the Lamé constants of the material satisfying A + ¢ > 0, p > 0, and
Oz, t)=(q(=, t)Ta qa(, t))Tv where q(z,t)=(q1(7, 1), g2(w, 1), g3(, t))T
is a combination of the forces and moments acting on the plate and its
faces and g4(x,t) is a combination of the averaged heat source density
and the temperature and heat flux on the faces.

The classical Cauchy problem for (1) consists in finding U(z,t) €
C*(@), u € CH@), ug € C(G), such that

@) Bod?U (z,t) + B10wU (x,t) + AU (2,t) = Q(z,t), (x,t) € G,
U(x,0) = Uy(x), Ou(z,0) = ¥(z), =€ R?,

whete Up(2) = (¢(2)",0(2))", 9(x) = (¢1(2), 92(2), ¢3(2))T, and the
initial “velocity” ¥ (x) = (¥1(x),¥2(z),¥3(x))T are prescribed.

To formulate this problem variationally, we introduce weighted
Sobolev spaces of vector functions defined on G. For every x > 0,
consider the space Hy ,(G) of all four-component distributions U (z, t)
on G with finite norm defined by

(3)

1U]

4
;H;G:/ 6_2’“{|U(x,t)|2+|8tU(;v,t)|2+ZVui(x,t)|2}dxdt.
G

i=1

We remark that (3) is equivalent to the norm

1/2
{ e A0 or + 00 o) dgdt} ,

where U(&, t) = (a(&, )", 4a (&, 1)), a(€, ) = (@ (&, 1), 2(§, 1), a3(E, 1) T,
is the Fourier transform of U(z,t) with respect to x. In what follows
we do not distinguish between equivalent norms and denote them by
the same symbol.

Let W(z,t) = (w(z, t)T,wy(z,t))T € CF(Q); that is, each compo-
nent of w = (wy,wq,w3)" and wy are functions of class C*°(G) such
that suppw; C G, i = 1,2,3,4. We multiply the ith component,
i = 1,2,3, of the vector differential equation in (2) by the complex
conjugate w; of w;, and the complex conjugate form of the forth com-

ponent in (2) by h?yn~lw,, integrate the new equalities over G, and
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add them together. As a result, we obtain

@) [ [(BodBuw) + (Auw) + 1 (g, D)
G
— B2y~ (wa, Aug) + hPy(wy, Opdiv ) + hPy(Vug, w)] dz dt

- /G (g, ) + WPy (wa, ga)] de dt,

where By = diag {ph?, ph?,p} and (-,-) is the inner product in the
corresponding vector space C™. For simplicity, we also use the generic
notation (-,-)o for the inner product in [LQ(RQ)]m for all m € N.
Integrating by parts in (4) and making use of the initial conditions in
(2), we arrive at

(5) / [a(u, w) — (By"*0yu, By yw)o + h2ym ™ se ™ (wa, Brua)o
0
+ h277771(Vw4, VU4)0 — h2’}/(VUJ4, 8tu)0 + hQ’Y(VU47 w)o] dt

= (Bo/, yow)o +/ [(q,w)0 + WP yn~ " (wa, qa)o] dt,
0

where 7y is the continuous trace operator from the Sobolev space of
index m € N and with weight exp(—2xt), t > 0, of functions (or vector
functions) defined in G to the corresponding standard Sobolev space of
index m—1/2 of functions (vector functions) defined in R?, and a(u, w)
is the sesquilinear form defined by

a(u,w) = 2/R2 E(u,w) dz,

where
2E(’U,, w) = hQEo(u, w) + h2u(62u1 + 81UQ)((92@1 + 811172)
+ ,u[(ul + 81U3)(1D1 + 31’@3) + (Ug + 82u3)(w2 + 8211)3)],
EQ(U, w) = (/\ + 2,&) [(811“)(31@1) + (32U2)(82w2)]
+ A [(61U1)((92’LD2) + (82u2)(81w1)] .

The form FE(u,u) is the potential energy density of the plate [1].
We remark that if f € C*(R?) and g € C;°(R?), then (Af,g)o =
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a(f,g). Equation (5) suggests a variational formulation of the Cauchy
problem (2). Thus, we say that U(z,t) is a weak solution of (2) if
U € Hy ,.(G) for some x > 0, U satisfies (5) for any W € C°(G), and
’YoU = Uo($)

3. Uniqueness theorem. We examine the question of uniqueness
of the solution to the variational Cauchy problem for (2).

Theorem 1. The Cauchy problem (2) has at most one weak solution
of class Hy ,.(G).

Proof. Let Uy(z,t) and Us(z,t) be two such solutions. Then U =
Uy — U, satisfies 19U = 0 and the homogeneous equation (5); that is,

/OO [a(u, w) — (Bé/2atu, Bé/zatw)o + Ry e (wa, Opug)o
0 + WPy (Vwa, Vua)g — B2y (Vwy, Opu)o + hPy(Vug, w)o] dt = 0
VW e CP(G).
We define

Z(x,t) = (2(x, )", z4(2, )", 2(x,t) = (21(, 1), 20(x, 1), 23(x, 1)) 7T,

Z(x,t) // (z,¢)d¢ dr.

Clearly, U(-,t) belongs to L?((0,T); Hy(R?)) N Hy((0,T); L?(R?)) for
any T > 0; that is, U(-,t) is square integrable as a mapping from
(0,T) to the standard Sobolev space H;(R?), and U(-,t) and d,U(-,t)
are square integrable as mappings from (0,7) to L?(R?). Conse-
quently, Z(-,t) € Ho((0,7T); Hi(R?)) N H3((0,T); L*(R?)). In partic-
ular, 92Z(-,t) is absolutely continuous as a mapping from [0,7] to
L3(R?) for any T > 0. In addition, Z(-,0) = 8, Z(-,0) = 9?Z(-,0) = 0.
Let w(t) be an “averaging kernel”; that is, a function such that
(i) w e C°(R), suppw C [—-1,1], w(t) > 0;

(i) [7 w(t)dt=1.

by writing
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We remark that, for any 7' > 0, the sequence w,,(t) = nw(n(t — 1)),
n € N, converges, as n — o0, to the Dirac delta §(¢t — T) in the
distributional sense, in other words, in the Schwartz space S’(R).

We choose an arbitrary V(x,t) = (v(x,t)T,v4(z,t))T € CF(G) and
construct the sequence V,(z,t) = w, (t)V (z,t) = (vn (2, )T, v4 0 (2, )T,
Also, taking

Wale.t) = [ [ Vil dgdr = (wala, ) wan (o) '€ CF(G),
t T
we deduce the equality

(oo}
/ [a(z, Up) — (33/2(%2, Bématvn)o + B2y e (g, Or2a)o
0
+ h2'yn_1(Vv47n, Vza)o — hzfy(me, D:2)0 + h?~(Vzy, vn)o} dt
(oo}
= / [a(z, D2wy,) — (Bé/QBtz, Bé/QBE’wn)o
0

+ h2,w771%71(8t2w4,n, 8t2’4)0 + h2"y’l771 (V@fw4,n, VZ4)0
— W2y (VO Wy i, 0:2)0 + h2y(V 24, 8t2wn)0} dt

= / [a(u,wn) - (Bé/Qatu7Bé/2atw7L)0
0

+ 2y e (wayn, Orua)o + B2y~ (Vwa,,, Vua)o
— h27(Vw4’n, dru)o + Ry (Vuy, wn)o] dt = 0.

Hence, after integrating by parts, we obtain

(6)

/ [a(z,va) +(By*0} 2, By *v o+ h*ym "5 (va.n, Buzado
0

+h2’yn71(Vv47,L, VZ4)0—h2’Y(V’U47n, 8t2)0+h2")/(v,247 Un)o] dt = O

Letting n — oo in (6), we arrive at
(7)
a(z(z, T),v(z,T)) + (35/2872«2(37, T), Bé/Qv(:zc7 7))o
+ h27n*1%71(v4(x, T),0rz4(x,T))o+ hQ'ynfl(Vm(x, T),Vza(z,T))o
— W2y (Vuy(x, T), 0rz(z, T))o+ h2y(Vza(z, T),v(x, T))o = 0.
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Since (7) holds for all 7" > 0, we may replace T by ¢ and integrate (7)
over (0,T) with respect to t:

®
/ [a(z,v) + (By/*072, By*v)o + W2y ~" 5™ (04, 8i24)0
0
+ WPy (Va, Vzg)o — h*y(Vog, 8,2)0 + B*y(Vz4,v)o] dt = 0.

Approximating 0;z(z,t) and z4(x,t) by infinitely smooth, with respect
to x, functions with compact support, we deduce that we can take
v = 0yz and vg = 24 in (8) and, thus, write

T
/ la(z, 0;2) + (33/25}22, Bé/Q(‘?tz)o + B2y e (24, 05 24)0
0
+ 2~ Va4[g] dt = 0,

where || - || is the norm in [L?(R?)]™. Consequently,

T
d 4
| a2 + 1B 20213 + 2 )
1/2 _ _
= [a(z.2) + | By/* 02|12 + h2yn~ e Y |2al3],_p < O

and Z(x,T) = 0 for all T > 0. Since U = 9?Z, we conclude that
U(z,t) =0 for all ¢ > 0, which proves the theorem. O

Obviously, the solution of (2) is the sum of the solutions of two
simpler problems, namely, the Cauchy problem for the homogeneous
system (1) with the given initial data and the Cauchy problem for the
nonhomogeneous system (1) with zero initial data. Below, we restrict
our attention to the first of these problems.

4. The Cauchy problem for the homogeneous system. Let
Q(x,t) = 0. Then (5) takes the form

(9)
/ [a(u, w) — (Bé/QBtu, Béﬂatw)o + Ry e (wy, Opug)o
0
+ 2y Y (Vwy, Vug)o — h2y(Vwy, Ou)o + h2y(Vuy, w)o] dt
= (Bol/fa ’YOw)07
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and we seek U € H; ,(G) that satisfies (9) for all W € C{°(G) and
such that

20U = Us(@) = (p(x)", 0())".

In what follows, we give an explicit analytic expression for the solution
of (9) as a combination of two special potential-type integrals called
“initial” potentials of the first and second kinds. In order to do that,
we need to study the properties of a matrix of fundamental solutions
D(z,t) for the system (1).

D(z,t) is a (distributional) solution of the problem

Byd}D(x,t) + B10;D(x,t) + AD(x,t) = (2, t)I, (x,t) € R,
D(z,t)=0, t<O0,

where I is the identity (4 x 4)-matrix and § is the Dirac delta. Its
Fourier transform D(¢,t) satisfies
(10)
Bod; D(&,1) + Bu(€)a:D(,1) + A€)D(&,1) = 5()],  (&1) €R?,
D) =0, t<0,

where
0 0 0 0 — ih;’y{l
0 0 0 0 A(g —ih2ye
Be=| 0 0 0 N ag=| O e
—ing —ing&y 0 000 g
RPule® + B2+ )& + R3O\ + p)é1s —ipg
A¢) = ( h2(\ + p)€1€o R2ulel + B2+ ) +u —ipgs )
iné1 iné plél?

We represent D(z,t) and D(£, ) in the form
(11) D(x,t) = X(1)®(z,1),  D(&y) = X() (&, 1),

where X(t) is the characteristic function of the positive semi-axis.
Substituting (11) in (10), we find that the matrix ®(&,t) satisfies the
Cauchy problem

Bod7®(&,t) + Bi(£)0 (&, 1) + AE)R(¢, 1) =0, £€R? >0,
Bo®(£,0) =0, Bydi®(€,0) + Bi(E)P(E,0) = 1.
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In what follows, the columns of a (4 x 4)-matrix K are denoted by K @),
j =1,2,3,4. Clearly, each ®U)(¢,t) satisfies

By (€, 1) + B1(£)0, 09 (€, 1) + A(€)DY) (¢,) = 0,
(12) €ER2 t>0,

By (£,0) =0, Bod®(€,0) + By (€)dV(£,0) = 1.

If we write
(¢, 1) = (@ (e, )T, af (€,1)"
a (1) = @ (1), 1€, 1), ad (€, )7,
a9 (g,0) = 9 (&) = (#(€), 85 (©), 85 (€)",
af(€,0) = 09)(¢),
9,a9(€,0) = $) (&) = (WY€), 95 (6), 8§ (©)", i =1,2.3.4,

then the initial conditions in (12) become

€ =0, 0V(¢) = sy,

(13) - .
PU(€) = By (615,025, 035)",  j=1,2,3,4,

where d;; is the Kronecker delta.

Comparing the initial conditions in (12), (13), and (9), we see that
®U) (x,t) (or DY) (x, 1)) is the solution in G of the variational equation

(14)
/ [a(um, w) — (Bé/z(‘)tum, Bé/zatw)o + h2’yn_1%_1(w4,8tu£f))o
0

+ W2y~ (Vawy, Vuflj))o— h*y(Vwy, 3tu(j))o—|— hQ’y(Vuflj), w)o} dt

= (BopW, yow)o VW € CF(G), 70U = (0,0,0, ¢64;0(x)),
where u(9), ugj), and ¥, j = 1,2,3,4, are the inverse Fourier trans-
forms with respect to & of 49 (¢,1t), ﬁf) (&, 1), and YU (€), respectively.
For simplicity, in what follows all positive constants in estimates,

which do not depend on the functions and variables occurring in those
estimates, are denoted by the same symbol c.
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Lemma 1. There are positive constants ¢ such that

|ﬂ(j)(§,t)| <c(T+t)(1+1En)~1, |8tﬂ(j)(§,t)‘ <gc

(15)
P €0 <e j=1,2,3,4,

and, for any 1 > 1,

o A ()] < e(1+ €)Y, j=1,2,3,4,

16 1 1 A-105=1,2,3,
(16) B (.0 < c {( +t)(2l+|£|) J
(L+1€D*, j=4.

Proof. First, we establish an energy estimate for the matrix of
fundamental solutions. Multiplying the ¢th component, ¢ = 1,2, 3,
of the vector differential equation in (12) by the complex conjugate of

8t12(-j)(§, t) and the complex conjugate of the fourth equation in (12)
by h2ys~ luff )(§ ,1), and adding the new equalities, we arrive at

(Bodfa (¢,1), 0 (€,1)) + (A(€)a\) (&, 1), Bra?) (¢, 1))
iy (@) (€ 1), 09 (6.) =~k Rl (€ 0,

or

(17) {|B”2 aD (&, )2 + (A (¢, 1), aV) (&, 1))
+ B2y e @) (6,62 = 2kt ePlad (¢, 1))
From (17) and (13) it follows that

By 20,09 (€, 4) |2 + (A€)aV (€, 1), a9 (€, 1)) + h2yn~ L Had (€, 1)
<g¢

therefore,

< , 8~(j) ’t < ,
(18) <c, o) <e
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In [3] it is shown that there are positive constants k1 and ko such that

(19) [k (1+ (€))% — ko] [0 < (A(&)w,9) Yo € C3

hence,
(1+ [ED?[I* < e[(AE©)w,v) + [¥I*],
and from (18) it follows that

(20) (L+ [ [a? (&, 0 < e[t +[aP (€, ).

On the other hand,

a9 (g 1) = /0 0,30 (€.7)ar.
and again from (18) it follows that
(21) @ (€,1)] < et.
Combining (20) and (21), we obtain the estimate
(22) G (E ) <@+ (A+[E)7Y J=1,2,3,4.

Estimates (18) and (22) prove (15).

We now claim that the inequalities

c(L+E)*1, j=1,2,3,

oz 1BTEE DI +IaE (€ 0] <
&l < e+ )

o™ (&, ) + |9jas” (
hold for any [ > 1. Differentiating the equation in (12), we find that

(24) Bod?o,@9) (€, 1) + B1(€)9,00 (¢, 1) + A(£)0, @) (€, 1) = 0,
£ eR? t>0;

therefore,
d » » »
TAIB P00l (€. 0)P + (A0 (&, 1). 1 (€. 1)

+ Ryt ka6, )2} < 0
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and
|By/20,0 a9 (£,1)2 + (A(€)daD (€, 1), 0laD (€, 1))
+ WPyl ot (¢, 1)
< e{|By*0alD (£,0)% + (A(€)dla) (€,0), dla? (¢, 0))
+ W2~ Mol (€,0)2).
Forl =1,
(25) |29 (€, 6) + |0,af) (€. 6)?
< c{]92a9)(€,0)[2+ 10,2 (€,0)2+ (1+[¢])?[0:aP (¢, 0)[2}.
Since @) (¢,1) is smooth for ¢ € [0, 00), from (12) we deduce that
92D (£,0)] < el (1 + |€))%1BD (©)] + |¢]| 09 ()]},
0y (€,0)] < e{IElDD(©)] + 1€[2109 ()]}
hence,
Ra(€,00=0, |8a (& 0)] <], j=1,2,3

(26)
02aD(€,0) <clel, |0 (€,0)] < cl¢f.

Substituting (26) in (25), we obtain
20D (&,0)] + 8,a) (€, 6)] < e(L+ [€]), §=1,2,3,
02D (€, 6)| + |0pa (€, 4)] < e(1 + |€));

therefore, (23) is proved for | = 1. Suppose now that (23) holds for all
k<Il,1>1. Then

Bod; 0, @V (€, 1) + B1(£):0, T BV (¢, 1) + A(€)9 TRV (¢, 8) = 0,
EeR? t>0;

hence,

(27) |0 2aY) (¢, )| + |0 Ay (¢, 1)
< {]A a9 (€,0)] + |01l (&, 0)] + (1+[€)]0F @D (&, 0)] ).
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On the other hand, from (24) it follows that
0209 (¢,0)] < e{ (1 + [€)2|ata) (€, 0) + [€]|akad’ (€, 0)]},
) (€,0)] < e{Jello a (€, 0)] + [¢2[8kad (€, 0)] ).
Making use of (27), we obtain
O 2a (€, 1) + |9 ) (¢, 1)
< c{(1+[¢)2ala) (€, 0)] + (1 + [¢])2|atay’ (€, 0|
+ (1+[gportta g, o)}

(1+ )2+, j=1,2,3,
S C
(L+]gp2+2, j=4.

This proves (23) for all { > 1 and j = 1,2, 3,4, which, in turn, proves
statement (16) of the lemma for [ > 1 and j = 1,2,3. To complete the

proof of the lemma, we need to improve estimates (23) for a,ﬁ“afﬁ) (&,1),
[ > 1, namely, we need to show that

(28) a0l < e+ +EY* 121
First, we establish (28) for [ = 1. Since
Bodf @ (€, 1) = ~Bi(§) 2™ (&,1) — A€W (&,1), €E€R? >0,
we have
(20)  Bodfa (€ 1) = —A©aD(&, 1) — ih*giy” (€. 1).
From (15) and (29) it follows that
07 (€,1)] < e(1+1)(1+ [€]),

which proves (16) for [ = 1. Suppose now that (16) holds for all & <1,
1> 1. By (24),

Booi P2 oW (¢, 1) = =B ()0 T dW (¢, 1) — A(£)01@W (£, 1),
E€R? t>0
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and
Bod ™) (¢, 1) = —A(©)afa™ (¢, 1) — in*ysobas) (. ¢).
Using the inductive assumption and (23), we obtain
072 (& 6)] < e(1+ ) (1 + [€)* T,

which completes the proof of the lemma. i

We now introduce the initial potentials that generate the solution
of the Cauchy problem for the homogeneous system (1). The initial
potential of the first kind of density

F(z)=(f(@)", fa@),  f(2) = (fi(@), fa(2), f3(@))T,
is defined by
J(x,t) = (TF)(z,t) = - D(x —y,t)F(y) dy

— [ #@-u0FG)dy t>o
R?2
The initial potential of the second kind of density

R(x) = (r(2)",ra(2))",  r(@) = (ri(2),r2(2), r3(x))",

is defined by

£w.t) = ER)at) = [ oD@ =y Ry

= | 0@z -y t)R(y)dy = O, (TR)(z,1), t>0.
RZ

Their Fourier transforms, either in the classical or in the distributional
sense, are

T t) = (TF)(&t) = DEHF(E) = B¢ H)F(E),
(et ° IR D R t

1) = (ER)(&,1) = 0, D& ) R(E) = 0, 8(€, 1) R(¢),



THE CAUCHY PROBLEM FOR THERMOELASTIC PLATES 335

where F(¢) and R(€) are the Fourier transforms of F(z) and R(x),
respectively.

Lemma 2. (i) If f € Hi(R?) and f, € Hy(R?), then J € H; 4(G)
for any k > 0.

(i) If r € H3(R?) and vy € Hy(R?), then £ € Hy (G) for any
k> 0.

Proof. We write J(,t) in the form

(30) J(&1)

i) (€ 0)F1(6) + aiP (6, 0) F(6) + a7 (6, 0) J3(€) + @l (€.6) Ja(€)
| i Emn© + a6 ke + 1€ 06 + a5 € 0)fa©)
| AP ) + a0 + S (6, 0)F3(6) + 1S (€, ) Fa(€)

alV (€, 0) 1) + as (€, 0)F26) + a5V (€.6) Fs(©) + alP (6, 0) Ja(©)
From (15) it follows that

@M (€ 0) F©)] < e(L+ A+ E)TH(€), k=1,2,3,4, i=1,2,3,
@) Fu(©)] < el f©)], k=1,2,3,4;
hence,

/d%M+mﬂﬂmW%w<w
G

(
V(O < elfil(©)], k=1,2,3,4,
V@) < T+ )+ EDIRE), k=1,23,
)Fa(©)] < e(1+ (€D Fa(€)],
and
/ e~ 20, T (€,1)| d dt < oo.

G

This proves (i). Assertion (ii) is proved similarly. It is obvious that

B N T e < cllfli+1fall2), I€llme < ellrls + lIralla),
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where || - ||, is the norm in H,,(R?). O
Remark. If instead of H; (G) we use H} , (G) with norm

3 1/2
||U|a,mG={ [ e a0 0P + e o) dfdt} ,

then formulas (31) are replaced by
1TV e < clfll+ 1Fall)s €N we < elirllz + liralls).

Hence, if F' € H;(R?), r € Ho(R?), and ry € H3(R?), then J(¢,t) and
£(&,t) belong to HY , (G). o

We are now interested to know what problems are satisfied by the
initial potentials. Suppose that their densities F(z) and R(x) have
the properties in Lemma 2. Then both J(z,t) and &(x,t) belong to
H, .(G). We start with J(x,t).

Obviously,
4 .
T =Y [ 8@ y.0f)dy
i—1 Y R?

On the other hand, from (13) and (14) it follows that ®()(z,t) =
(u® (2, )T, ul)(x, )T satisfies the variational equation

/ [a(u®,w) — (By/*8u®, By ?0,w)o + h2yn~ e~ (wa, Bl )o
0

+h2yn N (Vwy, Vugf))o— W2~ (Vwy, ;u™)o+ hQW(Vuff), w)o) dt
{ (’)’0@1)(0% i= ]-, 27 33
~ o, i = 4,

therefore, J(z,t) = (j(z, )T, ja(z,0)T, j(x,t) = (i(2, 1), jo(x,t),
ga(x,t))T, satisfies

VI € CF(G);

(32) / la(j,w) — (Bcl)/2atj’ Bé/2atw)0 + h2yn e (wa, Bjin)o
0

+ WPy~ (Vwa, Vis)o — B2y (Vwa, 01§)o + h*y(Vja, w)o] dt
g (f, ’Yow)o YW e CSO(G)
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Finally, from (13) we see that j(z,t) — 0 and j(£,t) — 0 as t — 0+
for almost all z and ¢ in R?. But by (15) and (30),

It 013 = [ (L+1e) e, de
R2
<ci+0) [ A+IEPIPEPdE <. te 0.1

Applying Lebesgue’s dominated convergence theorem, we conclude that
j(z,t) — 0, as t — 0, in Hy(R?).

Also, j4(&,t) — sf4(€), as t — 0, for almost all ¢ € R%. Again from
(15) and (30) it follows that

lda(ast) — sefalz, DI = /R (U [EE 1) — sfa()P de
<e / (1+ €2 F(©) de < oo
R2

therefore, ju(x,t) — 2®y(x), as t — 0, in H; (R?).

We now turn our attention to the properties of the initial poten-
tial of the second kind &(z,t) = (e(z,1)T, es(x,t))T, where e(x,t) =
(e1(z,t), ea(,t), e3(z,t))T. Its Fourier transform is £(&,t) = (é(¢,t)7,
é4(§7t))T> é(§7t) = (él(gut)7é2(§7t)763(§7t))T‘ FiI’St, we StUdy the

matrix K(z,t) = 0;®(z,t) and its Fourier transform K (&,t). Let
K@ (z,t) = (kO (2,t)", k" (2, 1), where k) (z,0) = o) (z), k{ (z,0)
=4 (x), and 9;k (x,0) = 4 (z). The corresponding Fourier trans-
forms are denoted by K@ (¢, t) = (kO (&, 0)T, k7 (¢,6)7T, k9 (¢,0) =
a(©), B(6,0) = 79(&), and 9k (€,0) = FO(E), i = 1,2,3,4
From (12) it follows that each K (£, ) satisfies both

(33)  Bod KW (&, 1) + Bi(€)a, KV (1) + A KD (&,1) = 0
and

(34)  Bodi KW (&) + Bi(§KEW (& 1) + AP (&, 1) = 0,
To find the initial data for K (¢,t), i = 1,2,3,4, we note that

al(€) = ou"(g,0) = (¢), i=1,2,34,
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SO
(35) a (&) = Byt (014, 025, 03:) T, i=1,2,3,4.

For ¢t = 0, the forth component of (12) yields

FO(€) = isen(&16{” (&) + £a8"(€)) — |09 (€);

therefore,
| i(noe/ (Ph2)& i =1,2,
(36) 7€ =10 i=3,
—32[€)? i=4.

To find 5 (¢), we consider the first three components of (34), from
which

(37) BY(€) = isch®yBy(&1,€,0) 0, i=1,2,3,4.

Combining (33), (35), (36), and (37), we see that the K(®)(¢,t), i =
1,2, 3,4, satisfy

Bodf KO (&,1) + B1(§)a: KW (€, 1) + A(§) KW (¢&,8) =0,
kD (€,0) = @' (€) = By (614, 02i,03:) T,
i(nx/(ph*)& i =1,2,
(6.0 =79(€) =4 0 i=3,
—52l€[? i=4,

0k (€,0) = B (€) = ixh®yBy ™ (€1,€2,0) " bia.
Consequently, the K (x,t), i = 1,2,3,4, are solutions of the varia-
tional equations

/ [a(kD,w) — (By?8:k@, By *0yw)o + h?yn~ 5~ (wa, 0k )0
0

+ B2 (Vwa, VES o — B2y(Vws, 0,kD)g + 2 (VES  w)o] dt
0 i=1,2,3,
{ sch?y div (yow)(0) i =4,

YW € CF(G).
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Since

4
E(x,t) = KOz -y, t)ri(y) d
(z,t) Z - (@ —y,t)ri(y) dy,
the initial potential of the second kind satisfies

(39) / [a(e,w) — (Bé/Qate, Bé/2atw)0 + 2y~ e (wa, Orea)o
0

+ 2y Y (Vwy, Vey)o— h2y(Vwy, 0e)o+ h*y(Vey, w)o) dt
= 2h?y(ry,div (yow))o YW € C°(G).

To determine the initial conditions for this potential, we see that
~ 4 ~ .
i=1

which, along with the initial data in (38), yields
Jim E(6,0) = (ph?) ™ (7€), 7a(§), W7 (€), i (6171 (€) + Eaa(€)]
— 2 ph?[€[*7a(€))
or
Jim E(z,1) = (ph*) ™ (r1(2), r2(), hPr3(x), —sen divr(z)
+ %QPhQAT4(I))T7

for almost all £ or z, respectively. On the other hand, from (30) and
the conditions on R(x) it follows that

| aiehelen - BtroPds < [ i)IROP d < .
R2 R2
Therefore, by Lebesgue’s theorem,

: _ pe1 : 2
t£%1+e(x,t)—30 r(z) in H3(R?).

In addition, it is easily verified that

t£%1+ eq(z,t) = _p—hz divr(z) + 52 Ary(z) in  Hy(R?).
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The above results are now combined in the following assertion.

Lemma 3. (i) Let F = (f%, f)T, with f € H;(R?) and f, €
Hy(R?). Then J(z,t) = (T F)(z,t) belongs to Hy (G) for any r > 0,
j(x,t) — 0, ast — 0, in Ha(R?), ja(z,t) — sfa(x), ast — 0, in
Hi(R?), and J(z,t) satisfies (32).

(i) Let R = (rT,ry)", with r € H3(R?) and r4 € Hy(R?). Then
E(x,t) = (ER)(x,t) belongs to Hy (G) for any k > 0, e(x,t) —
By'r(z), as t — 0, in H3(R?), es(x,t) — —(ph?) ' sendivr(z) +
52 Ary(z), ast — 0, in Hy(R?), and E(z,t) satisfies (39).

The main results of this section are expressed in the next two
assertions.

Theorem 2. Let ¢ € H3(R?), 6 € Hy(R?), and v € H1(R?), and
let
f = Bov, f4 =10 + ﬂle% r= By, r4=0.

Then
(40) L(z,t) = (TF)(z,t) + (ER)(z,1)

is the solution of (9) in Hy (G) for any k > 0 and satisfies the initial
condition

YL = (¢",0)T

and the estimate

(41) 1£]

1rsc < efllells + 10ll2 + (1]l }-

Proof. By Lemma 3, £ = (IT,14)T € Hy ,.(G) satisfies

/ [a(l,w) — (By?0ul, By'*0yw)o + h*ym ™" 5~ (wa, B4l )o
0
+ Py~ (Vws, Vig)o — B2y(Vwa, Ol)o + h*y(Vig, w)o] dt

= (Bov,vow)o YW € C(G).
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Again by Lemma 3,
YL = ((v)",v0l) ",
Yol = Y0j + Y0e = By 'r = ¢,

Yola = Yoja + Yoes = s fs — % divr + 3*Ary = 6.
Finally, (41) follows from (31), and the lemma is proved. O

We conclude this section by looking at the relationship between the
smoothness of the solution of the Cauchy problem and that of the
initial data. This can be done by using various norms on the spaces

of functions defined on G. Let us choose, for example, H,, .(G),

consisting of elements U = (uT, u4)T with norm

||UH’/I7L,N;G

= { /Ge—Znt {(1 + ‘§|)2m|[j(§, 1 + Z(l N |§|)2(m—k)

k=1

1/2
< ((ota(e 0 + 10k tae.0P) | dsar} . meN
(see the Remark).

Theorem 3. Let

¢ € Hny1(R?), 0€ H,(R?), ¥ € Hy,(R?), m=1,2,
¢ € Hop_1(R?), 0 € Hopo(R?), 1 € Hap3(R?), m >3,

and let f = By, f1 = 210 +ndivy, r = By, and r4 = 0. Then
L(z,t) = (TF)(x,t) + (ER)(x,1)

is the solution of (9) in H, .(G) for any > > 0 and

m,K

1Ll w6 < cUll@limrr + 10llm + 1% ]lm), m=1,2,
1Ll e < clll@llzm—1 + [10ll2m—2 + [¥ll2m—s), m > 3.
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Proof. First, from the conditions of the theorem it follows that

f € H,(R?), f1 € H,(R?), r € Hyp1(R?), m=1,2,
f € Hyp—3(R?), f1€ Hop2(R?), 7€ Hopp1(R?), m>3.

Next, by Lemma 1 and (40),

(42)
1€ )] < e[+ DA+ [EDTHRE D]+ |7, D],
(&, 0)] < e[|B(E 1) + (1L +1)(1 + [ENIF(E, )],
0:(E,1)] < e[|DE )] + (1+ [EDIFE D),
OFIE )] < e(L+ [EDPF2IB(E, D) + (1 + ED*I7(E 0], k> 2,
|08 Ha(€, )] < e+ )PP [(1+ O)]R(E )] + (1+ [€])[a(é, )]
+A+)A+EDFED]], k=2
Using (42), we can easily verify the statements of the theorem. o
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