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Multiple Solutions for 4-superlinear Klein-Gordon-Maxwell System Without
Odd Nonlinearity

Lin Li*, Abdelkader Boucherif and Naima Daoudi-Merzagui
Abstract. In this paper, we study the following Klein-Gordon-Maxwell system

—Au+V(z)u — (2w + @d)pu = f(x,u), =€ R3,
A¢p = (w + ¢)u?, xr € R3,

where the nonlinearity f and the potential V' are allowed to be sign-changing. Under
some appropriate assumptions on V' and f, we obtain the existence of two different
solutions of the system via the Ekeland variational principle and the Mountain Pass
Theorem.

1. Introduction
In this paper, we consider the following Klein-Gordon-Maxwell system

—Au+V(z)u— 2w+ d)pu = f(z,u), z€R3,

(KGM)
Ap = (w+ ¢)u?, x € R3,

where w is positive constant, the potential V' and the nonlinearity f are allowed to be sign-
changing. System is a modified version of the classical Klein-Gordon-Maxwell
system, which has a strong physical meaning since it appears in quantum mechanical
models and in semiconductor theory. For more details about the physical background, we
refer the reader to [5,6,[11,|15,/16] and the references therein.

This type of system is settled in the whole space R?, the Sobolev embedding is not

compact for the whole space. A natural idea is study this system on the radial space.
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Interesting reader can see the references [1}2,[56,9/11,|13,/15,/16,21}, 24} 28,129]. Recently,
Carriao, Cunha and Miyagaki [10] studied this type of system with positive periodic
potential V. They proved the existence of positive ground state solutions for this system
when a periodic potential V' is introduced. The method combines the minimization of
the corresponding Euler-Lagrange functional on the Nehari manifold with the Brézis and
Nirenberg technique. Later, Cunha [14] presented some results on the existence of positive
and ground state solutions for the nonlinear . She introduced a general nonlinearity
with subcritical and supercritical growth which does not require the usual Ambrosetti-
Rabinowitz condition. Another situation for the potential V is considered by He [20] (see
also [12,122]). He used a coercive potential V' which is introduced by Rabinowitz [26].
By means of a variant fountain theorem and the symmetric mountain pass theorem, he
obtained the existence of infinitely many large energy solutions. Recently, Li and Tang
[22] generalized He’s result. In addition, when dealing with nonlinearities which can be
negative for small values of u, there are some references [4}7},8,25].

In some of the aforementioned references, the potential V is always assumed to be
positive or vanish at infinity and the following famous Ambrosetti-Rabinowitz ((AR) for

short) condition is usually required.

(AR) There exists p > 4 such that

0 < pF(z,u) <uf(z,u), u#o0.

It is well-known that the role of (AR) is to ensure the boundedness of the Palais-Smale
(PS) sequences of the energy functional, which is very crucial in applying the critical point
theory.

Motivated by [23,27], in this paper, we consider another case of the potential V' and
the primitive of f are also allowed to be sign-changing, which is quite different from the
previous results. Before stating our main results, we give the following assumption on

V(z).

(V1) V € C(R3R) and inf,cps V(x) > —oo. Moreover, there exists a constant dy > 0
such that for any M > 0,

lim meas{:EER3 o=yl <do,V(z) <M} =0,

ly|—o0

where meas(-) denotes the Lebesgue measure in R3.

We can find a constant V > 0 such that V(z) := V(z) + Vo > 1 for all 2 € R? which

is inspired by Zhang and Xu [31] and let f(z,u) := f(z,u) + Vou for all (z,u) € R3 x R.

Now it is easy to verify the following lemma.
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Lemma 1.1. System (KGM) is equivalent to the following problem

—Au+ V(z)u — 2w+ ¢)pu = f(z,u), = e€R3,

(KGM')
Ap = (w+ p)u?, r € R3.

In what follows, we let > 4 and give some assumptions on fand its primitive F as

follows:

(S1) f € C(R® x R,R), and there exist constants c;, ¢y > 0 and g € (4, 6) such that
|Fla,w)] < et Juf* + o ful .

. F(z,u
(82) hm\u|—>oo ‘ |('u,\4 )’

7 € (0,2) such that

= 00 a.e. © € R3 and there exist constants ¢z > 0, ro > 0 and

inf F(z,u) > eslul” >0, V(z,u)€R® xR, |u >,
T€R3

where and in the sequel, F(z,u) = Iy f(z,s)ds.

(S3) F(z,u) := tuf(z,u) — F(z,u) >0, and there exist ¢4 > 0 and £ > 1 such that

’ﬁ(m,u)r <y |u]2”.7?(x,u), V(z,u) € R® xR, |u| > ro.

Now, our main result is as follows:

Theorem 1.2. Suppose that conditions (V1), (S1), (S2) and (S3) are satisfied. Then
problem (KGM)]) possesses at least two different solutions.

Remark 1.3. There are some functions not satisfying the condition (AR) for any u > 4.
For example, the superlinear function f(z,u) = sinxIn(1 + |u|)u? does not satisfy condi-
tion (AR). In our theorems, F(z,u) is allowed to be sign-changing. Even if F(z,u) > 0,
the assumptions (S2) and (S3) seem to be weaker than the superlinear conditions obtained
in the aforementioned references. It is easy to check that the following nonlinearities f

satisfy (S2) and (S3):

flz,u) = a(x)(4.5u® + 2u? sinu — 4u cos u)
where a € (R3 R) and 0 < infgs a(x) < supgs a(r) < oco.

Remark 1.4. To the best of our knowledge, the condition (V1) is first given in [3], but
inf,crs V() > 0 is required. From (V1), one can see that the potential V' (z) is allowed to
be sign-changing. Therefore, the condition (V1) is weaker than (1.2) in [10,/12,/14,20,22].
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Remark 1.5. It is not difficult to find functions V satisfying the above conditions. For
example, let V(x) be a zig-zag function with respect to |z| defined by

2nlz| —2n(n—1) +ap, n—1<|z| < (2n—-1)/2,

V(z) =
—2n |z| 4 2n? + ay, (2n—1)/2 < |z| <n,

where n € N and ag € R.
Remark 1.6. Ding and Li [17] studied (KGM]) with sign-changing potential V. They got

multiple solutions with odd nonlinearity. Here we do not need the nonlinearity to be odd,
and also get two solutions for problem (KGM)).

Here, we give the sketch of how to look for two distinct critical points of the functional
I (where I is defined by ) First, we consider a minimization of I constrained in a
neighborhood of zero via the Ekeland variational principle (see [18}/30]) and we can find
a critical point of I which achieves the local minimum of I and the level of this local
minimum is negative (see Step 1 in the proof of Theorem ; and then, around “zero”
point, by using Mountain Pass Theorem (see [19]) we can also obtain another critical point
of I with its positive level (see Step 2 in the proof of Theorem . Obviously, these two

critical points are different because they are in different levels.

2. Preliminaries and variational setting
Hereafter, we use the following notations:

e H!(R3) denotes the usual Sobolev space endowed with the standard scalar product

and norm

(u,v):/ (Vu-Vo+w)de, |ul| = (u,u)/?
R3

DY2(R3) denotes the completion of C§°(R?) with respect to the norm
||UH%1,2(R3) = /RS |Vu|2d:c
o Let H = {u € H'(R3) : [ps (]VU\Q + V(x) ]u\Q) dx < oo} with the norm

= [ (196 + V(@) ) do
R3

e H* denotes the dual space of H.

L*(R%), 1 < s < 400, denotes a Lebesgue space with the usual norm |ul|, =

(fs lul® dar) .
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For any p > 0 and for any z € R3, B,(z) denotes the ball with radius p centered at

Z.

C and C}; denote various positive constants, which may vary from line to line.

S; denote the Sobolev constant for the embedding.

— denotes the strong convergence and — denotes the weak convergence.
Throughout this section, we make the following assumption instead of (V1):

(V2) V e C(R? R) and inf,cgs V() > 0. Moreover, there exists a constant do > 0 such
that for any M > 0,

lim meas {z € R*: |z — y| < do, V() <M} =0.

ly|—o0

Remark 2.1. Under assumption (V2), we know from [3, Lemma 3.1] that the embedding
H < L*(R?) is compact for s € [2,6).

Following technical results established in [6] (see also [16]), (KGM') can be reduced to

a single equation with a nonlocal term.

Proposition 2.2. For any fized u € H*(R3), there exists a unique ¢ = ¢, € DV2(R3)

which solves equation
(2.1) — A+ ulp = —wu’.

Moreover, the map ®: u € HY(R?) s ®[u] := ¢, € DY2(R3) is continuously differentiable,

and
(i) —w < ¢y <0 on the set {x | u(x) # 0};
(i) lgullpre < Cllullfy and fos |dul v’ do < Cllulliys < Clluly-

Multiplying (2.1)) by ¢, and integrating by parts we obtain

(2.2) / ]V¢u|2da;——/ w¢uu2dx—/ $2u? da.
R3 R3 R3

Using (2.2)), we define a functional I on H by

(2.3) I(u) = 1/R3 <|Vu|2 + V(z)u? - wgbuu2) dx — / F(z,u) dx

2 R3

for all u € H. By condition (S1), we have

(2.4) ‘ﬁ(m,u)‘ < % lu* + 2 ?, V(z,u) € R3 x R.
q
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Consequently, similar to the discussion in [12}20}22], under assumptions (V2), Proposi-
tion [2.2|and (2.4)), it is easy to prove that the functional I is of class C1(H,R). Moreover,

(2.5) (I'(w),v)y = . (Vu V4 V(#)uv — (2w + ¢y)duuv — f(, u)v) de.

Hence, if u € H is a critical point of I, then the pair (u, ¢,,) is a solution of system (KGM’)).

Lemma 2.3 (Mountain Pass Theorem). [19] Let E be a real Banach space with its dual
space E*, and suppose that I € C'(E,R) satisfies

max {1(0), ()}<u<n<||iﬁfpl( u)

for some p,m,p >0 and e € E with |le|| > p. Let ¢ > n be characterized by

= inf I
= ';1611"02132{1 (7)),

where T' = {~ € C([0,1], E) : v(0) = 0,~(1) = e} is the set of continuous paths joining 0

and e, then there exists a sequence {u,} C E such that

I(up) = c>n and (1+ |jus|) ||T'(

E*—>0 as n — o0.

This kind of sequence is usually called a Cerami sequence. Recall that a C'! functional
I satisfies Cerami condition at level ¢ ((C). condition for short) if any sequence {u,} C H

such that I(u,) — ¢ and (1 + [lun]|) [|[I'(un)|| g« — 0 has a convergent subsequence.

3. Proof of Theorem

First, we prove the functional I satisfies the Cerami condition.

Lemma 3.1. Assume that the conditions (V2), (S1), (S2) and (S3) hold. Then the

Cerami sequence {uy}
(3.1) I(up) > ¢>0 and (14 [junly) HI/(UTL)HH* —0 asn— o
is bounded in H.

Proof. Arguing by contradiction, we can assume ||u,| ; — co. Define vy, := uy,/||un|| -
Clearly, ||vp|ly = 1 and [Jv,|l, < Ssljvnl|ly = Ss for 2 < s < 6. Observe that for n large
enough, from (3.1)) and (S3) we have

ct1> I(uy) — I ) )
(3.2) = % un |l + / ¢2 uda +/ (if(x,un)un — ﬁ(a;,un)> dx

> Fla, up) da.
R3
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In view of Proposition (2.3) and (3.1]), we have

1 I 1 ~ 1
i (unz) + 5 / F(x,up) dr + ————5 / w¢unuidiﬂ
20 unlly  lunlly Jrs 2 ||unl7 Jr

I(uy, 1
< (u2) + 2/ F(z,u,)|dx
lunllzr— Nunllf Jrs
(33) I 1 -
< lim sup (Un2) + 5 / F(z,u,)|dx
nooe | lunll  llunllf Jre

ﬁ(x, Un)
< lim sup/ ———dx
n—oo JR3 ||un||
For 0 < a < b, let Q,(a,b) := {z € R¥:a < |up(z)| < b}. Going to a subsequence, if
necessary, we may assume that v, — v in H. Then by Remark we have v, — v in
L3(R3) for 2 < s < 6, and v, — v a.e. on R3.
We now consider the following two possible cases about v.

Case 1: If v = 0, then v, — 0 in L*(R3) for 2 < s < 6, and v,, — 0 a.e. on R3. Hence,
it follows from (2.4) and v, := u,/|un||3; that

‘Fv(az, Up,) ’ﬁ(m,un)
/ de:/ 72|vn|2dx
2 0r0)  [unlly 2 (0r0)  [un]

(3.4 <(§r2) [ ke
q Qn(O,To)

§C’4/ lop|?dz — 0 as n — oo.
R3

From (S3), we know that x > 1. Thus, if we set k' = k/(k — 1), then 2«’ € (2,6). Hence,
it follows from (S3), Proposition [2.2| and (3.2) that

’Fv(x,un) ‘ﬁ(m,un) )
Qn(roo0)  unllzy Qu(roco)  [Unl
- K 1/k /
‘F(xaun) 2 ’ 1/'{
< / — | dx / lvn|™™ dz
Qn(ro,00) |t Qi (r0,00)
1/k 1/k'
(3.5) < ci/ﬂ / Flz,uy) do / |vn|2ﬁ, dx
Qn(’l"(),oo) Qn(rﬂ’oo)

1/k
< C}L/K(C‘i’ 1)1//{ [/52 ( )|Un|2,{’ dx]
n (70,50

1/k’
2k’
|vn |7 dx —0 asn— oo.
Q. (ro,00)

<Cs
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Combining (3.4)) with (3.5)), we have

|F(,un) P, un) P, un)
/ 2dw—/ 2dx+/ ————dx =0 asn— oo,
R |unllgy 2 (0r0)  unllzy Qn(roc0)  |[unlly

which contradicts (|3.3)).
Case 2: If v # 0, we set A := {& € R®: v(z) # 0}. Then meas(A) > 0. For a.e. 7 € A,
we have lim;,,_,o |un ()| = co. Hence A C Q,(r9,00) for n € N large enough. It follows

from Proposition (2.3), (2.4), (3.1) and Fatou’s lemma that

ct+o(l) i I(uy)

n=0 lupllz 1o flunlly
1 1

= lim 5> — I
oo | 2uplly 2 [unlly Jre

1 1 ‘ﬁ(%un)
< 5 — 1 / w?u? dx 7/ —_— o |* da
2wl 2lunlly Jre 2 (0m0)  |Un
‘ﬁ(aaun) .
- / g |vn| dx
Qn(ro,00)  |un|
(3.6) < limsup/ (Cl +2 |un|q4> lun|* dz — lim inf / T
nooo Jau o) N4 4 7= | S (ro00) U]

< (Cl + 2 |r0|q4> limsup/ |vn|4dx — lim inf / —_— |vn|4 dz
4 q n—o0 JQ, (0,r9) oo Qu(roc0)  [Unl

W, u> dr —

ﬁ(w,un) d;v]

1
R unlly

‘ﬁ(x, Up) .
<Oy - liminf/ L e da
n=00 JQ, (ro00)  |Un
.. witF (x, uy,
= C7 — liminf #[XQW,(TO,OO)(LU)] |vn\4 dx
n—oo Jps ‘un|
‘ﬁ(x,un) .
<Cr— / lim inf “———— (X0, (ro,00) (%)] |Un| " dz — —00 as n — oo,
R3 M0 |un|
which is a contradiction. Thus {u,} is bounded in H. The proof is completed. O

To complete our proof, we have to cite a result in |27].

Lemma 3.2. Assume that p1,p2 > 1, r,q¢ > 1 and Q@ C RN. Let g be a Carathéodory
function on © x R and satisfy

lg(x, 1) < ay [t|P D 4 ag [t P2V (2,t) € Q xR,
where ay,az > 0. If u, — w in LPY(Q) N LP2(Q), and u, — u a.e. x € §, then for any

v € LPI(Q) N LP2A(Q),

(3.7) lim / lg9(z, up) — g(z,u)|" |v|*dz — 0.
Q

n—o0
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Lemma 3.3. If the conditions (V2) and (S1) hold. Then any bounded sequence {u,}
satisfying (3.1) has a convergent subsequence in H.

Proof. Going to a subsequence, if necessary, we may assume that u,, — v in H. Then by
Remark we have v, — v in L(R3), for 2 < s < 6. Let us take r = 1 in Lemma
and combine with u,, — u in L¥(R3) for 2 < s < 6, one can get

(3.8) lim ’f(w,un) - f(:r,u)) |up —ulde — 0 asn— oo.

n—o0

We observe that
(I'(up) = I'(w),un, —u) - 0 asn — oo,

and we have

/R3 [(QW + ¢un)¢unun - (2w + ¢u)¢uu] (Un - U) dx
= 2w w Un — Gutt) (Up, — U %Lun— iu Up — U) dT
%0 [ Gutn = ) =)+ [ (62,00 = G2 s = )

—0 asn — 0.

Actually, by Holder’s inequality, Proposition and the Sobolev inequality, we have

< [(@un — Gu) (un = )3 lunll

/RJ% — fu)un(n — u) dz

S N Gun = Pullg llun = ullz [lunlly

< Clltu, = Gullpra llun — ull3 [[unll,
where C' > 0 is a constant. Because u,, — u in L*(R?) for any 2 < s < 6, we have
/ (u,, — Ou)tun(uy —u)der — 0 asn— oo
R3
and
, Gu(tn — u)(tn — u) dx < ||gullg [|un — ullg[Jun —ull, =0 asn — oco.
R
Thus, we get
/ ((z)unun - ¢uu) (un - u) dx
R3
= / (Pu,, — Pu)Un(Up —u) dx + Ou(tun, — u)(uy — u) dr
R3 R3
—0 asn— oo.

Observe that the sequence {¢2 u,} is bounded in L3/?(R?), since

Hd)znunug/g < ”‘z’uan HunH3 )
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SO

L/w;—ﬁx ~u)de
R3

H‘bun ¢H3/2”u" ull3

= (H(bzn 32 T H¢121H3/2> llun — ull

—0 asn — oo.

Now, using (3.8]), we can get
l[un — UH%-I = <I,(un> —I'(u), un — u>

- /R (20 + bu, ) Pu, tn — (2w + du) o] (un — u) dz
R

—0 asn — oo.

That is u, — w in H and the proof is complete. ]

From Lemmas[3.1]and we get the functional I satisfies the Cerami condition. Now,
we prove the functional I has a mountain pass geometric structure.
Lemma 3.4. Assume that the conditions (V2) and (S1) hold. Then there exist p,n > 0
such that inf {I(u) : u € H with ||ul|y = p} >n.

Proof. From (12.4)) and the Sobolev inequality, we have
Cl, 4
— lul

</
R3 - ]R3 4

(3.9) H ||4+ lullg

F(z,u)dx dx

C
+ 72 ”U,‘q
q

< S4*HuHH+5 . 2 |l

for any u € H. Combining Proposition (2.3) with (3.9), we have

I(u)—;/ (\Vu] + V(z)u® —wgbuu)dx—/ﬂggﬁ(x,u)dx
:2Hu||H—;/R3w¢>uu dz—/RBﬁ(x,u)d:B
(3.10) z;w@—AJﬁamwx

L
Z§HUHH 54 = lull3 — S, q|| 1%

1 2 4
= 5 lullz = Cllullyy = Callullfy

Since g € (4,6), we can easily get that there exists n > 0 such that this lemma holds if we
let [|u|l;; = p > 0 small enough. O
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Lemma 3.5. Assume that the conditions (V2) and (S2) hold. Then there exists v € H
with ||vl|; = p such that I(v) <0, where p is given in Lemma [3.4]

Proof. From (2.3), we have

= 5 <HuHH — /RS wopudr | — t‘l/Rg F(z,tu) dx.

Then, by Proposition (S2) and Fatou’s lemma we deduce that

i T = i (g (1l = [ o ae) i [ P
1 1 ~
< hmsup w3 — / wilPdr ) — = | F(z,tu)dx
212 R3 t* Jrs

:—liminf/ Mzﬁdm
R3

t—00 tdyd

t
< —/ lim inf Mzﬁ dx
R

3 t—00 thyt

=—00 ast— oo.
Thus, the lemma is proved by taking v = tgu with ty > 0 large enough. O
Now, we will complete the proof of Theorem

Proof of Theorem [1.2] To complete the proof of Theorem we need to consider the
following two steps.

Step 1. We first show that there exists a function ug € H such that I'(up) = 0 and
I(up) < 0. Let 79 = 1, for any |u| > 1, from (S2), we have

(3.11) F(z,u,) > ¢3|up|” > 0.
By (S1), for a.e. # € R3 and 0 < |u| < 1, there exists M > 0 such that

| f(x, u)u

(c1 ul® + 2 [u] ") Jul
‘2

- < M,

|u

which implies that
flo,w)yu > —M |u*.

Using the equality F(z,u) fo x,tu) dt, for a.e. ¥ € R? and 0 < |u| < 1, we obtain

~ 1
(3.12) Fz,u) > =5 M ul®.

In view of (3.11)) and (3.12)), we have for a.e. x € R? and all u € R that

~ 1
F(a,u) > -5 M lul? + ¢35 |ul™.
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Then, we have

~ 1
(3.13) F(x,t) > =5 ME [ + tTes [0
Combining Proposition (2.3) with (3.13)), we have

t? 12 ~
mmzm@—/w%ﬁm—/memx
2 2 R3 R3

t2 t2 t2M
) [l 3 — 2/ wiu? dr + 2/ lu|? da — t703/ |u|" du.
R3 R3 R3

Since p > 4, 7 € (0,2), for ¢ small enough, we can get that I(tu) < 0. Thus, we obtain

IA

co=inf {I(u) :u € B,} <0,

where p > 0 is given by Lemma 3.4, B, = {u € H : ||ul|; < p}. By Ekeland’s variational

principle, there exists a sequence {u,} C B, such that
1 1
CoSI(un)SCO—i—E and I(w)ZI(un)—;Hw—unHH

for all w € B,. Then, following the idea of [30], we can show that {u,} is a bounded
Cerami sequence of I. Therefore, Lemma [3.3] implies that there exists a function ug € H
such that I'(ug) = 0 and I(ug) = ¢o < 0.

Step 2. We now show that there exists a function up € H such that I'(7y) = 0 and
I(up) = ¢y > 0. By Lemmas and there is a sequence {u,} € H satisfies (3.1)).
Moreover, Lemmas [3.1] and [3.3] show that this sequence has a convergent subsequence and
is bounded in H. So, we complete Step 2.

Therefore, combining the above two steps and Lemma the proof of Theorem

is complete. ]

References

[1] A. Azzollini, L. Pisani and A. Pomponio, Improved estimates and a limit case for the
electrostatic Klein-Gordon-Mazwell system, Proc. Roy. Soc. Edinburgh Sect. A 141
(2011), no. 3, 449-463. https://doi.org/10.1017/s0308210509001814

[2] A. Azzollini and A. Pomponio, Ground state solutions for the nonlinear Klein-
Gordon-Mazwell equations, Topol. Methods Nonlinear Anal. 35 (2010), no. 1, 33—42.

[3] T. Bartsch, Z.-Q. Wang and M. Willem, The Dirichlet problem for superlinear elliptic
equations, in Stationary Partial Differential Equations, Vol. 1I, 1-55, Handb. Differ.
Equ., Elsevier/North-Holland, Amsterdam, 2005.
https://doi.org/10.1016/s1874-5733(05)80009-9


https://doi.org/10.1017/s0308210509001814
https://doi.org/10.1016/s1874-5733(05)80009-9

[4]

[11]

[13]

Klein-Gordon-Maxwell System Without Odd Nonlinearity 163

J. Bellazzini, V. Benci, C. Bonanno and E. Sinibaldi, On the existence of hylomorphic
vortices in the nonlinear Klein-Gordon equation, Dyn. Partial Differ. Equ. 10 (2013),
no. 1, 1-24. https://doi.org/10.4310/dpde.2013.v10.nl.al

V. Benci and D. Fortunato, The nonlinear Klein-Gordon equation coupled with the
Mazwell equations, in Proceedings of the Third World Congress of Nonlinear Analysts,
Part 9 (Catania, 2000), Nonlinear Anal. 47 (2001), no. 9, 6065-6072.
https://doi.org/10.1016/s0362-546x(01)00688-5

, Solitary waves of the nonlinear Klein-Gordon equation coupled with the

Mazwell equations, Rev. Math. Phys. 14 (2002), no. 4, 409-420.
https://doi.org/10.1142/50129055x02001168

, Spinning Q-balls for the Klein-Gordon-Mazwell equations, Comm. Math.
Phys. 295 (2010), no. 3, 639-668. https://doi.org/10.1007/s00220-010-0985-z

, On the existence of stable charged Q-balls, J. Math. Phys. 52 (2011), no. 9,
093701, 20 pp. https://doi.org/10.1063/1.3629848

P. C. Carridao, P. L. Cunha and O. H. Miyagaki, Fxistence results for the Klein-
Gordon-Mazwell equations in higher dimensions with critical exponents, Commun.
Pure Appl. Anal. 10 (2011), no. 2, 709-718.
https://doi.org/10.3934/cpaa.2011.10.709

, Positive ground state solutions for the critical Klein-Gordon-Maxwell system

with potentials, Nonlinear Anal. 75 (2012), no. 10, 4068-4078.
https://doi.org/10.1016/j.na.2012.02.023

D. Cassani, Ewistence and mon-existence of solitary waves for the critical Klein-
Gordon equation coupled with Mazwell’s equations, Nonlinear Anal. 58 (2004), no. 7-8,
733-TA7. https://doi.org/10.1016/3.na.2003.05.001

S.-J. Chen and S.-Z. Song, Multiple solutions for nonhomogeneous Klein-Gordon-
Mazwell equations on R3, Nonlinear Anal. Real World Appl. 22 (2015), 259-271.
https://doi.org/10.1016/j.nonrwa.2014.09.006

S.-J. Chen and C.-L. Tang, Multiple solutions for monhomogeneous Schriodinger-
Mazwell and Klein-Gordon-Mazwell equations on R3, NoDEA Nonlinear Differential
Equations Appl. 17 (2010), no. 5, 559-574.
https://doi.org/10.1007/s00030-010-0068-z


https://doi.org/10.4310/dpde.2013.v10.n1.a1
https://doi.org/10.1016/s0362-546x(01)00688-5
https://doi.org/10.1142/s0129055x02001168
https://doi.org/10.1007/s00220-010-0985-z
https://doi.org/10.1063/1.3629848
https://doi.org/10.3934/cpaa.2011.10.709
https://doi.org/10.1016/j.na.2012.02.023
https://doi.org/10.1016/j.na.2003.05.001
https://doi.org/10.1016/j.nonrwa.2014.09.006
https://doi.org/10.1007/s00030-010-0068-z

164

[14]

[17]

[20]

[21]

Lin Li, Abdelkader Boucherif and Naima Daoudi-Merzagui

P. L. Cunha, Subcritical and supercritical Klein-Gordon-Mazwell equations without
Ambrosetti-Rabinowitz condition, Differential Integral Equations 27 (2014), no. 3-4,
387-399.

T. D’Aprile and D. Mugnai, Non-existence results for the coupled Klein-Gordon-
Mazwell equations, Adv. Nonlinear Stud. 4 (2004), no. 3, 307-322.
https://doi.org/10.1515/ans-2004-0305

, Solitary waves for nonlinear Klein-Gordon-Mazwell and Schrodinger-
Mazwell equations, Proc. Roy. Soc. Edinburgh Sect. A 134 (2004), no. 5, 893-906.
https://doi.org/10.1017/s030821050000353x

L. Ding and L. Li, Infinitely many standing wave solutions for the nonlinear Klein-
Gordon-Mazwell system with sign-changing potential, Comput. Math. Appl. 68
(2014), no. 5, 589-595. https://doi.org/10.1016/j.camwa.2014.07.001

I. Ekeland, On the variational principle, J. Math. Anal. Appl. 47 (1974), 324-353.
https://doi.org/10.1016/0022-247x(74)90025-0

, Convezity Methods in Hamiltonian Mechanics, Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], 19,
Springer-Verlag, Berlin, 1990. https://doi.org/10.1007/978-3-642-74331-3

X. He, Multiplicity of solutions for a nonlinear Klein-Gordon-Mazwell system, Acta
Appl. Math. 130 (2014), no. 1, 237-250.
https://doi.org/10.1007/s10440-013-9845-0

W. Jeong and J. Seok, On perturbation of a functional with the mountain pass geom-
etry: applications to the nonlinear Schriodinger-Poisson equations and the nonlinear
Klein-Gordon-Mazwell equations, Calc. Var. Partial Differential Equations 49 (2014),
no. 1-2, 649-668. https://doi.org/10.1007/s00526-013-0595-7

L. Li and C.-L. Tang, Infinitely many solutions for a nonlinear Klein-Gordon-Mazwell

system, Nonlinear Anal. 110 (2014), 157-169.
https://doi.org/10.1016/j.na.2014.07.019

H. Liu and H. Chen, Multiple solutions for a nonlinear Schrodinger-Poisson system
with sign-changing potential, Comput. Math. Appl. 71 (2016), no. 7, 1405-1416.
https://doi.org/10.1016/j.camwa.2016.02.010

D. Mugnai, Solitary waves in abelian gauge theories with strongly nonlinear potentials,
Ann. Inst. H. Poincaré Anal. Non Linéaire 27 (2010), no. 4, 1055-1071.
https://doi.org/10.1016/3.anihpc.2010.02.001


https://doi.org/10.1515/ans-2004-0305
https://doi.org/10.1017/s030821050000353x
https://doi.org/10.1016/j.camwa.2014.07.001
https://doi.org/10.1016/0022-247x(74)90025-0
https://doi.org/10.1007/978-3-642-74331-3
https://doi.org/10.1007/s10440-013-9845-0
https://doi.org/10.1007/s00526-013-0595-7
https://doi.org/10.1016/j.na.2014.07.019
https://doi.org/10.1016/j.camwa.2016.02.010
https://doi.org/10.1016/j.anihpc.2010.02.001

Klein-Gordon-Maxwell System Without Odd Nonlinearity 165

[25] D. Mugnai and M. Rinaldi, Spinning Q-balls in Abelian gauge theories with positive
potentials: existence and non existence, Calc. Var. Partial Differential Equations 53
(2015), no. 1-2, 1-27. https://doi.org/10.1007/s00526-014-0739-4

[26] P. H. Rabinowitz, On a class of nonlinear Schrédinger equations, Z. Angew. Math.
Phys. 43 (1992), no. 2, 270-291. https://doi.org/10.1007/b£00946631

[27] X. H. Tang, Infinitely many solutions for semilinear Schrédinger equations with sign-
changing potential and nonlinearity, J. Math. Anal. Appl. 401 (2013), no. 1, 407-415.
https://doi.org/10.1016/j.jmaa.2012.12.035

[28] F. Wang, Ground-state solutions for the electrostatic nonlinear Klein-Gordon-Mazwell
system, Nonlinear Anal. 74 (2011), no. 14, 4796-4803.
https://doi.org/10.1016/j.na.2011.04.050

[29] | Solitary waves for the Klein-Gordon-Mazwell system with critical exponent,
Nonlinear Anal. 74 (2011), no. 3, 827-835.
https://doi.org/10.1016/3.na.2010.09.033

[30] M. Willem, Minimax Theorems, Progress in Nonlinear Differential Equations and
their Applications 24, Birkhaduser Boston, Boston, MA, 1996.
https://doi.org/10.1007/978-1-4612-4146-1

[31] Q. Zhang and B. Xu, Multiplicity of solutions for a class of semilinear Schridinger
equations with sign-changing potential, J. Math. Anal. Appl. 377 (2011), no. 2, 834—
840. https://doi.org/10.1016/7.jmaa.2010.11.059

Lin Li

School of Mathematics and Statistics, Chongqing Technology and Business University,
Chongqging 400067, P. R. China

E-mail address: 111in4200@gmail . com

Abdelkader Boucherif
Department of Mathematics and Statistics, KFUPM, Box 5046 Dhahran 31261, Saudi
Arabia

E-mail address: aboucher@kfupm.edu.sa

Naima Daoudi-Merzagui
Department of Mathematics, University of Tlemcen, B. P. 119 Tlemcen, 13000, Algeria

E-mail address: nmerzagui@yahoo.fr


https://doi.org/10.1007/s00526-014-0739-4
https://doi.org/10.1007/bf00946631
https://doi.org/10.1016/j.jmaa.2012.12.035
https://doi.org/10.1016/j.na.2011.04.050
https://doi.org/10.1016/j.na.2010.09.033
https://doi.org/10.1007/978-1-4612-4146-1
https://doi.org/10.1016/j.jmaa.2010.11.059

	Introduction
	Preliminaries and variational setting
	Proof of Theorem 1.2

