
ROCKY MOUNTAIN 
JOURNAL OF MATHEMATICS 
Volume 3, Number 3, Summer 1973 

A TRANSFORMATION FORMULA FOR 
DOUBLE HYPERGEOMETRIC SERIES 

R. P. SINGAL 

Carlitz [4], Pandey and Saran [6] and the author [8], [9] gave 
a number of transformation formulae of Kampé de Fériet double 
hypergeometric series. Since transformation formulae play an im
portant role, the object of this paper is to obtain a transformation for
mula for the double series and to derive two Cayley Orr type results 
and a Watson sum for the double series. 

1. Kampé de Fériet double hypergeometric series [1] in the nota
tion of [7] is defined as 

Fp,q[ aP'• b
q; bq ; 1 

t r s l cr;ds;ds'; J 

m+n 

m,n=0 \ r/m+n 

where p + g § r + s + l and where ap stands for the sequence 
öi, Ö2, ' ' -, ûpî (a)m = r(fl + m)lT(a). 

The main result to be proved is 

pi^Ta '• b,c, —n; d — b, c\ —m\ 
l' Ld : e, 1 + a + b + c — d — e — n; 

e',1 + a + c' - b- e' - raj 

(e - c)n(e' - c')m(e + d - b - a)n(e' + b - a)m 
(1.1) = 

(e)n(e')m(e + d- a- b - c)n(e' + b - c' - a)m 

X pi>3[d — a: d — b,c, —n;b9c',—m; 
1,2 L d: d + e — a — b, 1 + c— e — n; 

e' + b - a9l + c' - e' - m;l ' 

2. Proof of (1.1). 
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F 
_ 1,3 \a : b> c> ~~n' d ~ b, c', —m; 
= F l ' 2 Id : e,l + a + b + c - d - e - n; 

= S 

e ' , 1 + a + c ' - f o - e ' - m;J 

(fl)p(fo)p(c)p(-n)p 

=o (d)P(e)P(l + 0 + f c + c - d - e ? - n)pp\ 

ïa + p,d-~ b,c',-m; 1 
4 3Ld+p,e',l + a + c' - b - e' -m; 1 

Now using relation [2, 7.2(1)] 

4F3(x, y,z, —n;u,v,l + x + y + z — u — v — n;) 

= (t? - z)w (u + Ü - s - y)n 

(ü)n(u + v - x - y - z)n 

X 4F3(w — x,u — y,z, —n;u,l — v + z — n,u + v — x — y) 

we have 

( e ' - c ' ) « ( e ' + b - a ) m F = 
(e')m(e' + b-a-c')m 

(a)p(b)p(c)p(-n)p 
X p?o (d)P(e)P(l + a + b + c - d - e - n)pp\ 

X 4F3(d — a,b + p,c', —m; 

d + p,e' + b — a,l + c' — e' — m;) 
(2.1) 

_ ( e ' - c ' ) m ( e ' + fo-a)m 

(*')«(«' + b-a-c'), 

,i,3ffo : a,c, —n; d — a,c', —m; x r?i,3[b : a,c, —n;d — a,c , —m; 
' Ld : e, 1 + a + b + c — d — e — n; 

e' - a + b,l + e' - e' - r a j ' 

Repeating the process again on the right side of (2.1) for the second 
series we have the required result (1.1). 

Allowing a -» «J in (2.1) and (1.1) we have 
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E-o^r—:6,c, - n ; d - b, c \ - m ; l 
Md:c,c'; J •'L d : e , c ' ; 

(2.2) 

(Om U L d : c , l + c ' - e' -rnj 

and 

n 3 r - : f o , c ? - n ; d - fo,c', - m ; 1 = (e ; - c ' ) w ( e - c)w 

^ L d i c , * ' ; J (*')«(*)» 
(2.3) 

u L d : l + c - c - n , l + c ' - c ' - m ; J ' 

a result due to the writer [8]. 
Allowing n —> oo? m —> oo in (2.1) and (1.1) we have two transfor

mation formulae for Fjjf. 
Similarly letting b —> oo in (1.1) we get 

1 ) 2 r a : c ? - n ; c ' , - m ; i (e - c)n(c' - c ' ) m 

, , uld:e,e'; J (*)»(Om 
(2.4) 

x p 1,2 [" d - a : c, - n; c ', - ra; "I 
1 1 L d : l + c - c - n , l + c ' - c ' - m ; J ' 

a result due to Pandey and Saran [6]. 
Taking d = 1 — a — n — m, e = 1 — c — n, e' = 1 — c' — m in 

(2.4) we get 

F i , 2 | " l ~ 2a - m - n : - n , c ; - m , c';~| (c)n(Om 
M L 1 - a - r o - n :2c, 2c ' ; J (2c)n(2c')m 

^ ' ' 1 2 r ö : - ^ ? C ; - m , c ' ; "] 
X F u [ i - a - m- nil - c - n, 1 - c' -m;\ 

The right side of (2.5) can be summed by the result [9, (4.3)] 

Fi,2[" d:a, b;a\b'; 1 
u L l + fl + a ' - d:l + a- b9l + a' - b'; J 

= r ( l 4 - a - f a ' - d ) r ( l - 2 d ) 

r ( l + a + a ' - 2 d ) r ( l - d) 
(2.6) _ 

r ( j + d ) r (b ' - a'l2)r(b - al2)T{d - a' + fe') 
r ( | ) r ( d + V - a72)r(d + & - a/2)r(&' - a ' ) 

r ( d - f l + fc)r(l- d-b-b') 
r(b-a)r(l-b-b') 
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provided either d or a/2, a 72 are negative integers and 2d = 
1 + a + a' - 2b-2b\ 

Hence we have the sum 

üi,2-f 1 — 2a — 2m — 2n : — 2n, c; —2m, c'fl 
1 1 L 1 - a - 2 m - 2n :2c ,2c ' ; J 

(2.7) 
(2)m+n(ö)m+n(ö + C)2n(« + O 

2m 
(C + f )n(c' + i )m(a)2m+2n(û + c)n(fl + c)m 

provided a + c + c ' + m - h n = ^ which can be called a Watson 
sum for the double series. 

Taking e = e' = a in (1.1) and making m, n —> «> we get a result 
due to Carlitz [5]. 

Also taking e = e1 = a and c' = d — c in (1.1) we can get a sum 
forF/;3 

3. Finally we give two Cayley Orr type results. It can be easily 
proved that by proper choice of parameters, (1.1) gives us the following 
results: If 

n yy+a-e-b'n Y)c'+a~e'~b 

<31> *FKL+;;t?6''c';^]=i>™* 
7 ' m,n=ö 

then 

(1 - X)c~e(l - Y)c'-e' 

,1,2 [b + b' — a:b',c;b,c'; w p i , 2 p + b - a : fc , c; b, c ; y 1 
UL fo+fo':e+fo'-a,e' + fe-a; J 

V \e)n\e )m A V n y m 

m Ì o ( e + f e ' - o ) B ( e ' + fe-a)m'lm'" 

and, if 

(1 - X ) - ° ( l - Y ) - « ( a : c , c ' ; b + fc';X/(X- 1), Y/(Y - 1)) 
(3.2) 

then 

m,n=0 
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(1 - X)c~fc'(l - Y)°'-»Fli \ . , .a,:b'Cib''c''' X,Y] 
' L b + b : a, a; J 

_ ^ (b'Ub) 
— A VnVm 

/ j i \ / \ rLm,nyv £ • 

m,n=0 W n W m 

It may be remarked that if we put Y = 0 in (3.1) we get a result 
due to Bhatt [3] in the correct form and (3.2) gives us the following 
result: if 

(3.3) (1 - Xy^F^a, c;b+b'; XI(X - 1)) = £ ^ ^ 
m=0 

then 

(1 - X)-"'2F1(fo, c; b + b '; X) = £ - ^ ^ X - » . 
m = 0 \a)m 
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