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In this article, we prove a large deviation principle for the empirical
drift of a one-dimensional Brownian motion with self-repellence called
the Edwards model. Our results extend earlier work in which a law of
large numbers and a central limit theorem were derived. In the Edwards
model, a path of length T receives a penalty e PHT  where Hr is the self-
intersection local time of the path and 8 € (0, 00) is a parameter called the
strength of self-repellence. We identify the rate function in the large deviation
principle for the endpoint of the path as B231(B~1/3., with I() given
in terms of the principal eigenvalues of a one-parameter family of Sturm—
Liouville operators. We show that there exist numbers 0 < b™* < b* < oo
such that (1) I is linearly decreasing on [0, b**], (2) I is real-analytic and
strictly convex on (b**, 00), (3) I is continuously differentiable at b** and
(4) I has a unique zero at b*. (The latter fact identifies b* as the asymptotic
drift of the endpoint.) The critical drift 5** is associated with a crossover
in the optimal strategy of the path: for b > b** the path assumes local drift b
during the full time 7', while for 0 < b < b** it assumes local drift »** during

ok ok
time be;’;h T and local drift —b™* during the remaining time be—*_*h T. Thus,
kk
in the second regime the path makes an overshoot of size b Z_h T so as to

reduce its intersection local time.

1. Introduction and main results. A linear polymer is a long chain of atoms
or molecules, often referred to as monomers, which have a tendency to repel each
other. This self-repellence is due to the excluded-volume effect: two monomers
cannot occupy the same space. The self-repellence causes the polymer to spread
itself out more than it would do in the absence of self-repellence. The most widely
used ways to describe a polymer are the Domb—Joyce model and the Edwards
model, which start from random walk and Brownian motion, respectively, and
build in an appropriate penalty for self-intersections. The main interest lies in the
behavior of the expected end-to-end distance of the polymer when its length gets
large.

For the Domb-Joyce model (which is sometimes called the weakly self-avoiding
walk) there are many rigorous asymptotic results known in dimensions d = 1
and d > 5. However, dimensions d = 2, 3, 4 are very dificult and the asymptotic
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behavior is still open. A standard reference on mathematical results for and
computer simulations of polymers is [14], which also includes an introduction
to the main tool in high dimensions, the lace expansion. A general background on
polymers from a physics and chemistry point of view may be found in [17], while
a survey of mathematical results for one-dimensional polymers appears in [9].
See [13] for some new and insightful heuristics for two-dimensional polymers.

In contrast to the discrete Domb-Joyce model, the definition of the continuous
Edwards model requires substantial work in dimensions d = 2, 3, 4, which is due
to the accumulation of self-intersections of Brownian motion (see [18, 19, 2]).
Here too there are no rigorous asymptotic results known to date. In the present
article, we study the one-dimensional Edwards model, which can be easily defined
in terms of the Brownian local times. Our present work is a natural continuation of
our earlier paper [10], where we derived a central limit theorem for the end-to-end
distance. Our goal is to derive a large deviation principle.

In Section 1.1, we define the model and recall our earlier results. Our new results
are stated in Section 1.2. Our strategy of proof is explained in Section 1.3. At the
end of that section, we give an outline of the rest of the paper.

1.1. The Edwards model. Let B = (B;);>0 be standard Brownian motion on R
starting at the origin (By = 0). Let P be the Wiener measure and let E be
expectation with respect to P. For T > 0 and g € (0, 0o), define a probability

law Q’; on paths of length T by setting

QY L gl .
(1.1) d_PT[.] = —ze¢ BHrL-] Z’; — E(e PHT),
Z7

where

T T
(1.2) HT[(B,),E[O,T]]:/O du/o dv8(B, —Bv)szdx L(T, x)*

is the Brownian intersection local time up to time 7. The first expression
in (1.2) is formal only. In the second expression the Brownian local times L(T, x),

x € R, appear. The law Q’; is called the T -polymer measure with strength of self-
repellence B. The Brownian scaling property implies that

(1-3) Q/;((Bz)ze[o,T] € ) = Q/132/3T((ﬂ_1/3Bﬁ2/3;)ze[0,T] € )

It is known that under the law Q’; the endpoint Br satisfies the following central
limit theorem:

THEOREM 1.1 (Central limit theorem). There are numbers a*,b*, c* €
(0, 00) such that for any 8 € (0, 00):

(1) Under the law Qﬁ , the distribution of the scaled endpoint (|Br| —
b*B'3T) ) c*T converges weakly to the standard normal distribution.



LARGE DEVIATIONS FOR THE EDWARDS MODEL 2005
(i) lim7_, o0 & log Zb = —a*g?/3.

Theorem 1.1 is contained in [10], Theorem 2 and Proposition 1. For the
identification of a*, b* and c*, see (2.4) below. Bounds on these numbers appeared
in [7], Theorem 3. The numerical values are a* ~ 2.19, b* ~ 1.11 and ¢* ~ 0.63.
The law of large numbers corresponding to Theorem 1.1(i) was first obtained by
Westwater [20] (see also [8], Section 0.6).

1.2. Main results. 'The main object of interest in the present article is the large
deviation rate function Jg defined by

1

(1.4) —Jg(b) = lim —logQl(Br ~bT), beR,

T—oo T
where By ~ bT is an abbreviation for

|Br — bT| < yr for some yr > 0 such that
(1.5)
yT/T—>OandyT/\/T—> ocoas T — oo.

[We will see that the limit in (1.4) does not depend on the choice of yr.] Actually,
we prefer to work with the function /4 defined by

. 1 —BH
(1.6) —Ig(b) = lim —log E(e """ 1 ~b1}), b eR,

T—oo T

which according to Theorem 1.1(ii) differs from Jgz by a constant, namely, Ig =
Jg + a*ﬂ2/3 [recall (1.1)]. It is clear from (1.3) that

(1.7) B2 PIg(B' by =1b),  b=0,
provided the limit in (1.6) exists for § = 1 and b > 0. Moreover,
(1.8) Ig(b) = 1g(—b), b<0.

Therefore, we may restrict ourselves to § =1 and b > 0. In the following
discussion we write / = I; and J = J;.

Our first main result says that / exists and has the shape exhibited in Figure 1.
(In [15], Corollary 2.6 and Remark 2.7, it was proved that lim7_, % log E (e Hr|
Br = 0) = —a™*, which essentially gives the existence of 7(0) with value a**.
Furthermore, the existence of I (b*) with value a* follows from our earlier work
[10], Proposition 1.)

THEOREM 1.2 (Large deviations). Let 8 =1.

(1) For any b > 0, the limit I (b) in (1.6) exists and is finite.
(i1) I is continuous and convex on [0, 00), and continuously differentiable
on (0, 00).



2006 R. VAN DER HOFSTAD, F. DEN HOLLANDER AND W. KONIG

I(b)

FIG. 1. Qualitative picture of b+ I (b) = J (b) + a*.

(iii) There are numbers a™* € (a*, 00), b** € (0, b*) and p(a™) € (0, 00)
such that 1(0) = a™*, and I is linearly decreasing on [0, b**] with slope —p(a™),
is real-analytic and strictly convex on (b**, 00), and attains its unique minimum
at b* with I (b*) =a* and 1" (b*) = 1/c*2.

(iv) 1(b)=3b>+ 0" asb— oo.

The linear piece of the rate function has the following intuitive interpretation.
If b > b**, then the best strategy for the path to realize the large deviation event
{Br = bT} is to assume local drift b during time 7. In particular, the path makes
no overshoot on scale 7', and apparently this leads to the real-analyticity and strict
convexity of 7 on (b**, 00). On the other hand, if 0 < b < b**, then this strategy is
too expensive, since too small a drift leads to too large an intersection local time.
Therefore the best strategy now is to assume local drift »** during time botbr

Zb**
and local drift —b** during the remaining time b;—*_*bT. In particular, the path
makes an overshoot on scale 7', namely, b**z_b T, and this leads to the linearity

of I on [0, b**]. At the critical drift b = b**, I is continuously differentiable.

For the identification of a**, b** and p(a**), see (2.5). The numerical values
are a™ ~ 2.95, b** ~ 0.85 and p(a™*) =~ 0.78. These estimates can be obtained
with the help of the method in [7]. For b — oo, I () is determined by the Gaussian
tail of By because the intersection local time Hy vanishes.

As a common feature in large deviation theory, there is an intimate relationship
between the rate function / and the cumulant generating function A given by

1
(1.9) A(u) = lim_ - log E (e~ H1 o181y, weR.
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AT ()

- slope b*

~ slope b*™*

FIG. 2. Qualitative picture of it — AT (1).

More precisely, since [ is convex on [0, c0) and on (—oo, 0], it is related to the
two cumulant generating functions A", A~ :R — R given by

1

(1.10) At = Jim — log E(e et BT 5. -0,
_ .1 _

(1.11) A~ (n) =Tli)moo?logE(e AT et BT 115, <0y).

Obviously, A*(—u) = A~ (u) for any u € R, provided one limit exists, and
(1.12) A(n) =max{AT (), A~ (w)}=AT(ul), weR.

Our second main result says that A™ exists, has the shape exhibited in Figure 2
and its Legendre transform is equal to / on [0, c0).

THEOREM 1.3 (Exponential moments). Let 8 =1.

(i) Forany ju € R, the limit A+ (1) in (1.10) exists and is finite.
(i) AT equals —a** on (—oo, —p(a**)], is real-analytic and strictly convex
on (—p(a**), 00), and satisfies lim, | _pq= (AT) (1) = b**.
(i) At(w)=3u?+0u") as p— oo.
(iv) The restriction of I to [0, 00) is the Legendre transform of A, that is,

(1.13) 1(b)=ma£[bM—A+(M)], b>0.
e
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As a consequence of Theorem 1.3(ii), the maximum on the right-hand side
of (1.13) is attained at some u > —p(a™*) if b > b** and at u = —p(a™) if
0 < b < b*™*. Analogous assertions hold for A~, in particular, the restriction of /
to (—oo, 0] is the Legendre transform of A™. Note that the cumulant generating
function A in (1.9) is symmetric and strictly convex on R, and nondifferentiable
at 0, with A(0) = —a* and lim,, o A'(n) = b*.

1.3. Strategy of the proof. To give the reader some guidance to the proofs of
Theorems 1.2 and 1.3, we now outline the approach that we follow. This approach
heavily relies on the line of attack that we introduced in our earlier article [10].

The first basic tool is a description of the joint distribution of the local times
and the endpoint at a fixed time 7 > 0 in terms of a combination of the two well-
known Ray—Knight theorems. The main idea is that, conditional on By, L(T, Bt)
and L(T, 0), the middle part of the local times,

(1.14) X =(L(T,Br — v))ve[O’BT],
is a two-dimensional squared Bessel process, while the two boundary parts,

(1.15)  x*!'=(L(T, Br +v)) and  X*? = (L(T, —v))

ve[0,00) ve[0,00)°

are two zero-dimensional squared Bessel processes (sometimes also called Feller’s
diffusions). Here, y = Br appears as the time horizon for X, while 71 = L(T, Br)
and hy = L(T,0) appear as the initial and terminal values for x*! and X*2,
respectively. The three processes are independent given h; and hp, but are
conditional on having total integral equal to T, since the sum of the integrals
fg Xvdv, t1 = [° X dv and 1, = [§° X% dv is equal to T. Note that ¢; and 7,
are the time the Brownian motion spends in the intervals [Br, 00) and (—o0, 0],
respectively.

A full representation of the local time process (L(T,x)),er and the end-
point Bt is achieved by integrating over the five variables y, A1, ha, #; and .
The intersection local time Hr equals the sum of the integrals of the squares of
the processes. Hence, the density e ~#7 naturally splits into a product of the re-
spective contributions coming from the middle part and the two boundary parts.
The contribution coming from the two boundary parts is a certain function of the
starting point X(*)’1 = Xo = h; and of #{, and, respectively, of Xa’z =Xy =hp
and of #,. Since y can be seen as the time at which the additive process of X,
AQt) = fé X, dv, reaches the value T — t; — t,, the inverse A~! and the time-
changed process ¥ = X o A~! play an important role as well.

The second basic tool is a certain Girsanov transformation for the middle part.
This transformation is chosen such that it absorbs the exponential of the integral
over X? into the transition probability of the transformed process. The transformed
process has much better recurrence properties than the free squared Bessel process,
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in particular, it has an invariant distribution. We rewrite the expectation under
consideration in terms of an expected value over the transformed process, starting
in the invariant distribution, and summarize the contributions coming from the two
boundary parts in terms of expectations over the processes X*'! and X*2. In the
description of the latter expectations the well-known Airy function appears in a
natural way.

Since we integrate over all values #; and 7 of the total integrals of X*! and X*2,
to derive the limit as 7 — oo it is necessary to control the integrand by a bound
that is integrable in #; and t,, and does not depend on 7, so that we can apply
the dominated convergence theorem. This turns out to be a subtle issue. To solve
this problem, we use a certain expansion in terms of the zeroes and certain
L?-normalized shifts of the Airy function, the latter of which turn out to form an
L? orthonormal system. This fact is derived by showing that a certain operator,
which is closely related to the Airy differential equation, possesses a compact
resolvent.

An outline of the present paper is as follows. In Section 2 we introduce the
preparatory material that is needed in the proofs: the squared Bessel processes,
the Airy function, the Girsanov transformation, and the eigenvalue expansion in
terms of the zeroes and the shifts of the Airy function. Two key propositions
are presented in Section 3: a representation for the probabilities of a large class
of events under the Edwards measure in terms of the Ray—Knight theorems and
an integrable majorant under which the dominated convergence theorem can be
applied. In Section 4 we carry out the proofs of Theorems 1.2 and 1.3. Some more
refined results about the Edwards model (which will be needed in a forthcoming
article [11]) appear in Section 5. Finally, Section 6 contains the proof of a technical
result used in Section 5.

2. Preliminaries. In this section we provide the basic tools that are needed
for the proofs of our main results stated in Section 1.2. These tools are taken
from [8] and [10] and references cited therein. Recall the strategy of proof sketched
in Section 1.3.

Section 2.1 introduces a certain family of Sturm-—Liouville operators that
is needed to define and describe the Girsanov transformation introduced in
Section 2.2. These operators play the role of generators of the transformed process.
Their spectral properties determine the constants a*, b* and ¢* that appear in
Theorem 1.1. Section 2.2 introduces the Girsanov transformation of the two-
dimensional squared Bessel process and provides further ingredients that are
needed for the formulation of the Ray—Knight theorems as well as a certain
mixing property. Section 2.3 explains the relationship between the Airy function
and the description of the boundary parts. Furthermore, it provides a spectral
decomposition in terms of the zeroes and shifts of the Airy function, which turn out
to be the eigenvalues and eigenfunctions of a certain operator that has a compact
resolvent in an appropriate L space.
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2.1. Sturm—Liouville operators and definition of the constants. In [8], Sec-
tion 0.4, we introduced and analyzed a family of Sturm-Liouville operators
K: L0, o0) N c?lo, o0) — CI0, 00), indexed by a € R and defined as

2.1 (K4x)(h) = 2hx" (h) + 2x'(h) + (ah — h®)x(h), h>0.

The operator K¢ is symmetric and has a largest eigenvalue p(a) € R with mul-
tiplicity 1. The corresponding strictly positive (and L>-normalized) eigenfunction
x4 110, 00) — (0, 00) is real-analytic and vanishes faster than exponential at infin-
ity; more precisely,

V2

(2.2) lim A3 ?logx,(h) = ——.
h—00 3

The eigenvalue function p : R — R has the following properties:
(a) p is real-analytic;

(2.3) (b) pis strictly log-convex, strictly convex and strictly increasing;
(c) limyy o p(a) =—00, p(0) <0and lim,_, p(a) =o0.

In terms of this object, the numbers a*, b* and c¢* that appear in Theorem 1.1 are
defined as

1 A £
(2.4) p@)=0, b=— 2oL
p'(@*) p'(a*)?
while the numbers a™* and b** that appear in Theorem 1.2 are defined as
1
—n1/3,_ —
(2.5) a*™ =2""(—ay), b = @

where ag (& —2.3381) is the largest zero of the Airy function:

Ai is the unique solution of the Airy differential equation

(26) y”(h) = hy(h) that vanishes at infinity.

From [10], Lemma 6, we know that a* < —ag. Therefore, a** > a*, which in turn
implies that b™* < b*.

2.2. Squared Bessel processes, a Girsanov transformation and a mixing
property. The main pillars in our study of the Edwards model are the Ray—Knight
theorems, which give a description of the joint distribution of the local time process
(L(T, x))xer and the endpoint Br. These are summarized in Proposition 3.1
below. The key ingredients entering into this description are introduced here.

The first key ingredients are:

(i) asquared two-dimensional Bessel process (BESQZ), X = (Xy)v>0,
(ii) a squared zero-dimensional Bessel process (BESQO), X* = (X})v=0,
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and their additive functionals
t t
2.7 A(r) =/ X, dv, A*(1) =/ X dv, t>0.
0 0

The respective (pre)generators of BESQ? and BESQ are given by
(2.8) Gf(h) =2hf"(h) +2f " (h), G* f(h) =2hf" (h)

for twice continuously differentiable functions f:[0,00) — R. For & > 0, we
write P, and P} to denote the probability law of X and X* given Xo =h
and X} = h, respectively. BESQ? takes values in C™ = CT[0, c0), the set of
nonnegative continuous functions on [0, co). It has 0 as an entrance boundary,
which is not visited in finite positive time with probability 1. BESQ takes values
in C(;L = C(;L [0, 00), the subset of those functions in C™ that hit zero and afterward
stay at zero. It has 0 as an absorbing boundary, which is visited in finite time with
probability 1.

The second key ingredient is a certain Girsanov transformation, which turns
BESQ? into a diffusion with strong recurrence properties. Namely, the process

(Dﬁa))yzo defined by

Xq (X y) e
xa(Xo)
is a martingale under P, for any # > 0 and hence serves as a density with respect to
a new Markov process in the sense of a Girsanov transformation. More precisely,

the transformed process, which we also denote by X = (Xy),>0, has the transition
density

2.10)  Pi(hy,ha)dhy =By (D\V1(x,eany). ¥, h1. ha>0.

29 DW= Xp{—/(;y[(Xv)z —aX,+ ,O(a)]dv}, y >0,

We write ﬁ”ﬁ to denote the probability law of the transformed process X given
Xo = h. This transformed process possesses the invariant distribution x,(h)? dh,
and so

- 00
(2.11) P :/ dh x,(h)* Pf
0

is its probability law in equilibrium. The transformed process is reversible
under P9, since BESQ? is reversible with respect to the Lebesgue measure. Hence,
xa(hl)zﬁ;(hl, hy) is symmetric in &1, hp > 0 for any y > 0.

The third key ingredient is the time-changed transformed process

(2.12) Y=Xo0A™" = (X -14))=0.

We write ]Ti)/? to denote the probability law of Y given Yy = h. This process
possesses the invariant distribution ﬁhxa (h)2dh, and so
~ 1

a __ * 2ma
(2.13) P¢ = —p’(a)/o dhhx,(h)"P),
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is its probability law in equilibrium. Both transformed processes X and Y =
X o A™! are ergodic.

The following mixing property will be used frequently in the sequel. By
(-,-) we denote the inner product on L? = L?[0, 00) and we write (f,g)o =
Jo° dhhf (h)g(h) for the inner product on L? weighted with the identity. The
latter space is denoted by L?° = L?°[0, c0).

PROPOSITION 2.1. Fix a € R and fix measurable functions f, g:[0,00) — R
such that f/id,g € L*°. For any family of measurable functions f,g;:
[0,00) —> R, s > 0, such that f;/id, g5 € L*° s >0, and fs— f.g — g as
s — 00 uniformly on compacts and in L*>°, and for any family ag, s > 0, such that
as — aass— 0o,

OOAaS( fs(Xo) & (¥s) )

. 1
(2.14) lim B e ) s = (f, Xa) —— (8. Xa)o.

p'(a)

S—>

This proposition is only a slight extension of Proposition 3 in [10] and therefore
we omit its proof.

2.3. BESQO, the Airy function and a spectral decomposition. 1In this section,
which is technically involved, we derive certain integrability properties at —oo of
the Airy function introduced in (2.6). This is necessary, since it turns out that the
contribution to the random variable e =77 that comes from the two boundary parts
can be summarized in an expression that is identical to the Airy function. Recall
that X* is a BESQU process: it is used in Section 3.1 to represent the two boundary

parts.
For a < a**, introduce the function y, : [0, co) — (0, co] defined by
o
(2.15) ya(h) =E}, (exp{/ [aX:— (X3)?] dv}).
0

[As a consequence of (2.18) and Proposition 2.2 below, the expectation on the

right-hand side is infinite for a > a**.] It is known (see [10], Lemma 5) that y, is

equal to a normalized scaled shift of the Airy function (Ai):

AiQ713(h — a))
Ai(—2"13q)

It is well known (see [5], page 43 and (6.2) below) that y, vanishes faster than

exponentially at infinity:

(2.16) ya(h) = h>0.

2
2.17) lim h=2log ya(h) = —X2.
h— o0 3

An important role is played in the sequel by the function w : [0, 00)> — [0, 00)
defined by

o0
(2.18) w(h, t)dt =} (exp{— /0 (X;)Zdv}ﬂw(oo)ed,}).
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Here we recall from (2.7) that A*(o0) = fooo X}, dv. Informally, the function w
and variants of it are used later to express the contribution coming from the two
boundary parts when the Brownian motion spends time ¢ in these parts (see the
beginning of Section 3.1).

It is easily seen from (2.7) and (2.15) that [;° dt e* w(h, 1) = y,(h) fora < a**.
We also have the representation for w(#, t), derived in [10], Lemma 7,

t
(2.19) w(hvt):Eh/2<€Xp{—2/ Bsds}‘T():t)goh(t),
0
P, To € dt
(2.20) on(t) = % _ (87‘[)_1/21‘_3/2he_h2/8t,

with Ty = inf{z > 0: B, = 0} the first time B hits zero. (We write P, and E} for
probability and expectation with respect to standard Brownian motion B starting
ath>0,sothat P = Py, E = Ey.)

We need the following expansion of the function w in terms of shifts of the Airy
function:

PROPOSITION 2.2. (i) Forany e > 0,
o
@221) wh, =Y expla®t —e)l(w( &), ex())ex(h),  h=0t>¢
k=0
where
222) a®=2Y¢q, )= A7 +a®)), h=0,

with ay the kth largest zero of Ai and with cy, chosen such that ||eg|» = 1.
(i) There exist constants K1, K>, K3 € (0, 00) such that

(2.23) —a® ~ K k23, k — 00,
o0
(2.24) / hex(h)?dh < K k*/3 Yk,
0
1 2 1/3
(2.25) f Zek(h) dh < Kk Vk.
0

[Note that @ = —a™* by (2.5).]

PROOF. (i) The proof comes in five steps. We write ¢ for a generic constant
in (0, o) whose value may change from line to line.

Step 1. Let J* be the second-order differential operator on C;° = C{°[0, 00),
the set of smooth functions x : [0, co) — R that vanish at zero, defined by

2x"(h) — hx(h), if h >0,

(2.26) (K*x)(h) = { 0 if h = 0.
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This operator is symmetric with respect to the L? inner product on L3 = LN Coe.
Furthermore, we can identify all the eigenvalues and eigenfunctions of K*
in L% in terms of scaled shifts of the Airy function. Namely, a comparison of
(2.6) and (2.26) shows that the kth eigenspace is spanned by the eigenfunction
ex :[0, 00) — R given in (2.22) and the kth eigenvalue is a® keNy.

Step 2. We next show that JK* has a compact inverse on L2. Therefore, this
inverse has an orthonormal basis of eigenvectors in L? and, hence, the same is true
for K™ itself. Consequently, (ex)reN, is an orthonormal basis of L?. This fact is
needed later.

We begin by identifying the inverse of K*. To do so, we follow [6]. Let

Ai2'3u)
Ai(0)
where Ai is the Airy function and Bi is another, linearly independent, solution
to (2.6) (for the precise definitions of Ai and Bi, see [1], 10.4.1-10.4.3). Hence,
both y; and y, solve K*y = 0, y; satisfies the boundary condition at zero

[y1(0) = 0], while y, satisfies the boundary condition at infinity (y, € L?). Let
G : [0, 00)2 — R (Green function) be defined by

(227)  yi(w) =Bi(2'?u) - Bi(0) . ) =AY ),

2.28) Gu,v)=Kyi(u Av)yr2(u Vv v) with K = —Zyi(O)yz(O).
Let I' be the operator on L? defined by

(2.29) (Fy)(u)z/0 G(u,v)y()dv.

According to [6], Proposition 2.15, x = I'y is a weak solution of the equation
J*x = y with boundary condition x(0) = 0, for any y € L2. In fact, we can adapt
the proof of [6], Proposition 9.12, to see that I" is the inverse of K*, since X*x =0
does not have solutions in L? that satisfy the boundary condition x (0) = 0. Hence,
we are done once we show that I" is a compact operator.

Step 3. By [6], Theorem 8.54, it suffices to show that I" is a Hilbert—-Schmidt
operator, that is, G is square-integrable on [0, 00)2. To show this, we first note
that (2.28) gives

o o0 o0 u
(2.30) / du/ dvG?(u,v) = 21(2/ du/ dv yr(u)?y1 (v)2.
0 0 0 0
Substitute (2.27) to see that, since Ai € L2, it suffices to show that
o0 u
(2.31) / du/ dv Ai(u)? Bi(v)? < oo.
0 0
Since Bi is locally bounded and Ai € L2, the latter amounts to

(2.32) /Ioo du /lu dv Ai(u)?Bi(v)? < co.
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We next use [1], 10.4.59 and 10.4.63, which show that

Ai(u) < cu™*exp|—2u’/?),

(2.33)
Bi(v) < cv™/*exp{3vY/2}, u,v>1.
Hence
o0 u
du f dv Ai(u)? Bi(v)2
1 1
(2.34)

[e.e] u
§c4/ duu_l/Z/ dvv_l/Zexp{—%(lf/z—v3/2)}.
1 1

Use integration by parts to see that

u 4
/ dvv_l/zexp{—g(uyz—v3/2)}
1

1 [ d 4

(2.35) = 5/1 dv v_1%<exp{—§(u3/2 — v3/2)})
u
5l[v_lexp{—i(bﬁ/z—vyz)” flu_l, u>1.

2 3 v=1 2

Hence
o “ o pin2 14 [T 32
(2.36) du dv Ai(u)”Bi(v)” < 3¢ duu < 00.
1 1 1

This proves that I" is a compact operator, so that (ex)ken, is an orthonormal basis
of L?.
Step 4. To prove the expansion in (2.21), we now need the following lemma:

LEMMA 2.3. For any ¢ > 0, the function w is a solution of the initial-
boundary-value problem

rw(h,t) = K*(w(, 1) (h), h>0,t>e¢,

w(0,1) =0, t>e,

(2.37)

and the initial value w(-, ¢) lies in C3°.

PROOF. Use the Markov property at time s > 0 in (2.19) to see that, for any
h>0andt >s,

N
(2.38) w(h,t) = Eh/2<exp{—/ 2B, dv}]l{r()>s}w(2Bs, t— s)).
0
Now differentiate with respect to s at s = 0, to obtain
0= —hw(h, 1)+ 2() > w(h, 1) — dw(h, 1)

(2.39)
= K*(w(-, 1))(h) — dw(h,t).
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This shows that the partial differential equation in (2.37) is satisfied on (0, 00)2. 1t
is clear that it is also satisfied at the boundary where & = 0, since w(0, ¢) = 0 for
all > 0 [recall (2.18) and (2.19)]. U

Step 5. From (2.19) it follows that w(-, &) € Cj° for any & > 0. A spectral
decomposition in terms of the eigenvalues (a ) keN, and the eigenfunctions
(ex)ken, of K* shows that (2.37) has the solution given in (2.21).

(i1) In [1], 10.4.94, 10.4.96, 10.4.97 and 10.4.105, the following asymptotics for
the Airy function can be found. As k — oo,

—ag ~ ck?*/3, ax—1 — ay ~ ck=1/3,

max | Ai|~ ck~1/0, | Al (ag)| ~ ck1/°.
[ax,ax—1]

(2.40)

We use these in combination with the observation that, by (2.6), Ai is convex
(concave) between any two successive zeroes where it is negative (positive).

The first assertion in (2.40) is (2.23). To prove (2.24) and (2.25), we write the
recursion

0 [
(2.41) c,;2=/ A2+ a®)) dh =2, +21/3/ Ai(h)*dh.
0

ak

Using the second and third assertions in (2.40), we find that | ;2"‘1 Ai(h)?dh <
k~2/3 and hence that ck_2 = k'/3. In a similar way, we find that

o0
/ hAIQR™ 30+ a®)) dh < ck,
0
(2.42)
<1 i (k)2 2/3
/ CAIRT B+ a®)) dh = ok,
0

Combining (2.42) with (2.22) and ¢; > < k'/3, we obtain (2.24) and (2.25). [

3. Two key propositions. In this section we present the main pillars of our
proofs. Section 3.1 introduces the Ray—Knight theorems, which give a flexible
representation for the probabilities of a large class of events under the Edwards
measure. Section 3.2 exhibits an integrable majorant under which limits may be
interchanged with integrals (recall the strategy of proof sketched in Section 1.3). In
Section 3.1 we employ the squared Bessel process and the Girsanov transformation
introduced in Sections 2.1 and 2.2, while in Section 3.2 we rely on the spectral
analysis involving the Airy function introduced in Section 2.3.

3.1. Ray-Knight representation. In this section we formulate the Ray—Knight
theorems that were already outlined in Section 1.3. We do this in the compact form
derived in [10], Section 1.2, which is best suited for the arguments in the sequel.
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Recall that C(;L , the set of continuous functions [0, c0) — [0, c0) that are
absorbed in 0, is the state space of BESQO, X*. For any measurable set G C C +.
define wg : [0, 00) x [0, 00) — R by

00
(3.1 wg(h,t)dt=EZ<exp{—/(; (X;)zdv}Il{X*eG}Il{A*(oo)ed,}).

It is clear that wg is increasing in G. For G = C(J)r » W is identical to w
defined in (2.18). Informally, the function wg summarizes the contribution to the
expectation of e~f7 coming from each of the two boundary parts [i.e., the local
time processes (L(T, Bt + v))ye[0.00) and (L(T, —v))ye[0,00)] When the path lies
in the event G.

For y > 0, denote by C*[0, y] the set of non-negative continuous functions on
[0, y]. Then the set CT = Uy>0({y} x CT10, y]) is the appropriate state space of
the pair (Br, L(T, Br — ‘)|[0,_BT]) that consists of the endpoint B (> 0) and the
middle piece, by which we mean the local time process between the endpoint By
and the starting point 0.

PROPOSITION 3.1 (Ray-Knight representation). Fix a € R. Then, for any
T > 0 and any measurable sets GT, G~ C CJ and F C CT,

T —Hp — B
e TE(e™ e PP gy 4 yeGH LBy L(T. By — o5, )eFY LT, —)eG-})

o0 o0
— / dtl / dtz ]]-{ll+l2§T}ea(tl+t2)
0 0

3.2) _
xE (]1{(A‘(T—t1 ~0). Xl 417 )€ F)
wg+(Xo, 1) wg-(Y17 -1, 1,5 tz))
Xa (XO) xa(YT—tl —12)

PROOF. We briefly indicate how (3.2) comes about. Details can be found
in [10], Section 1.2. Recall the notation in Section 2.2. Fix T > 0. Then, according
to the Ray—Knight theorems, for any 7, f, k1, h2 > 0 and y > 0, conditioned on
the event

{Br =y} N {L(T, Br) = h1} N{L(T, 0) = ha}
(3.3) 0o 0o
n {f L(T.x)dx :zl} n {f L(T, —x)dx =z2},
Br 0
the joint distribution of the processes
(3.4) L(T,Br +-), L(Br — -)l[0,y1, L(T,—)
on CJ x CT[0, y] x CJ is equal to the joint distribution of the processes

(3.5) X', XOloy, X0
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under
i (14%(00) = 11)

(3.6)
@Pn (AW =T —11 =12, Xy = hy) @ P}, (- ]1A%(00) = 1a),

where X is BESQ?, and X*! and X*? are independent copies of BESQC. In
particular, the intersection local time in (1.2) has the representation

law [ oe1\2 Y v \2 O w212
3.7) Hy :/O x dv—i—/o (X,) dv+/0 (X222 dv.

Use (2.10) for y = AT =1 — 1o) and note that, on the event {A(T —t; —1p) =
y}N{Xo=hi, Xy = h3}, (2.9) becomes

(3.8) DW = ¥a(h2) exp{— /y(Xv)2 dv}ea(T—tl —0)p=P@)y,
Y xg(h) 0

which implies that

4T p—Hr ,—p(a)Br lgv XaiZl)D
(3.9) Ya(h2)

o o
xexp{—/ (X;’l)zdv}exp{—/ (X;’z)zdv}.
0 0
Integrate the left-hand side with respect to P and the right-hand side with
respect to the measure in (3.6), and absorb the term Dﬁa) into the notation of

the transformed diffusion. Integrate over /1, ho > 0 and note that X has the

distribution x,(41)? dh; under Ee. Finally, use the notation in (3.1) to obtain (3.2).
O

() expla(t + 1)}

3.2. Domination. To perform the limit 7 — oo on the right-hand side of (3.2),
we need the dominated convergence theorem to interchange this limit with
the integrals over #; and #,. The following proposition provides the required
domination.

PROPOSITION 3.2 (Domination). For any as, s > 0, in a compact subset
of (—o0, a**), the map

(3.10) (t1, 12) > sup e 1HIEs

s>0

(w(Xo, ) w(Ys, tz))
Xag (Xo) xas(Ys)

is integrable over (0, 00)2.

PROOF. Under the expectation in (3.10) we make a change of measure from
the invariant distribution of X to the invariant distribution of Y, that is, we replace
E% by E% and add a factor of p’(ay)/Yy. Fix 1 < p < ¢ < oo such that % +é =1,



LARGE DEVIATIONS FOR THE EDWARDS MODEL 2019

apply Holder’s inequality and use the stationarity of Y under P4 This gives, for
any t, tp > 0, the bound

E“S(w(xo’ 1) w(¥s, tz))
Xag (Xo) xas(Ys)

:Eas( w (Yo, 1) w(¥s, 1)
YOXaS(YO) xas(Ys)

where the functions W,(,l), W,;Z) (0, 00) — (0, 00) are defined by

. w(Yo, 1) \? 1/p
o= ()

(3.11)

) =W wP ),

Yoxq,(Y0)
3.12)
~ Yo, )\? 1/q
WP () =& ((L 0 )) ) .
xas(YO)
Hence, it suffices to show that the maps
(3.13) t e W), e e W)

are integrable at zero and at infinity, uniformly in s, for a suitable choice of
p and ¢q. In the proof of Proposition 4 in [10] we showed that W,(,l) and Wéz),
with ag replaced by a*, are integrable at zero when p < g with p, ¢ sufficiently
close to 2. An inspection of the proof shows that they are actually integrable at
zero uniformly in s.

We show that ¢ > e%! Wz(l)(t) and t > e%! WZ(Z) (t) are integrable at infinity
uniformly in s. This will complete the proof because the left-hand side of (3.11)
does not depend on p, g.

We use Proposition 2.2 with ¢ = 1 together with the representations [re-

call (2.13)]
M, 1 00 l 2>1/2
W, (t) = Zen </0 dh ; wi(h,t) ,

@1 > \'?
W, (t)_m</(> dhhw(h,t)) .

Using (2.21), the Cauchy—Schwarz inequality and the fact that |leg|> = 1, we
estimate

(3.14)

1) 1 ) 2 - (k1) k2)y(r —
W, (1) < ) (Ilw( , l)llzkhEkz:Oexr){(a +a")(t — 1)}
1/2

eS|
(3.15) X/o Z|ek1<h>||ek2<h>|dh) ,

t>1.
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Using the Cauchy—Schwarz inequality for the last integral, we obtain the bound

00 12
Wz(l)(t)_”w( DHZZ “%—1)}(/0 %ek(h)zdh) :

(3.16) p(as
t>1.
In the same way, we find that
@) lw(:, Dll2 & 20— <°° 2 )1/2
W7 (1) < ———=" o Z (t 1)}/0 hex(h)*dh )
(3.17)
t>1.

Substitute (2.24) and (2.25) into (3.16) and (3.17), and use that a® < ¢©@ = —g**
to estimate

o0
3.18) WOV WY (1) e DY expla® k3, rz2.

k=0
By (2.23), the sum in the right-hand side converges. Since a; < a**, s > 0, is
bounded away from a**, it is now obvious that the maps ¢ —> e%!’ WZ(I)(I) and

> et WZ(Z) (¢) are integrable at infinity uniformly in s. [

4. Proving Theorems 1.2 and 1.3. In Sections 4.3 and 4.3 we give the proofs
of Theorems 1.2 and 1.3 with the help of Propositions 3.1 and 3.2. In Section 4.1
we derive a technical proposition that is needed along the way.

4.1. Growth rate of a restricted moment generating function. Abbreviate
Bpo,r1 = {B;:t € [0, T]} for the range of the path up to time 7. For T > 0 and
8, C € (0, o0], define events

4.1) &(6; T)Z{B[O’T]C[—S,BT +5]},

4.2) &=,C:T)=1{ max L(T,x)<C, max L(T,x)fC}.
x€[—8,8] x€[Br—38,Br+5]

In words, on &(8; T') the path does not visit more than the § neighborhood of the

interval between its starting point 0 and its endpoint Br, while on €=(8, C; T) its

local times in the § neighborhoods of these two points are bounded by C. Note that

both &(oo; T) and €=(8, 0o; T) are the full space.

Recall the eigenvalue function p:R — R introduced in Section 2.1 and
denote by p~':R — R its inverse function. Proposition 4.1 below identifies the
exponential rate of decay of the expectation of e~ #7¢*B7 on { By > 0} for p large
as —p~ ' (—p). Moreover, it shows that an insertion of the indicators of the events
€ and &= does not change the exponential rate, but only the next order term, which
turns out to converge. For the last statement of Proposition 4.1, recall the definition
of By ~ bT below (1.4).
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PROPOSITION 4.1.  Fix u > —p(a™). Then, for any 8, C € (0, o0] there exists
a constant K1(8, C) € (0, 00) such that, for any ur — pas T — 00,

CXP{P_l(—MT)T}E(E_HT«‘?’”BT118(3,T)185(5,C;T)11{BT30})
=Ki1(,C) +o(1).

(4.3)

Moreover, if = up solves 1(b) = ub — AV (w), then the same is true when
1By >0y is replaced by 1(p,~pT).

PROOF. The proof is divided into seven steps, which we outline now. In
step 1 we use Proposition 3.1 to rewrite the left-hand side of (4.3) in terms of
two integrals over expectations with respect to squared Bessel processes. In step 2
we use Proposition 3.2 to handle the case C = oo, which is easier than the case
C < oo. In step 3 we turn to the case C < oo and apply the (strong) Markov
property to prepare for an application of Proposition 2.1. Since a new integral
appears via the application of the Markov property, it is necessary to argue in
step 4 for the boundedness of the integrand of this integral. In step 5 we identify
the limit of the integrand, and in step 6 we finish the identification of the limit
in (4.3), again relying on Proposition 3.2. The last statement of Proposition 4.1 is
proved in step 7.

We may assume that up > —p(a**) forall T. Fix §, C € (0, oo] and choose ar
such that w7 + p(ar) =0, thatis, ar = p~ ' (—ur) < a**. Clearly, lim7_, oo ar =
p 1 (—=p) < a**. Since, on €(8; T) N {Br < 28}, we can estimate

38 dx 38 dx 2 2
4.4 Hr =48 | —= L(T, 2>45</ — L(T, ) =,
@4 T /_3 gs I =\ [ L0 ) =3

we may insert the indicator of {Br > 24} in the expectation on the left-hand side
of (4.3), paying only a factor 1 +o(1) as T — oc.

Step 1. Introduce the following subsets of C(J)r and CT, respectively [see
below (3.1)]:

4.5) Gsc={geCy:g(6)=0,maxg < C},

(4.6) F35C={(y,f)ee+:yzza,maxf5c, max fgc}.
’ [0,8] [y—34,y]

Note that

€(8; T)NE=(8,C; T) N {Br > 28}
4.7 ={L(T,Br +-) € G5} N{L(T, —) € G5 ¢}

N{(Br. L(T, Br — )0.8;1) € Fsc}-
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Apply Proposition 3.1 for a = ar with F = ch andGT =G~ = G(SE’C, to get
Lh.s. of (4.3)

00 00
= (1+o0(1) dn dtr Ly 41,<T o1 (t1+12)
0 0 {t1+0<T}

4.8) Sor wGaS,C(XO’tl)]l X
X W (AT =1 —1)>28} L {maxj 51 X <C}
1 szSS.C (YT—tl—l‘za t2)
X HmaX -1 7y 5,471 -1y -y X =C) Xar (Y7 —1,—1,)

Step 2. In the case C = oo, the last two indicators vanish and we can identify
the limit of the integrand as T — oo with the help of Lemma 2.1. Indeed,
apply Lemma 2.1 for f(-) = wg,(-,#1) and g(-) = wg,(-, 2), where we put
Gs = G; o =1lg € C(J)r :g(8) = 0}. Then we obtain that the integrand converges
to

(4.9) eI e, (1), Xa)———(wG, (- 1), Xa),,

/( )
where we also use that A~!(c0) = oo because X never hits 0 [recall (2.7)].
According to Proposition 3.2, we are allowed to interchange the limit 7 — oo
with the two integrals over #; and #,. This implies that (4.3) holds with K (8, co)
identified as

(4.10) m@w>b9,4%ﬁﬁ%g

where y, )(h) is defined as [recall (3.1)]

ﬁ%m=£ dt ¢ wg, (h, 1)
@.11)

=E} (exp{/ [aX} — (X;)z]dv}ll{xgzo}).

Trivially, K1(8,00) > 0. Since y( ) < y,, it follows from (2.2) and (2.17) that
Ki(5,00) < 0.

Step 3. Next, we return to (4.8) and consider the case C € (0, co). Note that the
integrals over #; and #, can both be restricted to [0, C§], since WG, (h,t) =0 for

t > Cé as is seen from (3.1) and (4.5).

Let us abbreviate s = T — t; — t,. We first apply the Markov property for
the process X at time § and integrate over all values z = A(§). Because of the
appearance of the indicator of {max[g 51 X < C}, we may restrict to z € [0, Cd]
[recall (2.7)]. We note that the additive functional of the process (Xs4+:);>0 given
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that A(8) = z, denoted by A= (A(t))t>0, is given by A(t) =A(r+36) —z. Making
the change of varlables s = A(t) +z, we see that A~!(s) = A~!(s — z) + 8 for any
s > 0. Defining f 70, o0)? — [0, o0) by

fh(h,2)dhdz

wg= (Xo, 1)

_ AaT 5 C
4.12) = Xqp ()E ( o (X0)

X Ly p-1(5)25) Lmaxpo ) XSC}ﬂ{Xsedh}Jl{Aw)edz})’

we thus obtain that the expectation under the integral in (4.8) can be written as
< (Xo,t
@w(wG&C( 0-11)

Lia- 1
.xaT(X()) {A 1(3)228} {max[()mxfc}

X L {max X<C}

(a4~ l(-5,471()]

wG(SS,C (YY ) tZ) )

Xar (¥5)
(4.13)

= € dzE (fstvlT(XO’Z)
0

X<C
Xap (X0) }

{max;z—1,_ ) 11 (s—2)+4)

wGBS,C (ngl (s—2)+8° t2) )
Xar (X/I—l(s—z)+3> .

The tilde can now be removed. We next apply the Markov property for the
process Y at time s — z [respectively, the strong Markov property for the process X
at time A~ (s — z)], to write

Cé§ R Xo, 2 Y
(4.14)  rhs. of (4.13)= dzEaT<fsr< 0.2) gf (¥y- a),
0 xaT(XO) xaT (YS—Z)
where g? is defined by
t =ar wGBSC(XS’ )
(4.15) gT (h) p— .XQT (h)Eh ﬂ{max[om XEC}W .
T

Step 4. We want to take the limit s — oo in (4.14) (recall that s =T — t] — 1)
and use Proposition 2.1. Therefore we need dominated convergence. To establish
this, we note that

w(h,t)
(4.16) sup sup sup
hel0,C1€[0,C8] T>1 Xar ()

[see (2.18)—(2.20) and recall that x, is bounded away from zero on [0, C] and
continuous in a]. By (4.15) and (4.16), the last quotient in the right-hand side

=K <00
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of (4.14) is bounded above by K. Substituting (4.12) into (4.14) and using that
WG, < Wer = w, We therefore obtain

integrand of r.h.s. of (4.14)

filr (X0, 2) )
Xar (Xo)

x ET (w(Xo, 11)/Xa7 (X0)) Limaxgo.s) X <C}L{A®)edz)
= dz

fKﬁ"T(

4.17)

_ P edn

- dz
It is easy to see from (2.9) that the right-hand side of (4.17) is bounded uniformly
in T > 1 and z € [0, Cé]. Therefore we have an integrable majorant for (4.14),
which allows us to interchange the limit s — oo with the integral over z.

Step 5. To identify the limit as s — oo of the integrand on the right-hand
side of (4.14), we apply Lemma 2.1 to see that this integrand converges to
(f(-, 2), xa(-))ﬁ(gtz, Xa)o, with ' and g” the pointwise limits of fst’lT and g7,
respectively:

(W= (Xo. 1)
f’1 (h,2)dhdz =x,(WE*| ——————

xq4(Xo)
(4.18)
X Jl{max[(wXgC}Jl{Xgedh}ﬂ{A(S)edz})
4.19 2(h)dh h)Re Woi X012
. =X 1 _
( ) 8 ( ) a( ) h {max[(),(;]Xfc} xa(X(S)

Using this in (4.14) and interchanging the integral over z with the limit s — oo,
we obtain that

<gt2’xa>o

(4.20) Sl_i)ngo(l.h.s. of (4.13)) = (f™, x,) @
with f1(h) = [ dz f(h, 2).

Step 6. Finally, recall that s = T — ] — t, and that €7 (11+12) times the left-hand
side of (4.13) is equal to the integrand on the right-hand side of (4.8). According
to Proposition 3.2, we are allowed to interchange the limit 7 — oo with the two
integrals over #; and #,. Hence we obtain that (4.3) holds with K (8, C) identified
as the integral over #1, t> of the right-hand side of (4.20), which is a strictly positive
finite number. This proves the statement with the indicator on 1, >0y.

Step 7. To prove the statement with 1g,>0) replaced by 1{g,~p1}, We let
W= wup solve I(b) = ub — AT (n). The statement follows when we show that
for every n € R, we have that
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Br —bT
VT

explp N (=) TE (exp{ n }e_HTe“BT118(3,T)ﬂs<(s,c;T)Jl{BTzo})

(4.21) )

:exp{%abz}l(l(é, C) +o(1)

for some abz € (0, 00). Indeed, (4.21) shows that 1{g; —»7|>y7, By >0} 1S asymptoti-
cally negligible for any y7 such that y7/+/T — oo.
To prove (4.21), we rewrite the left-hand side as

exp{[p " (=) — o™ (=, 1)]T — 1bVT }exp{o™ (= pn 1) T}

(4.22)
x E(e” et TP 15 1yLe=5,0:7)1(Br=0))-

where w, 7 =pn+n/ JT. Clearly, ;) r — w, so that the second factor converges
to K1(8, C). We are therefore left to compute the exponential. We note that since
= pp solves I (b) = ub — A+ (1), we have that p’(—up) = 1/b. Therefore,

_ _ 1 n? d* _ N
4.23 W) =p~ (=) — —L - e =
4.23) o (=ugr)=p (=p) ﬁp,(_m+2TdM2p (=) +o(T™)
Therefore,
exp{[o™" (=) — p™ " (—py, )T — 16T )
(4.24)

2 d2
= exp{%d—lﬂp”(—u)}(l +o(1)),

which completes the proof with (7172 = —dd—:z p N (=up). O

4.2. Proof of Theorem 1.3(1)—(iii). In this section we prove the existence
and the properties of the cumulant generating function A™ on R as depicted in
Figure 2. The strictly increasing piece in [—p(a**), 0o) is handled in step 1, the
proof which is a direct application of Proposition 4.1. Step 2 is a technical step
toward the identification of the linear piece in (—oo, —p(a**)] [and of the value
of 1(0) as well]. Step 3 handles the linear piece, while step 4 handles the behavior
at 4+00.

Step 1. For any p > —p(a**), the limit in (1.10) exists and equals AT () =
—p N (=p). On (—p(a**),o0), the function AT is real-analytic and strictly
convex, and satisfies lim, | = (AT) () = b**.

PROOF. Fix pu > —p(a**), apply Proposition 4.1 with § = C = oo and use the
continuity of p to obtain that the limit in the definition of A™*(u) in (1.10) exists
and equals —p~!(—zu). This proves the first assertion. The remaining assertions
follow from (2.3)—(2.5). O



2026 R. VAN DER HOFSTAD, F. DEN HOLLANDER AND W. KONIG

In the following step, we consider the density e 7 on the event { B ~ 0} and
make a technical step toward the identification of 7 (0) and A™ (w) for small . We
derive a lower bound for the expectation for those paths that never go below —4§
and have local times that are bounded by C in the § neighborhood of the starting
point 0. Recall that y7 is a function that satisfies y7 /T — 0 and y7 //T — oo as
T — oo.

Step 2. For any § € (0, o0) and C € (0, oo],

E(e™T Lisret0,yr1 Liming,r) 5=—8)Lmax(_s.5 L(7,)=C))

(4.25)

> 4" T+o(T) T — oo.

PROOF. Pick a = a™* and apply Proposition 3.1 for

F=Fs,c={(y,f)€@+:y§8, max fEC},
(4.26) [y—4é,y]
+ = <

[recall (4.5)]. Note that the event under the expectation on the left-hand side
of (4.25) contains the event

{L(T,Br +) eCy}
(4.27) -
N{(Br.L(T, By — ) € Fs,c} N {L(T, —) € G5 ¢}

Also note that e @81 <1 when By > 0 because p(a**) > 0. Therefore we
find

Lh.s. of (4.25)
S o0
Z/O dl‘l/o dt Ly +n,<11€ ¢

< (S reie )

X+ (XO) :[]-{A71 (s)SS}l{maX[A,I(S)_(S’A,I(S)] XSC} X g+ (Yg)

ok

(4.28)

where we again abbreviate s = T — t; — to. Next we interchange the two integrals,
restrict the #, integral to [0, §] and the #; integral to [T — 1, — §, T — t2], estimate
A Ns) < A7) for s < 8, and integrate over s =T — t] — tp to get

Lh.s. of (4.25)

58 A w(Xo T —tr —
z/ dn, [ dsBe (w( 0 2 =)
0

(4.29) 0 Xa++(X0)

5

wGBSC (Ys, 1)
Xge (Ys)

X ]l{A—l (5)53}1{max[0,5] X<C}
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Now we use Proposition 2.2(i) to estimate w(Xo, T — s — 1) > e T+o(T)
uniformly on the domain of integration. The remaining expectation on the right-
hand side no longer depends on 7" and is strictly positive for any § € (0, co) and
Ce(0,00]. O

Step 3. AT equals —a** on (—o0, —p(a*™)].

PROOF. For 1 < —p(a**), define AT (1) and AT (1) as in (1.10) with lim re-
placed by liminf and lim sup, respectively. Since AI is obviously nondecreasing,
we have Ai(u) < AT (—p(a**)+e¢) for u < —p(a**) and any & > 0. Using step 1
and the continuity of p, we see that lim, o AT (—p(a™) + ¢) = —p N(p(a™)) =
—a™*, which shows that Ai(u) < —a**. To get the reversed inequality for AT (),
bound

E(e™ et 1 p, >0))
4.30
( ) >E( —Hr ,uBrq )> MJ/TE( —Hrq )
Z ke e {Brel[0,yr]l}) = € e {Brel0,yr]})>

take logs, divide by T, let T — oo and use step 2 to obtain that AT () > —a™*.
Since AT < AI, this implies the assertion. [J

Step 4. AT () = %,uz +0O(u") as p— oo.

PROOF. According to step 1, we have A1 (1) = —p~ 1 (=) for u > —p(a**).
Hence, to obtain the asymptotics for AT () as u — oo, we need to obtain the
asymptotics for p(a) as a — —oo. In the following analysis we consider a < 0.

We use Rayleigh’s principle (see [6], Proposition 10.10) to write [recall (2.1)]

pla) = sup (K%, x)
xeL?NC?: ||x|lx=1
4.31)

o0
= sup / [—2hx'(h)* + (ah — h*)x(h)?] dh.
xeL2NC2: ||x =170

Substituting x (h) = (—a)1/4y((—a)1/2h), we get

p(a) = (—a)'/?
4.32)

o0
x sup / [—2hy' (h)* — (h + h*(—=a)™/?)y(h)*] dh.
yeL2nC2: |ly[p=1"9

Hence, we have the upper bound p(a) < V(—a) 172 with

o0
(4.33) V= sup / [—2hy' (h)? — hy(h)*]dh.
yeL2nc2: |lyl=1"0
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By completing the square under the integral and partially integrating the cross

term, we easily see that y*(h) = %e‘h/ V2 is the maximizer of (4.33) and

V =—42. Substituting y* into (4.32), we can also bound p(a) from below:

(4.34) p@ = V2 = ! [Ty 2 dh.

Therefore,

(4.35) p@)=—V2(=a)'"*+0(al™), a— —oo.

Consequently,

(4.36) AW =—pT W =3 +0w™),  pu—co. O

Steps 1, 3 and 4 complete the proof of Theorem 1.3(i)—(iii).

4.3. Proofs of Theorems 1.2 and 1.3(iv). In this section we prove the existence
and properties of the rate function / on [0, co) as depicted in Figure 1 and its
relationship to the cumulant generating function A™. Step 5 identifies 7 on [0, 00)
as the Legendre transform of the restriction of A™ to [—p(a**), 00). This is done
along the standard lines of the proof of the well-known Giértner—Ellis theorem
(see [4], Theorem 2.3.6). In steps 6 and 7 we prove the lower and upper bound in
the linear piece on [0, a**]. In step 8 we finally complete the proofs of Theorems
1.2 and 1.3(3iv).

For b € R, define I_(b) and I, (b) as in (1.6) with lim replaced by lim sup and
liminf, respectively.

Step 5. For any b > b**, the limit in (1.6) exists and (1.13) holds.

PROOF. Fix b > b**. In step 1 we prove the lower bound in (1.13) via the
exponential Chebyshev inequality. In steps 2—4 we prove the upper bound via an
exponential change of measure argument.

Step 1. To derive > in (1.13) for I_ instead of I, bound, for any u € R,

E(e™ "1, pri<ypy) < e T E(e et BT 5 yr <)
(4.37)
< e MOTHIIYT (o= Hr ol BTy p ),

where the last inequality holds for any 7" sufficiently large because yr/T — 0 as
T — oo. Take logs, divide by T, let T — oo, use (1.10) and minimize over u € R
to obtain

(4.38) —I_(b) < miﬁ[—ub + AT ().
HE

This shows that > holds in (1.13) for / replaced by /_.
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Step 2. To derive < in (1.13) for 1 instead of /, bound, for any ¢ € R,
E(e™" 1, -bT|<yr))
439 = E(e " 1e, 1) Lysr—b71<y) 1(Br0})
> e MO =llyr pid T (1 By — pT| < yr)E(e” e BT g5 1115, 0)).

where P*%T denotes the probability law whose density with respect to P is
proportional to e AT eHBT 1 g5 1y1(p,>0)-

Step 3. Let 1), be the maximizer of the map wu +— ub — AT (). [Note that, by
step 1, the maximizer is unique and is characterized by (A ™) (1) = b.] Next we
argue that

(4.40) lim P* T (|By —bT| <yr)=1.
T—o0

Indeed, pick e7 = y7/cT > 0 (with ¢ > 0 to be specified later) and estimate

(4.41) LBy=bT 4yp) < TET P

This implies, with the help of step 1 and Proposition 4.1 with ur = u + er,
C = o0, that

PHT (B 2 bT + yr)
4.42) N N
Se—8T[bT+J/T]e[A (mpt+er)—A (Mh)]T(l +0(1))’ T — 00.

A Taylor expansion of AT around w;, in combination with the observation that
(AT (up) =b and ¢ = (A1) (up) > 0, yields that the right-hand side of (4.42) is
equal to

c
exp{ia%T[l +0Oer)] — aTyT}

2
=exp{—2);—TT[1+(9(y—;)]}, T — oo.

The right-hand side vanishes as T — oo because y7/T — 0 and yr/+/T — 0.
This shows that limy_, o P*>%T (B > bT + yr) = 0. Analogously, replacing er
by —er, we can prove that lim7_, P8 T (Br < pT — yr) = 0. Hence, (4.40)
holds.

Step 4. Use (4.40) in (4.39) for u = up, take logs, divide by 7', let T — oo, and
use step 1 and Proposition 4.1 to obtain

(4.44) —L(b) > —pupb + AT (up) = — rp{lgﬁg[ub — AT ().

(4.43)

This shows that < holds in (1.13) for I replaced by /. Combine (4.38) and (4.44)
to obtain that /_ = I = I and that (1.13) holds on (b**, 00). [
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Step 6. For any b > 0, I_(b) > —bp(a™) + a™**.

PROOF. Estimate

(4.45) LBy —bT|<yr) < LBy <bTyp) < e P@ Br=bT=yrl

to obtain, for T sufficiently large,
E(e™ L5 —7i<yr))

(4.46) < 2E(€_HT]]-{|BT—17T|§)/T}]]‘{BTZO})

< 2P @I Ty @) (o= Hr g=p @) Bry o 0,

According to the definition of A™ in (1.10), the expectation in the right-hand

side is equal to AT (=p@NT+o(T) We therefore obtain that 7 (b) = —bp(a™) —
AT (—p(a*)). Now step 3 concludes the proof. []

Step 7. For any 0 < b < b**, I, (b) < —bp(a™) + a™*.

PROOF. Fix 0 <b < b**, pick b’ > b** and put @ = b/b’" € [0, 1). We split the
path (Bs)se[o,1] into two pieces: s € [0,aT ] and s € [« T, T]. First we bound from
below by inserting several indicators:

E(e " 1, b7|<yr))

> E(e™ "1y B,r—baT|<yr /2y L{maxpo.ar) B<Bar+9)
(4.47)

X ]l{max[BozT_B*BaT"'B] L(“T")SC}H{IE(I—D[)T [<yr/2}

X jl{min[o,ufa)r] 52—5]}]1{max[3a +8] Z((l—ot)T,-)SC})‘

78,8yt
Here, (ES)SE[O,(I—a)T] is the Brownian motion with ES = Byr+4+s — Bar, and
L((1—a)T,x)=L(T,x)— L(aT,x), x € R, are its local times.

On the event under the expectation in the right-hand side, we may estimate

~ BaT+6 ~
Hr =HaT+H(1_a)T+2/ L(aT,x)L((l —a)T,x)dx

(4.48) Bar =8

< Hyr + H(l—a)T +48C2,

where I-I(1_a)T denotes the intersection local time for the second piece. Using the
Markov property at time « 7', we therefore obtain the estimate

E(e™ " 18 -b71<yr)
> e BT L 5 ari<yr )
(4.49) X L{max(o o7) B=<Bar+8) Limax(s, ;s 5,7 19) L@T,) <C})
X E(e™ M- 15, ri<yr/2)

X Lfmingg,(1—a7) B=—8}L{max_s.5 L(1-a) T, =C}) -
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(The tilde can be removed afterward.) Now use Proposition 4.1 (in combination
with an argument like in parts 2 and 3 of the proof of step 5) for the first term
(with T replaced by «T') and use step 2 for the second term [with T replaced by
(1 — @)T] to conclude that

(4.50) I(h)<al()+ (1 —a)a™ = b

y(l(b/) —a*) +a*".

Let b’ | b**, use the continuity of / in »** and note that I(b**) — a** =
—b** p(a™*) by step 5 to conclude the proof. [J

Step 8. Theorems 1.2 and 1.3(iv) hold.

PROOF. Steps 1 and 5 allow us to identify I on (b**, 00) as I(b) = —b x
p(ap) + ap, where ay, solves p’(ap) = 1/b [the maximum in (1.13) is attained at
i = —p(ap)]. From this and (2.3)—(2.5) it follows that

1'(b) = —p(ap),
(4.51) ) ;
d
I”(b)=—,0’(ab)—ab=M > 0, b > b**.
db p"(ap)
In particular, 7 is real-analytic and strictly convex on (b**, 00). Since ap+ = a™*,
it in turn follows that

. _ . _ ¥\ %
4.52) Ibl’lzl{)l I1(b) = brg}l)g* I1(b)=10b")=a",

where a* solves p(a*) = 0 [the minimum is attained at b* = 1/p'(a*)]. This,
together with steps 57, proves Theorem 1.2(i)—(iii).

Step 5 shows that (1.13) holds on (b**, 00). To show that it also holds on
[0, b**], use step 3 to get

(4.53) —bp(a™) +a™ = max[bp — AT1, 0<b<b*,
UE
since the maximum is attained at u = —p(a™*). Recall from steps 6 and 7 that the

left-hand side is equal to / (b). Thus we have proved Theorem 1.3(iv).
Finally, Theorem 1.2(iv) is an immediate consequence of Theorem 1.3(iii)—(iv).
O

5. Addendum: an extension of Proposition 4.1. At this point we have
completed the proof of the main results in Section 1. In Sections 5 and 6 we derive
an extension of Proposition 4.1 that will be needed in a forthcoming article [11]. In
that article we show that several one-dimensional polymer models in discrete space
and time, such as the weakly self-avoiding walk, converge to the Edwards model,
after appropriate scaling, in the limit of vanishing self-repellence or diverging step
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variance. The proof is based on a coarse-graining argument, for which we need
Proposition 5.1 below.
Recall the events in (4.1) and (4.2). For § € (0, o0), a € [0, 00), define the event

(5.1) 83(8,0(;T):{ ]L(T,x)ZaS_l/z}_

max
x€[Br—4,Br+48

Note that & =(8, 0; T) is the full space.

Proposition 5.1(i) below is the analogue of Proposition 4.1 for the event
€=(8,a; T) instead of €=(8,C;T) (which is essentially its complement).
Proposition 5.1(ii) below shows that the contribution coming from & = is negligible
with respect to the contribution coming from & = in the limit as § |, 0.

PROPOSITION 5.1.  Fix u > —p(a™). Then:

(i) For any 6 € (0, 00) and « € [0, 00) there exists a K7(5, o) € (0, 00) such
that

(5.2) exp{o” (=T }E(e™ e T 1605, 1) 165,051 L{Br201)
' — Ky, a)+o(l), T — oo.

(i) For any o € (0, 00),

KQ(S, 0() .

(5.3) m———— =0,
810 K1(8, 00)

where K1(8, 00) is the constant in Proposition 4.1 [recall (4.10)].

PROOF. (i) As in the proof of Proposition 4.1, we may insert the indicator on
{Br > 26} in the expectation on the left-hand side of (5.2) and add a factor of
14+o(1).

Introduce the measurable subsets of Car and C™, respectively,

(5.4) G5, ={geCy:g(8)=0maxg>as '/},
(5.5) Fru={0.peetiy=25ma s = a2},

Note from (4.1) and (5.1) that
§S; TYNEZ(S,a; T)N{Br > 268}

={L(T,—) € Gs}

(5.6) N
N ({L(T, Br +) € G§,)

U{(Br, L(T, Br = li0.87) € F5 o} N {L(T, Br +) € Gs}])
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with Gs = {g € Cj :g(8) =0}.

Pick a € R such that u 4+ p(a) = 0, that is, a = p~!(—un) < a™*. Apply
Proposition 3.1 twice for G~ = G and the two choices: (1) F = Fsz’a, Gt =Gs
and (2) F = C*, G = Gj,. Sum the two resulting equations to obtain

Lh.s. of (5.2)
0 o0
:(1+o(1))/0 dt1/0 diy Ly, +ry<7ye 1)

(5.7 o Ea([ng(XO’tl)

o (Xg) AT —t-m)=25)

» - wez, (Xo, tl)i| wes (Y711, t2)>
{maxqo,5) X = } Xxq(X0) xa(YT—tl—l‘z)

In the same way as in the proof of Proposition 4.1, we obtain that [recall (4.10)
and (4.11)]

(5.8) lim (rh.s. of (5.7)) = K2(8, )
T—o0
with
K>3, )
(5.9 D)
~a( Ya (Xo) o) &)
= (B om0

where y% is defined in (4.11) and y** is defined as [recall (3.1)]
o0
3, _
y&@) () = /0 dt e“’wGia(h, 1)
(5.10)
* o * *\2
= ]Eh (exp{/o [Cle — (Xv) ]dv}]l{X§=0}]l{maX[o_5] X*za51/2}>'

The right-hand side of (5.9) is a strictly positive finite number.
(ii) Fix « € (0, 00). From (4.10) and (5.8) we see that K>(§,®)/K (8, 00) =
KM, a) + KD (8, a) with

_J5% dhxa(hyye” (WP (maxo,s X = a8 ~'/2)

KV, a) :
s (Xar y)
| (xa v )
K(Z)(&a) — “’);7“8‘
(xa,}’c(z )>

To prove (5.3), we need the following technical lemma, which gives us control
over the two numerators in (5.11).



2034 R. VAN DER HOFSTAD, F. DEN HOLLANDER AND W. KONIG

LEMMA 5.2. Fixa <a™ and o € (0, 00). Then:

(1) There exists d = d(a) > 0 such that, for any R > 0 and any § > 0
sufficiently small,

(5.12) sup ﬁ”ﬁ (maxX > a(S_l/z) < cexp{—d8_1/4}ec*/§,
hel0,R) [0,8]

(8,0)
h
(5.13) sup Yo () < cexp{—d8_1/4}ec*/§.

hel0,R] Ya(h)
(i) For any § > O sufficiently small,

5.14 f yOm) >ec.
(5.14) pant. Va (h) = c
The proof is deferred to Section 6.
We use Lemma 5.2 to show that
5.15 lim KPS, ) =limK? (8, a) =0,
(5.15) 81113 (6, a) 81113 3, a)

which yields (5.3).
First note that, with the help of (5.14), the common denominator in (5.11) may
be estimated from below by

) )
(5.16) (g y @) = f dhxq(h)y® (h) > ¢ f dh xq(h) > 3,
0 0

where we use that x, is bounded away from zero on [0, §].

To estimate the numerator of K (1(8, @) from above, we split the integral in
the numerator into two parts: # < R and h > R. In the integral over h < R,

estimate yy) < y, and use (5.12) to get the upper bound cexp{—d8_1/4}e“/§.

In the integral over & > R, estimate yc({s) < yu, estimate the probability against 1
and use (2.2) and (2.17) to get the upper bound cexp{—cR>*/?}. Pick R such
that c/R = (01/2)5_1/4 to obtain that the numerator of KW (8, «) is at most
cexp{—(d/2)8~1/4}.

In the same way we show, with the help of (5.13), that the numerator of
K® (8, ) in (5.11) is at most cexp{—(d/2)6~'/4}. Now combine the two
estimates with (5.16) to obtain (5.15). O

6. Proof of Lemma 5.2. In this section we prove the technical assertions in
Lemma 5.2, which were used to prove Proposition 5.1. In step 1 we provide precise
asymptotics for the two functions x, and y, at +o00. In step 2 we introduce an
auxiliary martingale, to which we apply Doob’s martingale inequality in step 3 to
prove (5.12). In an analogous way we prove (5.13) in step 4, while in step 5 we
prove (5.14).

First we provide the following refinements of (2.2) and (2.17) for the functions
x4 and y,, respectively.
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STEP 1. Fora < a™**,

.1 V2 3p
hhm —hlog[exp{Th }xa(h)]
(6.1)

— 1 1 V2 3/2 _a
_hlgréoﬁlog[exp{Th }ya(h)] _E.

PROOF. The statement for y, is well known and follows from (2.16) together
with the asymptotics of the Airy function given by (see [5], page 43)

(6.2) Ai(h) = ﬁ exp{—§h3/2}[l +o(1)],  h— oo.

To prove the statement for x,, use [3], Theorem 2.1, pages 143—-144. To this end,
define

(6.3) t(h)y=x,(h%),  &(h) =h72¢{(h).

Then the eigenvalue equation K“x, = p(a)x, [recall (2.1)] can be written as (see
also [3], Equation (5.3))

(6.4) ¢'(h) = B B(h)¢(h),

with

_(a®m _ 0 :
6.5) ;(M—(mm)» B(h)_<2—2a/h2+2p(a)/h4 —3/h3>'

Note that B(h) = .2, h="B™ (B© # () is a convergent power series in ht,
with B© having eigenvalues A 2 = ++/2. Therefore (6.4) has formal solutions of
the form

(6.6) Z(h) = P(h)hReQ"W,

where the columns of the matrix Z are the two linearly independent solutions
to (6.4), P(h) =32, R P™ [det(P©) + 0] is a formal power series in A,
R is a complex diagonal matrix and Q(h) = %h3Q(0) + %hZQ(l) +h0? is a
matrix polynomial with 0@, 0 and Q® diagonal. In our case,

6.7) 0 =diag{—v2, +v2}, M =, @ = dia {i,—i}.
©7 Q g{ oo 0 N5TH
From the proof of [3], Theorem 2.1, it follows that P(h), R, Q(h) can be chosen
to be real, because B(h), A1, A are real. A further remark on [3], page 151, is that
for every formal solution there exists an actual solution with the same asymptotics.
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We need the solution that is in L2[0, 00). By construction, we compute, for
R =diag{ry, r2} (with r1, rp some functions of a),

hRexp{in30©@ + 1n20® 4 1 0?)

6.8
©8) W1 e— (V23 +@a/NVD)h 0
- 0 2o W23 —(a/VDh
Therefore the solution in L2[0, 00) must be
ﬁ a o] Pl(;'l)
(6.9) c(h) =h" exp{——h3 + —h} Yo" ,
3 \/E n=0 PZ(I[)

where Pl ; ) denotes the element in the ith row and the jth column of the

matrix P . Now return to (6.3) to read off the claim. [J

Pick a’ such that a < a’ < a** and define [recall (2.9)]

_ Xa(X0) X (X0) _ipa)- p(a)]exp{(a/—a)/thdv}, £>0.
— xe(Xo) xa(Xt) 0 -

Step 2. For any h > 0, (M;);>0 is a martingale under @ﬁ

PROOF. Fix 0 <s <t.If ¢; denotes the time shiftby s > 0 [i.e., ¢s((X;)i=0) =
(Xs41)r=0], then it is clear that M; = My(M,_ o ¢,). Hence, using the Markov
property at time s, we see that, for any 4 > 0,

6.11) B (M| My) = MyE (M, o ¢s| M) = M,Efy (Ex, (M, ).

Now use that, for any x > 0, according to the construction of the transformed
process in (2.9) and (2.10),

6.12) E4(M,_y) =E. (D!, M,_,) =E(D“)) = 1. 0
Step 3. Equation (5.12) is valid.

PROOF. Use step 2, Doob’s martingale inequality and (6.12) to obtain

— 1 1
(6.13) ]P’ff(maxMzK><— max Eh(Mt)_—, h>0, K >0.
[0,8] K r€[0,8 K
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Next note that by step 1, for any R > 0,

(6.14) inf 2% > g~cVR,

[0,R] x4/
Substitute this into (6.10) to get
(X -~
©615) Mz ED o VE Baag 0<r<1,0<h<R.
Xq(X7)
Pick g, :[0,00) — (0,00) to be the largest increasing function not exceeding

Xg/xs anywhere on [0, 00). Then, by (6.15), M; > cga(Xt)e_C‘/E @g—a.s.,

0<tr<1,0<h<R.Nowuse (6.13) to estimate, for 0 < h < R,

ﬁ”ﬁ <maxX > a8_1/2> = @}‘f( max cg,(X;) > cga(a8_1/2)>
[0,6] t€[0,4]

(6.16) < @;;( max M, > cg, (ouS_l/Z)e_c*/E)
te[0,6]
1 VR

<— ¢
T cga(ad™1/2)

By step 1, it is possible to pick g, such that
(6.17) e =e V1 ns oo
This implies the bound in (5.12) with d(«) = /a. O

Step 4. Equation (5.13) is valid.

PROOF. Fix a < a**. Define

—wexp{/t[aX;—(X;)z]dv}, 1> 0.
0

(6.18) DY = 2L
XY

Then it is easy to check (see [16], Section VIII.3) that (Dt(a’*)),zo is a martingale
under P} forany 2 > 0 [y, is a strictly positive solution to the differential equation
2y//(h) = (h — a)yq(h) on [0, 00); recall (2.6) and (2.16)]. Hence, analogously
to (2.10), we may construct a transformed process via a Girsanov transformation
by taking Dt(a’*) formally as a density with respect to BESQV. Denote by @Z * and
EZ’* probability and expectation with respect to this transformed process starting
ath > 0.
Recall that y,(0) = 1. We have the following representation for the function
(8,0) .
Ya [recall (5.10)]:

(6.19) YD () = yo (MBI (X7 =0, max X* > a5~ '/2).
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The proof of (5.13) is now analogous to steps 2 and 3. Indeed, use (6.19), drop
the restriction X3 = 0 and proceed analogously. Step 1 provides the necessary
asymptotic bounds for y, and y,/, provided thata < a’ < a™*. O

Step 5. Equation (5.14) is valid.

PROOF. We return to the right-hand side of (4.11) and obtain a lower bound by
inserting the indicator of the event {max X* < 24}. On this event, we may estimate
the exponential from below by c¢. Hence, for 0 <h < 4§

¥y (h) > PP} (max X* <28, X} =0)
(6.20)
=[P} (X5 =0) — P} (max X* > 28, X5 = 0)].

Using the Markov property at the first time the BESQU hits 28, we see that the
latter probability is at most P55 (X§ = 0). Since the first probability is decreasing
in &, we therefore have the bound

(6.21) YO (h) > ¢(P(X} = 0) — P55 (X3 =0)).

Now use that % (X} = 0) = ¢~"/2% for any h, § > 0 (see [16], Corollary XI(1.4))
to complete the proof. [
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