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ON THE SECOND FUNDAMENTAL FORMS OF THE INTERSECTION
OF SUBMANIFOLDS

Jiazu Zhou

Abstract. Let G be a Lie group and H its subgroup, and let AP, N? be two
submanifolds of dimensions p, ¢, respectively, in the Riemannian homogeneous
space G/H. We study the relationships between the second fundamental forms
of MP N gN? and the second fundamental forms of M?, N? for g € G. We
find that the second fundamental form of AP N gN? can be expressed by
the curvature functions of MP?, N? and the “angle” between M? and NY.
All results achieved are the generalizations of known results of the classical
differential geometry in R3.

1. INTRODUCTION

Let G be a Lie group (that is, a manifold equipped with group structure), which
is assumed to have a left and also right invariant Riemannian metric. Let H be a
closed subgroup of G. Then G/H is a Riemannian homogeneous space. Denote
by dg the kinematic density of G (the Haar measure in geometric measure theory).
Let MP, N7 be two submanifolds of dimensions p, ¢, respectively, in G/H. We
assume that MP is fixed and N? is moving under the action g € G. It is always
assumed that AP and N? are in general positions, that is, for almost all g € G, the
dimension of M? NgN?isp+q—dim(G/H) > 0.

Let I(MP N gNY) be an integral invariant of the submanifold M? N gNY of
dimension p + ¢ — n. Evaluating the integral of type

(1.1) /G I(MP? N gNY) dg
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and expressing by the integral invariants of submanifolds M? and N? is called the
kinematic formula for I(MP? N gNY) in integral geometry. For example, in the case
that G is the group of isometry of R", MP and N7 are submanifolds of R", and
I(MP N gN%) = vol(MP N gN4Y), the volume of MP N gN4, the evaluation of
Jo I(MP N gN9) dg leads to formulas due to Poincaré, Blaschke, Santalo, Howard
and others (see [9, 11, 12] for references). If G is the unitary group U(n+ 1) acting
on complex projective space CP", MP and N7 are complex analytic submanifolds
of CP", and I(MP ngN4?) is the integral of a Chern class leads to the kinematic
formula of Shifrin [14]. If M, N are two domains of the Euclidean space R"™ and
I(MNgN) = x(MngN) is the Euler characteristic of the intersection of two
domains M and N for rigid motion g € G of R”, then [, x(M N gN) dg can be
expressed explicitly by the integrals of elementary symmetric functions of principal
curvatures over the boundaries and the Euler characteristics of the two domains M
and N. This well-known fundamental kinematic formula in integral geometry is
due to S. S. Chern [5, 6]. Refer to [1-3, 7, 10, 13, 18, 19, 23] for literatures of
kinematic formulas.

An important unsolved problem is that can an invariant I(M? N gN9) (either
intrinsic or extrinsic) be expressed by invariants of submanifolds M? and N9. At
least we are not aware of letting (M N gN) = diam(M N gN), the diameter of
intersection M NgN of two domains M and N in R™. The classical Euler formula
says that the curvature x of intersection curve M NgN of two surfaces M and N in
R3 can be expressed by their normal curvatures of surfaces and the angle between
M and N.

Proposition 1. Let M and N be two surfaces in R with the normal curvatures
M and k2. Let » be the curvature of the intersection curve M NgN and ¢ be the
angle between M and g N. Then we have the following Euler formula ([4, 15])

(1.2) k2 sin? ¢ = (kM) + (k))* = 2cos ¢ (kM) (kD) .

n n n

We used this formula to prove the C-S. Chen’s kinematic formula ([3, 23]). Let
Hy;, Hy be, respectively, mean curvatures of M, N, and let

(1.3) Hyr = / H3, do, Hy = / H% do.
M N
Then we have the the following kinematic formula

o /G ( /MmgNm2d3> dg

— op? { <3ﬁM . 27TX(M)> Fy + <3ﬁN . 27TX(N)> FM} ,
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where Fy, Fy are areas of M, N, respectively, and x(.) is the Euler characteristic.

Our main task of this paper is to find the Euler formula (1.2) in higher di-
mensions. We obtain a fundamental formula over the second fundamental form of
MP N gN49, that is, the second fundamental form of the intersection AP N gNY can
be written as the linear combination of the second forms of MP? and N9. Since all
curvature functions are determined by the second fundamental forms, our formula
contains a great deal of curvature information in geometry.

The formulas we are pursuing can be applied to achieve more kinematic formu-
las in general homogeneous space G/H. In [18], we obtained a generalized Euler
formula for hypersurfaces in R™ and as its applications we achieved the kinematic
formulas for mean curvature powers of hypersurface. Moreover, we obtained an
extension of Hadwiger’s containment problem, i.e., a sufficient condition for one
domain to contain another in the Euclidean space R2". The significance of kine-
matic formulas are not just interested in their own light but also can be applied to
other geometry branches. In their papers ([8, 11, 17, 18, 20-24]), Grinberg, Ren,
Zhang, and Zhou obtained the sufficient conditions for Hadwiger’s containment
problem in high dimensions and the Willmore functional deficit estimate for convex
surfaces in R3. As one see, our motivation of writing this paper clearly comes from
the integral geometry.

2. PRELIMINARIES

Let X be a p-dimensional submanifold immersed in an n-dimensional Rieman-
nian space N. We choose a local field of orthonormal frames ¢y, - - - , e, in N such
that, restricted to X, the vector e, - - - , e, are tangent to X. We make use of the
following convention on the ranges of indices:

1< AB.C,---

1§ 057/8777"' Sp

IN

n,

IN

With respect to the frame field of N chosen above, let wy, - - - ,w, be the field of
dual frames. Then the structure equations of N are given by

(2.2) dr = ZwAeA,
A

(2.3) de:—ZwAB ANwp, wap +wpa =0,
B
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1
(24) dwap = — ZWAC ANwep +Pap, Pap = 3 Z Kapcpwe Nwp.
c c.D

25) Kapep = Kcpap, Kapep = —Kappc = —KBacp,
. Kapep + Kappc + Kacps = 0.

If these are restricted to X, then

(2.6) w; = 0.
Since 0 = dw; = — ), wia A\ wq, by Cartan’s lemma we can write
(2.7) wia = 3 hhgws, iy =l

B

From these formulas, we obtain

(2.8) dwe, = — Zwag ANwg, Wag+wga =0,
B
1
(2.9) dwag = — Zwa,y N wyg +Qag, Qag = B Z Rogryowy Awo,
il v,0
(210) Rocﬂ'ya = R'yaozﬂv Raﬂ'ya = _Raﬂa'y = _Rﬂoz'yav

Raﬂ'ya + Raaﬂ'y + Ra'yo’ﬂ = 0.

1
(2.11) dwij = —Zk:wik N Wij —I—Qij, Qz‘j = 5253Rijag Wa N\ wg.
a,

(212) Rijap=Ragij, Rijas=—Rijsa=—Rjias, Riapy+ Riyas+ Rigya = 0.

The Riemannian connection of X is defined by (was). The form (w;;) defines
a connection in the normal bundle of X. We call

(2.13) II:ZIIiei:Z<d2x,ei> ei:Zhgﬂwawgei
i i 0,8

the second fundamental form of the immersed submanifold X. Sometimes we shall
denote the second fundamental form by

(2.14) I =< d*z,e; >= Y _higwaws =<1II,¢; >
e
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or simply its components hgﬂ. The length of the second fundamental form I7 of
X is defined by

(2.15) I =S 1LP =30 (ki)
i i,

The mean curvature vector H is defined by

(2.16) H = %Z (trace(II;)) e Z (Zh >

and its length H, that is,
1/2

) 1/2
= — race )2
(2.17) H= . {Z (trace(I1;)) }

i

> (S0

’UIH

is called the mean curvature of X.
Let X? C Y? C N (p < ¢ < n) be two submanifolds. If we choose the frame

(2.18) (€1, " ,€p,€ptl, " ,€q,€q+1s " »€n)

such that ey, ---,e, € T(XP) and eq,---,e, € T(Y?), then we have the mean

Ly — .
curvature vector H x of XP, the mean curvature vector Hy of Y, respectively,
are

Hy =2 Z <Zh >ez+1—jz <Zh >

(2.19) P =p+1 J=q+1

- HGeo(X) + HNOI‘(Y)7

q
(2.20) g Z thp € + Z Z h’%p €j
p=1

=q+1 \ p=p+1

q
= HNOI‘(Y Z Z hi)p ej.

j =q+1 \p=p+1

Therefore
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— 1 — n il .
(2.21) H Nor(v) = qHy = > [ Y n, | e
J=q+1 \p=p+1

If p=n—2,¢g=n—1 then we have

R 1 n—2 1 n—2
(2.22) Hy=— azl hia 1+ —— azl e, en.

It follows that ﬁNor(y) only depends on Y (normal bundle of X). Where
ﬁGeo( x) Is defined as the geodesic curvature vector at = € Y (related to X) and
ﬁNor(y) the normal curvature vector at z € Y (relative to X). Their lengths, i.e.,

\ﬁGeO(X)\ = Kg(X), ]ﬁNor(y)\ = k(Y are called, respectively, the geodesic
curvature of X at x € X (relative to Y'), normal curvature of Y at x € X.
It is obviously (by (2.21)) that the normal curvature is determined by the mean
curvature Hy and the trace of the second fundamental forms (4} ;) of X (a, 8 =
L,---,p;j=q+1,---,n)and itis an (extrinsic) invariant. Therefore the geodesic
curvature is also an (extrinsic) invariant . These hﬁxﬂ (j=p+1,---,q) are called

the geodesic curvature components at x € Y (relative to X) and those hi 3 (j=
g+ 1,---,n) are called the normal curvature components at 2z € Y (relative to
X). It is obvious that two submanifolds Y and Y’ of the same dimension which
are tangent at submanifold X have the same normal curvature (relative to X.)

The above result actually is the classic Meusnier’s theorem when X =T is a
smooth curve containing in a surface Y = X C R3. That is, let x be the curvature
atz € I', T and NV be, respectively, the tangent and the normal of I, and ~, and &,
be, respectively, the geodesic curvature and the normal curvature of ¥ at = along 7.
Let n be the normal of ¥ and © = n A T, then we have the following Meusnier’s
formula

(2.23) KN = Kgpt + Kpn.

Let V and W be vector subspaces of dimensional p and ¢, respectively. Let
Up+1,- - -, Up be an orthonormal basis of N (V) and wg41, ..., w, an orthonormal
basis of N (W), that is,

N(V) = span{v,i1, -+ ,vn};
(2.2 (V) {vp+ }
N(W) = span{wgt1, -, wn},

the normal spaces to V, W, respectively. The angle between subspaces V' and W
is defined by

(2.25) AWV, W) =[| vpg1 A== Avp Awggr A== Awy, ||,
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where
(2.26) |21 A - Azg|? = |det(< 2, x5 >)).

If V, W are both (n — 1)-dimensional then A(V, W) = |sin6|, where 0 is the
angle between normals of V' and W. It is obvious that

0 <AV, W) <1,
with
A(V,W)=0 ifandonly if V NnW # {0},

(2.27) ) ]
A(V,W)=1 ifandonlyif V LW.

Also if g is an isometry of E™, then A(gV, gW) = A(V, W).

Let G be a Lie group (a smooth submanifold which is also a group in such a
way that the group operations are smooth) acting on a left coset space G/H by left
multiplication, where H is a closed subgroup of G. We assume that G/H has an
invariant Riemannian metric. Let MP?, N be submanifolds in G/H, of dimensions
D, q, respectively.

Let us list indices that we will use very often through the rest of this paper in
the following table:

(2.28) prqg—n+1<ab<p; 1<e f<p; p+1<A\pu<n
p+tqg—n+1<hi<qg 1<u,v<gqg g+1<p,o<n.
Let ze4 be orthonormal frames, so that € M” and eq, - - - , e, are tangent to
MP at z. Similarly, let 2’¢; be frames, such that 2’ € gN? and e}, -- , e, are

tangent to gN? at x/. Suppose g be generic, so that M? N gN? is of dimension
p + q — n. We restrict the above families of frames by the condition

(2.29) r =21, e = €.

Geometrically the latter means that € M?NgN? and e, are tangent to M, N g/N?
at z. The two submanifolds M? and NY at = have a scalar invariant, which is also
called the “angle” between MP? and N9, i.e.,

(2.30) A? = |det(ey, e),)| = |det(eq, €},)].

In the case of that M? and N7 are both hypersurfaces (p = ¢ = n — 1) it is the
absolute value of the cosine of the angle between their normal vectors.
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The second fundamental forms are all symmetric bilinear functions on T, M x
T, M for all z in M. That is, the second fundamental form of M atx € M is a
symmetric bilinear mapping

(2.31) M M, x M, — M,

where M, is the tangent bundle of M and M- is the normal bundle of M at z.
If e1,---, ey is orthonormal basis of N such that ey, - - -, e, is a basis of M, and
ept1s- ,en IS @ basis of M, then the components of A2 in this basis are the

numbers (RM)' =< hM(ey,e5),e; >, 1< a,B8<p p+1<i<n.
z x B

i
af
3. THE EULER-MEUSNIER FORMULAS

Let G be the isometry group acting on the n-dimensional Riemannian space N.
Let MP, NY be a pair of submanifolds N, where p + ¢ — n > 0 so that generically
MP N gN?is always a submanifold of dimension p + ¢ — n for almost all g € G.
Our goal is to express the second fundamental forms of the intersection of p+¢ —n
dimensional manifold M} 7~" = MPNgN? in terms of those of M? and g N9 and
the “angle” between MP and g N 4.

We choose orthonormal frames {e4} and {e’;} such that:

(1) €a = e/a;

(2) €1, " 7ep+q—n GT(Mpﬂqu),

(3) elv"'vepeT(Mp);

(4) €1, " €ptqg—n, e;+q—n+17 Ty ei] € T(qu)1

(5) ept1,- -+, en € N(MP), the normal bundle of MP;

(6) €1, 5 €, € N(gNY), the normal bundle of g N,

(7) span{€p+17 Tt Cny ei]-}—lv Ty e;-b} = span{€p+q—n+17 T, €py e;;+q—n+17 Ty
eyt = N(MP N gN?), the normal bundle of M? N gN<.

For the families of frames ze4 and ze/,, let

3.1) wa = (dz,ea), wy = (dz’,ely),
(3.2) wap = (dea,ep), Wip = (dey,ep),
so that

(3.3) wap +wpa =0, Wyp+wgs=0.

When restricted to MP, N9 we have, respectively,

(3.4) wy =0, w;) =0.
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And restricted to M7, we have

(3.5) Wax = Zhgﬂwg, Wop Zhaﬂwﬂv
3

where

(3.6) hag = har hls=hp,

The second fundamental forms 179 of MZ*7™" = MP N gN9

(3.7) 119 = legqei = Z < d’z,e; > e; = Z hgﬂwawgei,
i i 0,8

related to frames {es}, {€/4} are, respectively

119 = ZH Ca +Zme%

9 119 = ZH eg+ZII; e,
P
where
I, = (d?z, €a) Zhaﬂwawg7 ITy=(d 2z, ex) Zhaﬁwaw@
(3.9)

II, = (d xeh Zhaﬁwaw@ 1T, = Zhaﬂwawg

The submanifolds MP? and g/N? have a scalar invariant, which is the “angle”
between MP and gN¢,

(3.10) A% = |det(eq, e;)\ = |det(a,q)| = |det(ey, ;)| = |det(brn)|,

a,q and by, are the angle elements between M? and N9,
For a pair of hypersurfaces (p = ¢ = n — 1) it is clearly the absolute value of
the sine of the angle between their normal vectors.

We are now in the position to prove our theorems.

Theorem 1. Let MP, N1 be, respectively, a pair of submanifolds of dimensions
p, ¢ in an n-dimensional Riemannian space N with p + ¢ —n > 0. Let hgﬂ, h;f’ﬂ
be the second fundamental forms of AP, N9, respectively. Let A be the angle
between MP and gN?, for g € G, the group of isometry of N. Let 179 be the
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second fundamental form of the intersection submanifold M 2*9™" = MP» 0 gN®.
Then we have

A2]]9 = Z <hg\éﬂ—2a,\gh;‘fﬂ> Wa Wg ex

(3.11) \a,B o
+ds Zp,a,ﬂ <h/ofﬂ — Zu bop h%) Wa Wg €,

where a), and b,, are angle elements between AP and N¢.

Proof. We wish to express (d%z,e,) as a linear combination of 77, and 11,
Therefore we set

(3.12) e;) = Z Apa€a + Z aprer
a A
so that
(3.13) Apa = (€ €a), apr = (€, e)).

Under our hypothesis A = |det(a,,)| # 0. let (byy) be the inverse matrix of (a,q),
so that

(314) Z bbaaaa = 51)(17 Z apabaa = 5/}0-

Then we have

(3.15) €a = bapth+ Y barex,
P A
where
(3.16) bax = — Y _ baptipy.
P

The condition (e}, e;,) = 0, is expressed by

(3.17) Z Apalog + Z ApAAo) = Opo-
a A

Therefore we have

3.18 II, = (d®z,e0) = ) heswawg =Y b, lI' + > borIl.
af &) PtEp
a,fB P A
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By the same way, We wish to express (d?z, €},) as a linear combination of 1
and I7;. Therefore we set

(3.19) ex =Y _baneh+ Y brsel,
h o

so that

(3.20) ban = (ex, €}), bro = (ex, €l).

Under our hypothesis A = |det(bxp)| # 0. let (a;,) be the inverse matrix of (byy),
so that

(3.21) Z apabar = Oni, Z banahy = Oxp-
B 3

Then we have

(3.22) ey, = Z apxex + Z Aoy,
A o
where
(3.23) he = — Y anrbro
A

The condition (ey, e,) = d),, is expressed by
(3.24) Z bklbul + Z bkgb,w = 5>\M'
l o

Therefore we have

(3.25) 11}, = (d*z,¢)) = Zh/ahﬂwawﬂ = Za;wII(’, + Zah,\ll,\.
o, o A

To express the second fundamental forms of MZ"9~™ as a linear combination
of I, and II’, we set

(3.26) 119 =Y X)swawger+ Y Y wawge,,
Ao, p,o,0

where X ; and Y(;g are to be determined.
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Therefore, by (3.12) we have

119 = Z Xéﬁwawge,\—i— Z Yo’fﬂwawg <Z Upa€a + Zap,\e,\>
a A

(3.27) s preul
= Z <Z apaYOfﬂ> Wawgeq+ Z <X§ﬂ + Z ap,\YO’Zﬂ> WaWEE.
a,a,8 \ p Aa,B p
From (3.9), and (3.27) we have
a — Z a aYp :
(3.27) @B p P _of

Similarly, by (3.9), (3.26) and (3.27) we have

g :Z Xﬁg Wa Wg <Z ban eg—i—z b,\geg> + Z Y5 Wa Wg €,
h o

(3.29) e 700
:Z <Z ban X&g) Wa W3 GZ—I—Z <Y0(475+Z bro X&g) Wa Wg ef,,
h,Oé,ﬂ A O',Oé,ﬂ A
and
oo A
Weg = bawnX0g
(3.30) A
T = YD b Xl
A
Combining (3.28) and (3.30) together gives
has = Xag+ Y oYy
(3.31) / P \
hly = Y0+ b X5,
A
or
A A
(332) h/Oéﬂ — < (I>\>\) (CL)\p) ) < Xocﬂ ) )
h, (bpn) (o) )\ Y2

Finally, the equations (3.32) lead to

(3.33)
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where A% = det ( g’\/’\\; ((C;’\”)) ) )
That is g "

A2X05 = Pap = D axo b,
g

(339 A2YPs =0y = byt
"

Inserting (3.34) into (3.26) we complete the proof of our Theorem 1.

Let M, N be two hypersurfaces in the Euclidean space R™. We choose the
frames {e4} and {¢/,} such that e; = e, -, e,—2 = €],_, are tangent to ¥, =
MngN and e,, e, are, respectively, the normal vector of M, N. The angle between
M and N is A = |sin¢| and a), = b, = cos ¢. Then we have the following

Theorem 2. Let M, N be two hypersurfaces of class C? in the Euclidean
space R™ and let 7, h;? be the normal curvatures of M, N, respectively. Then
we have

(3.35) sin® ¢ Iy, = Z h;;—cos ¢ Z h;? ent Z h;?—cos 0] Z his | en
i, i, i, i,

where cos ¢ = (eq, €),).
By taking the normal of (3.35) we have the following generalized Euler formula

Theorem 3. Let M, N be two hypersurfaces of class C? in R™ and let i,
h;? be the normal curvatures of M, N, respectively. Then we have

2 2
(336) sin®¢ [IIn, "= [ "0 | +{ Y 02 | —2cose [ Son | [ S rz ],
,J ,J ,J ,J

where cos ¢ = (e, €}).

If M, N C R? are two smooth surfaces, we choose the frames {e;, e, e3} and
{€}, €, 5} such that e; = €], the tangent of the curve I'y = M N gN, for rigid
motion g € G, and es, ¢} are, respectively the normal of M, N. Let x}! and &%
be, respectively the normal curvatures of M and N. Then we immediately obtain
(also see [19])

Theorem 4. Let M, N be two smooth surfaces in R? and let x2!, k' be the
normal curvatures of M, N, respectively. Then we have

3.37 sin? ¢ IIr, = (kM — kY cos @) es + (kY — kM cos ¢) b,
g n n 3

n ~ n
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where cos ¢ = (e3, €5).
Note |IIp,| = &, the curvature of I'y. Then by taking the norm of (3.37) we

imm

ediately obtain the known classical Euler formula (1.2).
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