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With the help of the known Lie algebra, a type of new 8-dimensional matrix Lie algebra is constructed in the paper. By using
the 8-dimensional matrix Lie algebra, the nonlinear integrable couplings of the Levi hierarchy and the Wadati-Konno-Ichikawa
(WKI) hierarchy are worked out, which are different from the linear integrable couplings. Based on the variational identity, the

Hamiltonian structures of the above hierarchies are derived.

1. Introduction

The notion of integrable couplings was introduced when
the study of Virasoro symmetric algebras [1, 2]. To find as
many new integrable systems and their integrable couplings
as possible and to elucidate in depth their algebraic and
geometric properties are of both theoretical and practical
value. During the past few years, some interesting integrable
couplings and associated properties of some known inter-
esting integrable hierarchies, such as the Ablowitz-Kaup-
Newell-Segur (AKNS) hierarchy and the Kaup-Newell (KN)
hierarchy, were obtained [3-13]. Here it is necessary to point
out that the above mentioned integrable couplings are linear
for the supplementary variable, so they are called linear
integrable couplings.

Recently, Professor Ma proposed the notion of nonlinear
integrable couplings and gave the general scheme to construct
nonlinear integrable couplings of hierarchies [14]. Based
on the general scheme of constructing nonlinear integrable
couplings, Professor Zhang introduced some new explicit Lie
algebras and obtained the nonlinear integrable couplings of
the Giachetti-Johnson (GJ) hierarchy, the Yang hierarchy, and
the classical Boussinesq-Burgers (CBB) hierarchy [15, 16].

The aim of the paper is to seek the nonlinear integrable
couplings of the Levi hierarchy and the WKI hierarchy as
well as their Hamiltonian structures. The plan of the paper
is as follows. In Section 2, with the help of the Lie algebra

G = {(%1 gffgz) | 91,9, € sl(2)}, an 8-dimensional matrix
Lie algebra is presented. It is different from the Lie algebras
given in [14-16]. By employing the 8-dimensional matrix
Lie algebra, the nonlinear integrable couplings of the Levi
hierarchy and the WKI hierarchy are derived in Section 3.
Furthermore, the corresponding Hamiltonian structures are
worked out by virtue of the variational identity in Section 4.

Finally, some conclusions are obtained in Section 5.

2. 8-Dimensional Matrix Lie Algebra
The Lie algebra is presented as H = span{h;, h,, h;, h,} with

the basis as follows:
00
h, = (o 1)’

10
hl:(o 0)’

01 00
w=(o0) m=(10)

@
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equipped with the commutators

[hl’hZ] =0, [hl’h3] = hs, [hl’h4] =—hy,

(13, hy] = hy = .
)

By virtue of the Lie algebra H, we construct an 8-dimensional
matrix Lie algebra

[hzahs] = —h;, [hz)hz;] = h4,

G = span{g,, 92> 95 9> 95> 96 97> 9s} (3)
with the basis as follows:
_(h; © _(h, O
9=\ h )’ 2=\ h )’
_(hy 0O _(h, O
$5=\o n) 97\o n)
(4)
(0 hy 0 h,
9s = 0 hl > 9o = 0 h2 >
(0 hy 0 hy
g7 - 0 h3 > g8 0 h4 >

which have the commutative relations

(9,91 =0,  [909:1=95  [91,94] =90
[92>93] =93 [92>94] =94 [93’94] =91~ 9»
[91>95] =0, [91’96] =0, [91797] =97
(91-95] = =95 [92295] =0, [92.96] =0,
(9229:]=-97» 9095l =95  [9395] =9
(95 96] =97 [959,]=0,  [95.95] = 95— 96>
(90951 =95 [9096] =-95  [94:97] = 96 — >
(91951 =0, [95:96] =0, [959,] = 97,
[95’98] = ~9Ys> [96’97] ==97 [96’98] = 9s>

[97’ 98] =95~ Ye-
(5)

Denoting G, = span{g,, g, g3, 94} and G, = span{gs, g, g,>
gs}, then we have

G=G,8G,, G =H, [G,G,]cG,. (6)

Here we need to emphasize that the subalgebras G, and G,
are both nonsemisimple, which is very important for deriving
nonlinear integrable couplings of hierarchies. By using the Lie
algebra G, we can construct a few kinds of loop algebras G =
G ® AN™J, N and j stand for natural numbers. Among these
loop algebras, the simplest one is
G=span{g Wl () =g",
7)
i=1,2,3,4,5,6,7,8,
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along with the commutators [g,(m), g;,(n)] = [g; gj]/\m”’,
deg(g;(n)) =n,m,ne Z,1 <i,and j < 8.

In this section, by virtue of the Lie algebra H, we construct
an 8-dimensional matrix Lie algebra G and corresponding
loop algebra G; in what follows we will generate the nonlinear
integrable couplings of hierarchies by using the loop algebra
G.

3. Nonlinear Integrable
Couplings of Hierarchies

In this section, based on the loop algebra G, we construct
two isospectral problems to generate the nonlinear integrable
couplings of the Levi hierarchy and the WKI hierarchy,
respectively.

3.1. Nonlinear Integrable Couplings of Levi Hierarchy.
Take the following isospectral problem:

¢x = U¢’ At =0,
U= % (=2 +u; = 1,) (9, (0) = g, (0)) + 14,95 (0) + 1,9, (0)
+ 2 (1t~ 1) (95 0) - 5 0) + 11,9, (0) + g5 (0).

(8)

Set V' = v,(g,(0) = g,(0)) + v,95(0) + v39,(0) + v,(g5(0) —
96(0)) + v597(0) + v6gs(0), where v; = ¥ v, A", 0 =
1,2,3,4,5,6. Solving the stationary zero curvature equation
V., = [U, V] gives rise to the recursion relation as follows:

Vimx = W1V3m = UaVom»
Vamx = Va1 + (U = Uy) Vo = 201V,
Vamx = Vam+1 — (ul - ”2) Vam T 2MZVIWP
Vamx = W1Vem — UaVam = UpVsyy T UsV3yy + UV, — Uy Vsyy»
Vi = () = Uy) Vi = 2Us Vi = Vg — 20 Vi
+ (u3 - u4) (V2m + VSm) - 2M3V4m,
Vemx = 2UgViy = (U = ) Ve + Vemar + 20Uy Vay

= (t3 = uy) (V3 + Vi) + 20y Vs

o
Vio = Dy #0, Voo = V30 = Vag = V5o = Vg0 = 0,
vy =0, Vo = QU V31 = QUy,
vy =0, Vs = Oz, Ve = Otly, Vip = QU Uy,
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vy = oy (U —uy) — auy
Vi = oy (uy — 1) +
Vi = o (Uyuy + uyus + usty),
vsy = oy (uy = thy) — g, + o (uy + u3) (3 — 1),

Vey = ity (U — ty) + ag, + o (uy + uy) (13 — 1ay) .
9)

Denoting V> = 37 (V10 Vas Vas Vass Vo V) A ™ and
vV = A"V -V it is easy to compute

_ngc) + [Ua Vin)] = V24195 (0) = V3,194 (0)

(10)
+ V504197 (0) = Vg1 95 (0) .
Take
v =v® A,
1
A, = 5 (Vzn V3~ 2V1n) (!]1 0)-g, (0)) 1)
1
+ 5 (VSn ~Ven — 2V4n) (95 0) - Ys (0)) :
Thus, the zero curvature equation
U -V + UV =0 (12)

leads to the following integrable system:

“Vaner + (Van = V3u = 2v1,) thy

Ut

Van+1 — (Vln Vi~ 2Vln) U,
- Vsr + (Vo = Vi = 201,) s + (Vs = Ve — 2v4,) (U +143)
Vens1 = (Van = Van = 2V1) thy = (Vs = Veu — 2Va,) (11 + 14y)
Vanx = Vinx
— V3nx + Vinx

Vonx = Vanx
Vénx + Vanx

00 0 o0 Vip + V3 + Van + Ven
(00 0 O “Vip + Vap = Vap + Vs _Jp
“1{00 0 -0 Vip + Van R
00 -0 0 V1, + Vo
(13)

where J; is a Hamiltonian operator and P,.; = L,P,, the
recurrence operator L, is given from (9) by

Ly Ly Lys Lyy
Ly Ly Lps Ly
0 0 Lj Ly |°
0 0 Ly Ly

L= (14)

3
where
Ly =0-(uy+uy)+0" (4, +uy)0,
L= (uy+uy)+07" (uy +uy)0,
L= —u,+0 'u0,
Ly, =u,+0 'u,0,
Ly = = (u +u3) =07 (uy +u3)0,
Ly = -0+ (u +u3)—0 " (uy +u,)0, (15)
Lyy= —u;—0 'us0,
Loy =u;— 0 'u,0,
Ly;=0—uy+0 'u,0,
Ly, =ty +0 'u,0,
Lys= —u - 0 'u,0,
Ly =u; —0 'uy0-0. (16)
Therefore, the system (13) can be written as
Uy Vin t Va3tV Ve
Zi _ ]1Lr;—l i +V‘z1+_v‘;?1 T Vs 17)
Ug J Vi tva

When u; = u, = 0, the system (13) reduces to the Levi
hierarchy; therefore, in terms of the definition of integrable
coupling, we conclude that the system (13) is an integrable
coupling of the Levi hierarchy. Especially taking n = 2, we
have the following reduced equations:

2
Uy = oc(ul - 2“1”2)x — OU p
2

Uy = oc(—u2 + 2u1u2)x + AUy s

_ 2
Uy = 200ty Uy — tyUly — Uty — Usthy), — Ay +x(Ul3)

2
sy = 200(Uy Uy — Uyl + Uty + Uplis)  + Oy, — a(u4) .
X

(18)
Obviously, (18) are nonlinear equations in u; and u,, so

we call (13) the nonlinear integrable coupling of the Levi
hierarchy.

3.2. Nonlinear Integrable Couplings of WKI Hierarchy. Con-
sider an isospectral problem

¢x = U¢’ A1.‘ = O’



U=i[g,(1) =g, ()] +u;g;5 (1) +uyg, (1)

+uzg; (1) + uugg (1).
(19)

SetV =Y, ..V, where

V = [My,u9, (=m) = Avy,,g, (=m) + (vy, + iduy vy,
X g3 (=m) + (V3 + iAUy V) Gy (—m1)
+ Ay, gs (—m) — Avy,, ge (—m)
+ (Vo + iUV, + iAU Vg, + iAUS Y, ) Gy (—)

+ (Ve + AUV, + iAUV,, + idUgYy,,) gg (—m)] .
(20)

Because every term in U includes A, V is different from the
common form and includes potentials u;, u,, 15, and u, and
Vo Vams> Vamxs Vems> a0d so on. Then the zero curvature
equation V. = [U, V] yields

Vimx = W1V3mx = U2Vomxs
i(ulvlerl)x + Vomxx = _ZiVZerlx’
i(u2vlm+l)x + V3mxx = 2iv3m+1x’
Vamx = WiVemx — U2Vsmx T UsVamx — UsVomx
T UsVemx — UsVsmxo
_2iv5m+1x’

i(U3 V11 + Uy Vagr + ”3V4m+1)x t Vsmxx =

i(Ug Vi + UgViaar + ”4V4m+1)x + Vomxx = 2iVemi1x00

_ B B (21)
Vio = %> Voo = %25 V3o = &35
Vao = g5 Vsp = &s, Voo = %>
2 —u, U,
Yn= .o Vor= — > V31 =
p p
2 2 U, U t+us
Vu=-_"">p 517 >
! !
p p p
U, U, +u,
VGIZ_;_T’ p=V1-uu,

p = \/1 = (uy +u3) (14 + 1ay).
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Denoting VJE”) =y V=AV- V™ then we have —Vg’c) +
[U, V] = v® — [U, V™). A direct calculation reads

VO +[UVP] = = MWy 15 (0) = Avsyy 1,94 (0)

- AvSn—lxxg7 (O) - Avﬁn—lxng (O) .

(22)
Therefore, the zero curvature equation
U -V + [ v?] =0 (23)
admits
2
Uy Von-1xx 0 0 02 0
U =| % | 2| Ve | 2 0 0 -0 0
L Us - Von—1xx N 0 aZ 0 —62
Uy t Ven—1xx —az 0 62 0
“V3n-1 7 Yen-1
Voot + Voo
X 2n_1v 5n—1 — ]ZQn—l'
3n-1
Van-1
(24)

Here J, is a Hamiltonian operator and Q,, = L,Q,_;, the
recurrence operator L, is given from (21) by

Lll L12 L13 L14
L21 L22 L23 L24

L={ 0o o Ly Ly |° (25)
0 0 Ly Ly
where
i TU, +U; U+ U
LH:_EB_Z ZPI 4al lpl 362,
| Uy + Uy Uy + U
L12:i 2 Tt : 42

4 p p
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iU +us _1u1+u3az
b

21 —
4 p P
i iU +us U, +u
L22=—a+—1,3 12,482,
2 4 p P

ifu +u;_ 1 2 qd-1U1 2
143=—-[-i;ria1;7<—ma +qa;a ;fa)

u +tuy_ 1 u
+ 1 3a 1_182],

p p
ifu +u;_ 41 1 __
L, = Z [%a 11762;78 !

1 < 2 q-1U, 2)
X — | —u,0" +go=0 —=0
P\ TS

Uy +Us; 11Uy o
+—1 257125 ],

p p

Ly = _ia_ iﬂa—lﬂa{
27 4p

_thaithp
b

34

C4p p
P U Uy
L = - - >
e 4pa pa
Ly =—9+ Mgty
2 4 p p

(26)

Here p, p' are given in (21) and q = /i 1l ¥ thytis T tzlhy.
Hence, the system (24) can be written as

u; V31t Ve
u, n2| Va1 tVs5
_ L 27
Us > V31 @)
Uy / 1231
0 0 b  -b 0
0 0 =-b, b 0
b, b b-b 0 by
by by 0 b-b b
R(b) =
®) 0o o0 0 0 0
0 0 0 0 0
0 0 0 0 b+b
0 0 0 0

When u; = u, = 0, the system (24) is just the WKI
hierarchy. Taking n = 2, the system (24) reduces the following
equations:

_ o1
Uy =\ ——F7— >
V1 -uu, x

2t = >
VI-uwu, /.

u; U + Uy

VIt - () ()

Uz =

U, Uy + Uy

_\/1 — U, B \/1 = (uy +u3) (uy + uy)

Uy =

(28)

It is easy to find that (28) are nonlinear equations in 1, and u,,
so we call (24) the nonlinear integrable coupling of the WKI
hierarchy.

4. Hamiltonian Structures

In this section, we will seek the Hamiltonian structures of the
nonlinear integrable couplings of the Levi hierarchy (13) and
the WKI hierarchy (24) by virtue of the variational identity.
First, we construct alinearmap G — R®, g = Z?:1 v;g;(0) —
v o= (V)5 Vs, V35 Vys Vs, Vs v7,v8)T, g € G v e R®. We can
conclude that the linear map is an isomorphism from G to
R®. Leta,b € R% matrix R(b) is determined by [9]

[a,b]" =a'R(b), (29)
ag) and b = (b, ..

where a = (a,,.. o bB)T. From (29), we

have

0 b, -b,

0 -b, by

-by bs — bs 0

0 bs — by (30)
0 b, +b, -b, — by
0 -b, - b, b, + b
-b,-by b,—-b —-b;+ 0

by —b,+b; - b



Solving the matrix equation for the constant matrix F,
R(b)F = —(R()F)T, F' = F,

10001000
01000100
00010001
00100010
F=1 10000000 (31)
01000000
00010000
00100000

Then in terms of F, define a linear functional in the R®
{a,b} = a"Fb=(a, +as)b, + (a, + ag) b, + (a, +ag) by
+(a; + a;) by + aybs + a,bg + a,b, + azb.
(32)
It is easy to find that {a, b} satisfies the variational identity

0

_, 0
. j (U bdx = A7 AT (VU (33)

Rewrite the Lax pair of nonlinear integrable coupling of the
Levi hierarchy as follows:

U: <%(u1—uz—A),%(A—u1+M2),M1,u2,

1 1 T
E(u3 —uy), E(u4 —u3), us, u4> , (34)

T
Vo= (vy, =V, ¥y, V3, Vi, =V Vs, V) -
By using (32), we have

(U} = -v, — vy VU, b= +vs+v,+ v

{V, Uuz} ==V +V, =Vt Vs, (35)

{V, Uu3} =V + v, {V, Uu4} =V, +V,.

According the variational identity (33), we have
)
Su J (—vy —vy)dx

., 0
R R (o e e o o (36)

oA
T
T o e A S 0

Comparing the coefficients of 172 yields

1)
5 J (=Vine1 = Vane1)dx = (y —n)

Vin + Vin + Van + Vén
“Vint Von = Van T Vsy
Vin + Vi
“Vin T Vo

X

(37)
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Taking n = 1 gives rise to y = 0. Therefore,

o _ o,
" oSu’

" (38)

Hence, the nonlinear integrable coupling of the Levi hierar-
chy has the following Hamiltonian structure:

0H
U =] —2, n>1. 39
= (39)
Similar to (34), in order to deduce to the Hamiltonian
structure of the nonlinear integrable coupling of the WKI

hierarchy, we rewrite the Lax pair as follows:

U = (=id,id, Ay, Ay, 0,0, i, Auty) "

V = (Avy, =Avy, vy, + idug vy, v, + iduy vy, Ay,

(40)
= Ay, Vs, +idug (v + vy)
Hidty v Ve, + ihuy (v, +v,) +iduyv,)
Repeat the above procedure; we have
V,U b = = 2i(vy +vy) + 2iuy (vs + v6)
= 2iu, (v, + vg) + 2iuzvy — 2iuyv,,
vu, b} =2i(v; + ), vu, }==2i(v, +vs),
vu,l=2iv,, {vU,}=-2iv,
S (.. (41)
5 J 21 [~ (Vipey + Vano1) + 10y (Vapog + Vo)
u
~thy (Vapoy + Vspo1) + UsVay = UgVy, ] dx
Va1~ Ven-1
— i (2 +y- n) Von-1 T Vsp-1
Van-1
Van-1
Taking n = 2 in above equation gives y = —1. Therefore,
Q,_, = (6H, ,/8u), n > 2, where
H,, = J- ((Vine1 = Vane1) = vt (Vanet = Veno1)
+ 1y (Van1 = Vau1) = UsVanoy (42)
+ gV 1)
x (n—1)""dx.

Hence, the nonlinear integrable coupling of the WKI hierar-
chy has the following Hamiltonian structure:

8H, ,
Su ’

U =], n>2. (43)
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5. Conclusions

In this paper, we presented a set of new 8-dimensional matrix
Lie algebra by virtue of the Lie algebra given in [14-16]. With
the help of the Lie algebra, we obtain the nonlinear integrable
couplings of the Levi hierarchy and the WKI hierarchy. Their
Hamiltonian structures are also worked out by the variational
identity. The Lie algebra constructed in this paper can be
used to generate the nonlinear integrable couplings of other
hierarchies. We will study these problems in the future.
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