Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 618434, 11 pages
http://dx.doi.org/10.1155/2014/618434

Research Article

Existence and Characterization of Solutions of
Nonlinear Volterra-Stieltjes Integral Equations in Two Variables

Mohamed Abdalla Darwish' and Jézef Banas®

! Mathematics Department, Science Faculty for Girls, King Abdulaziz University, Jeddah 21589, Saudi Arabia
2 Department of Mathematics, Rzeszéw University of Technology, Aleja Powstaricéw Warszawy 8, 35-959 Rzeszéw, Poland

Correspondence should be addressed to Jozef Banas; jbanas@prz.edu.pl

Received 7 February 2014; Accepted 29 April 2014; Published 18 May 2014

Academic Editor: Cemil Tung

Copyright © 2014 M. A. Darwish and J. Banas. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

The paper is devoted mainly to the study of the existence of solutions depending on two variables of a nonlinear integral equation
of Volterra-Stieltjes type. The basic tool used in investigations is the technique of measures of noncompactness and Darbo’s fixed
point theorem. The results obtained in the paper are applicable, in a particular case, to the nonlinear partial integral equations of

fractional orders.

1. Introduction

The theory of differential and integral equations of fractional
order creates nowadays a large subject of mathematics which
found in the last three decades numerous applications in
physics, mechanics, engineering, bioengineering, viscoelas-
ticity, electrochemistry, control theory, porous media, and
other fields connected with real world problems [1-5]. Let us
mention that recently there have appeared a few important
and expository monographs covering both the theory and
applications of differential and integral equations of frac-
tional order (cf. [1, 4, 6-8]).

It turns out that a lot of results of the theory of differential
and integral equations of fractional order can be considered
from a unified point of view with help of the theory of
the so-called Volterra-Stieltjes integral equations (cf. [9, 10]).
The approach applied in those papers allows us not only to
consider the mentioned theories of differential and integral
equations of fractional order from one point of view but also
to obtain deeper results with help of less complicated tools of
nonlinear analysis.

Such an approach can be also applied to investigations
associated with the theory of differential and integral equa-
tions of fractional orders in two variables. That subject of non-
linear analysis was recently studied in a few papers [11-16]. It
seems that results obtained in those papers are not sufficiently

general. The tools and methods associated with the theory
of nonlinear Volterra-Stieltjes integral equations which will
be applied in this paper are more convenient and allow us to
obtain more applicable results. Indeed, further on we obtain,
as particular cases, the existence theorems concerning both
nonlinear integral equations of fractional orders, nonlin-
ear integral equations of Volterra-Chandrasekhar type, and
nonlinear equations of mixed type. Moreover, we indicate
possible generalizations of our results to the situation of
nonlinear Volterra-Stieltjes integral equations in n variables.
Additionally, we indicate also a few open problems appearing
in our theory.

2. Notation, Definitions, and Auxiliary Results

This section is devoted to provide the notation, definitions,
and other auxiliary facts which will be needed in our further
study.

At the beginning let us assume that f is a real function
defined on the interval [a,b]. Then the symbol \/f; f owill
denote the variation of the function f on the interval [a, b]. In
the case when \/Z f < cowesay that f is of bounded variation
on [a, b]. If we have a function u(t,x) = u : [a,b] X [¢,d] —
R, then we denote by \/?:Pu(t, x) the variation of the function
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t — u(t, x) ontheinterval [p,q] C [a,b]. Similarly we define
the quantity \/7_,u(t, x).

For the properties of functions of bounded variation we
refer to [17].

If f and ¢ are two real functions defined on the interval
[a, b], then under some additional conditions [17, 18] we can
define the Stieltjes integral (in the Riemann-Stieltjes sense)

b
| rordp )

a

of the function f with respect to the function ¢. In this case
we say that f is Stieltjes integrable on the interval [a, b] with
respect to ¢.

It is worthwhile mentioning that several conditions
ensuring Stieltjes integrability may be found in [17]. One of
the most frequently used requires f to be continuous and ¢
to be of bounded variation on [a, b].

In the sequel we will utilize a few properties of the Stieltjes
integral contained in the below quoted lemmas (cf. [17]).

Lemma 1. If f is Stieltjes integrable on the interval [a, b] with
respect to a function ¢ of bounded variation, then

sLb|f(t)|d(\;/ ) @

Lemma 2. Let f, f, be Stieltjes integrable functions on the
interval [a, b] with respect to a nondecreasing function ¢ such

that f,(t) < f,(t) fort € [a,b]. Then

b
J f@®)do(t)

b b
[ fwdpw <] fwdpw. ®

In what follows we will also consider Stieltjes integrals
having the form

b
| r0dge.s, (4)

where g : [a,b] x [a,b] — R and the symbol d, indicates
the integration with respect to the variable s. The details
concerning the integral of this type will be given later.

Even more, in our considerations we will use the double
Stieltjes integrals of the form

d d
J J f(t.x)d,g,(x,y)dg, (t.s), (5)

where g; : [a,b] x [c,d] — R (i = 1,2). Obviously, the
double Stieltjes integral (5) is understood as the following
double iterated Stieltjes integral:

d
[
Now, let us assume that u = u(t, x) is a real function

defined on the Cartesian product [a,b] x [c,d]. Denote by
w(u, €) the modulus of continuity of the function u; that is,

d
|| fexd,0 y)) dgts).  (©

c

w (u,€) = sup{|u(t,x) —u(s,y)| : t,s € [a,b] ,x, y € [c,d],

[t—s| <&lx—yl <e}.

7)
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Obviously, we can also consider the modulus of continuity of
the function u(t, x) with respect to each variable separately.
For example,

wu(t,-),e) =sup{|lut,x)—u(t,y)|:x,y€lcd], ©
[x -yl <},

where t is a fixed number in the interval [a, b].

Further on, in order to simplify our investigations, we will
always assume that [a,b] = [c,d] = [0, 1] and we will denote
by I the unit interval [0, 1]; that is, I = [0, 1].

Now, we recall some facts concerning measures of non-
compactness, which will be applied in the sequel. To this end
assume that E is an infinite dimensional Banach space with
the norm |- || and zero element 6. Denote by B(x;, r) the closed
ball centered at x and radius r. The symbol B, stands for the
ball B8, 7).

Next, for a given nonempty bounded subset X of E,
we denote by x(X) the so-called Hausdorff measure of
noncompactness of the set X [19]. This quantity is defined by
the formula

X (X) =inf {e > 0: X has a finite ¢ — net in E}. 9)

Let us mention that the function y has several useful
properties and is often applied in nonlinear analysis, operator
theory, and the theories of differential and integral equations
(19, 20].

Notice that the concept of a measure of noncompactness
may be defined in a more general way [19, 21], but for our
purposes the Hausdorff measure of noncompactness defined
by (9) will be thoroughly sufficient.

In fact, in our further considerations, we will work in the
space C(?) consisting of all functions u = wu(t, x) defined
and continuous on the Cartesian product I* = I x I with
real values. The space C = C(I %) will be furnished with the
standard maximum norm

lullc = max {|u (t,x)| : (t,x) € I’} (10)

It can be shown [19] that if U is a nonempty and bounded sub-
set of C(I%), then the Hausdorff measure of noncompactness
of U can be expressed by the following formula:

L (U) = %wo ), ()
where
wy (U) = lim @ (U, ¢). (12)

The symbol w(U,¢) used above denotes the modulus of
continuity of the set U and is defined as follows:

w (U, ¢) =sup{w(u,¢) : ueU}, (13)

while w(u,€) stands for the modulus of continuity of the
function u defined by (7).

Now we recall a fixed point theorem of Darbo type which
will be utilized in our investigations (cf. [19]).
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Theorem 3. Let Q) be a nonempty, bounded, closed, and convex
subset of the Banach space E and let Q : Q — Q be a contin-
uous operator such that there exists a constant k € [0,1) for
which x(QU) < kx(U) provided U is an arbitrary nonempty
subset of Q). Then Q has at least one fixed point in the set Q).

Next we recall a few facts concerning the so-called
superposition operator [19]. To this end assume that D = I?,
where I = [0,1]. Let f : D xR — R be a given function.
Then, to every function u acting from I” into R we may assign
the function Fu defined by the formula

(Fu) (t,x) = f (t,x,u(t,x)), (14)

for (t,x) € I°. The operator F defined in such a way is
called the superposition operator generated by the function
f=ft,x,u).

The properties of the superposition operator may be
found in [22]. For our further purposes we will only need
the below quoted result concerning the behaviour of the
superposition operator F in the space C(I*).

Lemma 4. The superposition operator F generated by the
function f: I* xR — R transforms the space C(I*) into itself
and is continuous if and only if the function f is continuous on
the set I* x R.

Remark 5. Let us notice that in our considerations concern-
ing the superposition operator F generated by the function
f we may replace the set D = I” by an arbitrary Cartesian
product D = 1% with I = [a,b] or even by D = [a,b] x [¢,d]
(cf. [22] for further possible generalizations).

Finally, we recall some fundamental facts associated
with fractional calculus (cf. [7, 8, 23]). To this end denote
by L'(a,b) the space of all real functions defined and
Lebesgue integrable on the interval (a, b). The space L'(a,b)
is equipped with the standard norm. Further, fix a number
« > 0 and take an arbitrary function u € L'(a,b).
The Riemann-Liouville fractional integral of order o of the
function u = u(t) is defined by the formula

u(s)

L IO
ru®= s J Cards te@h, 09

where I'(«x) denotes the gamma function.
It may be shown that the fractional integral operator

'™ transforms the space L'(a,b) into itself and has some
additional properties [7, 8, 23].

3. Main Result

Investigations of this paper are connected mainly with the
solvability of the following nonlinear quadratic integral
equation of Volterra-Stieltjes type having the form

u(t,x)=h(t,x)+ f ¢t x,u(t x))

<[ [ vesxnun)d,g ) da @),
0 Jo (16)

for (t,x) € I?, where I = [0, 1].

Let us recall that details concerning the notation used in
(16) were presented in the previous section.

In order to formulate the assumptions under which (16)

will be investigated, let us denote by A; (i = 1,2) the
following triangles:
A= {(t,s):0<s<t<1},
17)

Ay={(xy):0<y<x<l1}.
We will StudY (16) aSSuming the following hypotheses;

(i) h e C(I*);

(ii) the function f(t,x,u) = f : PxR — Ris
continuous and satisfies the Lipschitz condition with
respect to the variable u; that is, there exists a constant
k > 0 such that

|f(t,x,u)—f(t,x,w)| <k|u-uw| (18)

forallt,x e I and u,w € R;

(iil) the function g;(w,z) = g; : A; — R is continuous
on the triangle A; fori = 1,2;

(iv) the functionz — g;(w, z) is of bounded variation on
the interval [0, w] for each fixedw € I (i = 1,2);

(v) for any ¢ > 0 there exists & > 0 such that, for all
wy,w, € I, w; < w,,and w, — w; < §, the following
inequality is satisfied:

wy

\/ [9; (wy,2) = g; (wy,2)] < & (19)

z=0

fori=1,2;
(vi) g;(w,0) =0foreachw e I (i =1,2);

(vii) v: A} x A, x R — R is a continuous function such
that

[v(t,s,x, y,u)| < ¢ (lul) (20)

for all (t,s) € A}, (x,y) € A, and for eachu € R,
where ¢ : R, — R, is a nondecreasing function.

Before formulating further assumptions concerning (16)
we provide a few lemmas proved in [9] which will be utilized
in our investigations.

Lemma 6. The function

p
p— g w2 (21)
z=0

is continuous on the interval [0, w] foranyw € I (i = 1, 2).



Lemma 7. Let assumptions (iii)-(v) be satisfied. Then, for
arbitrarily fixed number w, € I (w, > 0) and for any e > 0
there exists § > 0 such that ifw, € I, w, < w,, andw,—w, <6,
then

\ g (w,,2) < ¢ (22)

z=w,
(i=1,2).

Lemma 8. Under assumptions (iii)-(v) the function

w—\/g;(w2) (23)
z=0

is continuous on the interval I (i = 1,2).

As an immediate consequence of the above lemma we
derive the following corollary.

Corollary 9. There exists a finite positive constant K; such that
w
Kizsup{\/gi(w,z):wel} (24)
z=0

(i=1,2).

In what follows let us denote by F, the constant defined
by the formula

F, = max {|f (t,x,0)| : t,x € I}. (25)

Obviously, in view of assumption (ii) we have that F; < co.
Now, we can formulate the last assumption used further
on.

(viii) There exists a positive solution r,, of the inequality

Ikl + (kr + Fy) K\ Ky (r) < 7 (26)

such that

kK Ky (ry) < 1. (27)

Our main result is contained in the following theo-
rem.

Theorem 10. Under assumptions (i)-(viii) there exists at least
one solution u = u(t, x) of (16) in the space C = C(1%).

Proof. We start with the following notation:

wy

M, () = sup {\/ (g1 (w22) - g5 (w,2)] :

z=0
(28)
w, w, € Lw, <w,,w, —w; < s}

fori = 1, 2. Notice that in view of assumption (v) we infer that
M;(e) — Oase — Ofori=1,2.
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Moreover, for further purposes let us define the function
N; = N,(¢) (i = 1,2) by putting

W,
N; (e) = sup{ \/ g; (wy,2) 1w, w, € Lw, < w,,
z=w,
w, —w, < s]» .
(29)

Observe that in virtue of Lemma 7 we have that N;(¢) — 0
ase —» 0(i=1,2).

Further, for a fixed function u € C and t,x € I, let us
denote

(Fu) (t,x) = f (t, x,u(t, %)),

Vu) (t, x)

t rx
[ s rnuts ) dg (o) da @9,

(Qu) (t,x) = h(t,x) + (Fu) (t, x) (Vu) (t, x).
(30)

Next, fix arbitrarily ¢ > 0 and choose ¢,,t,,x;,x, € I such
thatt, <t,, x; < x5, £, —t; < & x, — x; < &. Then, keeping
in mind our assumptions, for a fixed function u € C(I 3, we
get

|(VU) (tz’xz) = (Vu) (tl’xl)l

<

t, (%,
||y (50,00 (502 o (1209)

1L
]
|

v(t,sx, pul(s y)) d,9, (x1, ) dygy (t15)
< 2

v(ty, 5%, y,u (s, y)) dng (%2, ¥) dsgi (t5, 9)

(=]

tx
[, vltnsx (5.0 dyg, (52 ) gy (69

(=]

ty X,
| [ s m (60 dyg; (509 dig, (6,9)

0

ty X,
_J L v(tysx, pu(s y)d,g, (x5 y)dagy (£, 5)

0

ty X,
+ J-() L V(t]) S, xl,y,u(s, y)) dygz (xz)y) dsgl (tz,s)

ty X
_J L V(tl»ssxld’»”(&)’))dygz(x2>)’)d591 (ts5)

0

ty X,
+ j L vty s, xp, y,u(s, ) d,gs (%5, y) dogy (25)

0
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ty X,
[ s s ) g (4 da (609

0

ty X
+ L L V(tl,s,xl,y,u(s,y))dygz(xl,y)dsgl (t2>5)

X
[ ] s 6 g (50 0) gy (109

0

(31)

Further, estimating step by step the terms occurring on the
right-hand side of inequality (31), on the basis of Lemmas 1
and 2, we obtain

t, X,
[, [ s x () dyg (5 ) gy (609)

0

ty X,
_J L v(tz,s,xz,y,u(s,y))dygz (x5, y)d.gy (tz’s)’

IN

J;tz Joxz Y (tz’ $Xp U (S’ y)) d}’gZ (xZ’ y) dsgl (tzs 5)
X (\S/gl (tz’P)>
p=0
< J':z J:z |V(t2,s, Xy YU (s, ;V))| dy (\i/g2 (xz, >
X (\5/91 (tz’P)>
p=0
< J':2 J ¢ (lullc) d <\/gz xzﬁ)) (\S/gl (tz,p)>
1 o
= ¢ (llullc) ({792 (xz,y)> (\z/g1 (t2,5)>

s=ty

[, vitns (s dyg, (30|

< K¢ (llulle) \2/91 (t»s) < K¢ (lullc) Ny (e)

s=ty

(32)

where the function N; (¢) is defined by (29).
Next, evaluating similarly as above, in view of Lemmas 1
and 2, we have

t X,
[, [ v nsx (s ) dyg (5 ) gy (609)

ty (%2
_J L V(t1>5>x1’}’>”(5’)/))dy92(xz’}’)dsgl (t25)

0

<

t) X,
jo jo [ (35330 326 (5, )

-V (tl’ S, xpy:u(s’ J’))]

x d,g, (%2, ) dsgy (L5 5)

t, X,
<[] s sy

-V (tl’ S, xl’ }/)“(57)/))| d}’

X (\y/gz (’%ﬂ)) d; (\S/gl (tz,p)>
q=0 p=0
< Jotl JO"Z w3 (re)d, <\y/g2 (xz,q)> d, <\7g1 (5, p))

=0

< w3(v,¢€) <\/92 (xz,y)> (\/91 (tz’P)>
y=0 s=0

< KKy, 5 (v, €),
(33)

where we denoted
w3 (v,€) = sup{|v(ty, 8%, y,u) = v(t), 8, xp, y,u)| :
thtyxpx,sy el -t <e  (34)

Iy - x| <& w e [—lulle lullc]}

Moreover, the constants K, K, are defined by (24).
Observe that taking into account the fact that the function
v = u(t,s,x, y,u) is uniformly continuous on the set I* x
[~llellcs lullc] we deduce that w, 3(v,e) — Oase — 0.
Further, using the imposed hypotheses, in light of Lem-
mas 1 and 2, we derive the following estimate:

t X
J, [ s s (s ) g, () dgy (6:9)

d

N

ty X
- L L % (tl,s,xl, »u (S, )’)) dygz (xz) }’) d;g, (t2> 5)
b rx
< L J v(ty s xp, y,u(s y))dyg, (%5 )
(Vo tn)
p=0

t X, y
< |v<t1,s,x1,y,u<s,y>>|dy(\/gz (xz,q>>d$
x; 4=0

X (\5/91 (t2) P))
p=0




< ¢ (llullc) Ltl sz dy <\y/92 (%"])) d; <\S/91 (Q)P))
X1 q=0 p=0
< ¢ (llullc) <\1/91 (t2’5)> ( <2/ 92 (%J))

y=x1

< K¢ (lulc) N, (),
(35)

where the constant K, is defined by (24) and the function

N, (¢) is defined by (29).

Next, using similar reasonings, we arrive at the following

estimate:

ty X%
| [ v trsx e ) dyg, (6.0 dg, (6:9)

0

ty X
[ v tes a6 ) (500 da 6009)

0

t) rx;
JO JO V(tl,saxl)y’u(s’y)) d}’

x[92 (x5, ¥) = g, (x1, ¥)] dggi (£, )

ty rx;
[ [ b,

(V1o 0 ) (Vo )
p=0

q=0

< ¢ (llullc) Ltl JXI d, <\y/ (92 (x2,9) - 9, (qu)]>ds

0 q=0

X ( \791 (t2) P)>
p=0

X1

= ¢ (llullc) <\/ (92 (x2,7) = 9, (xl’)’)]) \_1/091 (t25)

y=0

Xy

< Ky (llulle) \/ [9: (%2, ¥) = 95 (x1, ¥)]

y=0

< K¢ (lullc) M, (e)
(36)

where the function M, (¢) was defined in (28).

Now, we estimate the last term appearing on the right-
hand side of inequality (31). Arguing similarly as above, we
get

ty X
J L v(ty s xp, y,u(s ) d,g, (x1, y) digy (t25)

0

L%
[ s 5 ) s () g (9

0

Abstract and Applied Analysis

ty X
| [ v ts e nutsdg (a4

0

<101 (029) 91 (1,9

t, X1 y
<[], |v<t1,s,x1,y,u(s,y))|dy(\/gz(xlm)ds
q=0

0

(Vi)

p=0

< ¢ (lullc) J? J:l d, (\Zgz (x5 ‘1)> d;

X <\S/ [9: (t, ) — 91 (tl’P)]>

p=0

= ¢ (lullc) ((_1/092 (xl»)’)> <\7 (91 (t2, ) = 91 (tl’s)]>

s=0

< Ky¢ (lullc) M,y (e)
(37)

where the constant K, and the function M, (¢) were defined
in (24) and (28), respectively.

Now, linking estimates (31)-(33) and (34)-(37) as well
as taking into account the properties of the functions M; =
M;(e) and N; = N;(¢) (i = 1,2) and the comment given after
estimate (33), we conclude that the operator V transforms the
space C(I 2 into itself.

On the other hand, keeping in mind Lemma 4 we infer
that the operator F defined in (30) transforms also the space
C(I*) into itself. Consequently we obtain that the operator Q
defined in (30) is a self-mapping of the space C(I .

In the sequel we show that the operator Q is continuous
on the space C(I 2). To this end let us first observe that in view
of the properties of the superposition operator F expressed in
Lemma 4 it is sufficient to show that the operator V defined by
(30) is continuous on C(I%). To prove this fact fix arbitrarily
e > 0and u € C(I?). Further, take an arbitrary function
w € C(I*) with |lu- wlc < e Then, keeping in mind
Lemma 1, for arbitrarily fixed ¢, x € I, we obtain

|(Vue) (¢, x) = (Vw) (¢, x)|

t rx
< .[0 Jo [v(t,s,x yu(s,y)) —v(t,s,x, yw(s y)|d,

x (\Zgz (x, q)) d, <\i/091 (t, P)) -
- " (38)

Next, let us denote

P=lulc+e (39)
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and let us define
wp (v,€) = sup {|v(t, 8, x, y,u;) = v (t,5,%, y,u,)] :
(t,s) e Ay, (x,y) €Ay, (40)
uyu, € [-P, P, luy —uy| <&}
Then, from (38) we derive the following estimates:

|(Vue) (¢, x) = (Vw) (¢, x)|

< L L wp (v,6)d, <q\_/ogz (w))ds (Mgl (t,P)>

X t
< wp (v,€) (\/gz (x, y)) (\/91 (t, S))
y=0 s=0

< K Kywp (v, €).
(41)
Hence, in view of the uniform continuity of the function v
on the set A; x A, x [-P, P], we infer that the operator V
is continuous on the space C(I 2). According to the above
remark this implies that the operator Q is continuous on the
space C(I .
In what follows let us fix an arbitrary function u € C(I 2).
Utilizing the imposed assumptions and Lemmas 1 and 2, for
fixed t, x € I, we obtain

1(Qu) (¢, %)
< (x| + | f (6 x,ut, %)

¢
<,
X (\/91 (t’P)>
p=0
< |hlic + [|f (&% u (t,x)) = f (& x,0)| +|f (¢, x,0)]]

X J: Lx [v(t,s,x, y,u(s, y))| d, (q\i/ogz (x, Q)> d;

|, v (tsx i (9)) dy 5 (50|

» (\7g1 ¢ p>>
p=0

< Ikl + [k lu(t, ) + | f (£, 0]

<) jox¢<|u<s,y)|>dy<\i/0gz (x,q>)ds

x (\S/gl “ p))
p=0

< Ikl + (Klulc + Fr) ¢ (lullc)

7
<S4V ) (Vacn)
= Ikl + (klullc + Fy) ¢ (lullc) (X/ng (x>)’))
(ipe)
(42)

Hence, in light of Corollary 9, we obtain the following
estimate:

[Qu) (t, )| < |kl + (Kllullc + Fy) K1 Ky (lullc) . (43)
Consequently, we get
IQulc < lhllc + (Kllullc + Fy) K Ky (lullc) . (44)

Now, taking into account assumption (viii), from estimate
(44), we derive that there exists a number r, > 0 such that
Q transforms the ball B, into itself and kK; K,¢(r,) < 1.

Next, let us take a nonempty subset X of the ball B, and
choose arbitrarily a function u € X. Then, for a fixed e > 0
and for arbitrary (t,x,), (t,,x,) € I* such that ¢, < t,, x,
< x, (cf. Remark 11) and t, — t; < &, x, — x; < ¢, using the
standard tools, we get

|(Qu) (£, %,) = (Qu) (11, )]

< |h(ty, x,) = h(ty, x|

+|(Fu) (t;, ;) (Vi) (£5, x,) = (Fu) (t5, x,) (Vi) (£, x7)|

+|(Fu) (t5, x,) (V) (£, %) = (Fu) (ty, x1) (Vi) (£, %))
<w(he)+ |(Fu) (tz,x2)| |(Vu) (5, x,) = (V) (tl,x1)|

+| (V) (t, x,)| |(Fu) (t, x,) = (Fu) (£, x,)]
<w(he) + [|f (x5 u(ty x;)) = f (£, %,,0)|

+|f (t2, %,,0)]]
x {|(Vu) (3, x,) = (Vi) (£, )|} + | (Vi) (81, x7)|
<AV (62 201 (t5,%2)) = f (520, u (1, %1))|
1 f (6 201 (81 1)) = f (81 20,0 (1, %0))}

< w(he) + [kfu(ty )| + | f (1, %5, 0)]]

x{|(Vu) (t5, x,) = (Vi) (t1, %))}

| (Va) (81, 500)[ e fue (85, 55) = u (81, x,)] + @ (£ 2)}
<w(he) + (klullc + F) {|(Vu) (t5, x,) = (Vi) (81, x1) |}

+ |(Vu) (t1>x1)| (kw (u, €) +5(f’5)) >
(45)



where we denoted
@(fre) =sup{|f (o xpou) = f (£, % 10)] :
tty X%, € Lu € [-r,1], (46)
|t, —t,] < & |x, — x;| < €}
Further, based on estimates (31)-(33) and (35)-(37) we obtain
|(Vur) (85, x,) = (V) (21, x,))|

< Ky (lulc) \2/91 (t25)

s=t;

(47)

+ K Kywy 5 (v,€) + Ky (llullc) \/ 95 (%2, )
y=x1

+ K¢ (lullc) M, (e) + Ky (lullc) M, (e) -

Now, from (47) and (29) we derive the following estimate:

w (Vu,€) < Ky (r9) Ny (€) + K1 (1) N, ()
(48)
+ K ¢ (1) M, (¢) + Ky (ro) M, (¢) .

The above estimate yields the following one:
w(VX, ) < Ky () Ny (e) + K19 (rg) N; ()
+ K Ky, 5 (v,€) + K1 (rg) My () (49)
+ Ky (o) M, (&)

On the other hand, using our assumptions and applying
Lemmas 1 and 2, we get

DIGED]

X y
|, |v<t1,s,x1,y,u<s,y>>|dy(\/gml,q))ds
q=0

0

x <\S/g1 (tl’P)>
p=0
< ¢ (lullc) Jotl L"l d, (\y/gz (xl"I)> d; <\S/g1 (fl)P))
q=0 p=0

X1 ty
< ¢ (r) (\/092 (%»)’)) <\/091 (tpp)) < KKy (1)
’ S (50)
Finally, combining estimates (45), (49), and (50), we get
w(QX,¢e) <w(h,e¢)

+ (krg + F;) {Ky (r5) Ny (e) + K ¢ (1) N, (e)
+ KKy, 5 (v,€) + Ky ¢ (r9) M, ()
+ Ky (ro) M (8)}

+ K Ky (1) {kw (X, €) + @ (fr€)} -
(51)
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Hence, taking into account the properties of the functions
M;,N; (i = 1,2) and the functions ¢ — w(h,¢), e —
w, 5(v,€),and ¢ — w(f, ), we obtain

wy (QX) < kK, Ky (1) wy (X). (52)

Keeping in mind assumption (viii) and Theorem 3 and taking
into account formula (11), from (52) we deduce that there
exists at least one function u = wu(t, x) belonging to the ball
B, which is a solution of (16).

The proof is complete. O

Remark 11. In considerations conducted in the above proof,
taking two points (£, X, ), (5, X,) € I*, we assumed that t, <
t, and x; < x,.

Observe that all possible cases can be always converted to
that indicated above. For example, if we assume that t; < t,
and x; > x,, then, taking an arbitrary function w = w(t, x, z)
with real variables (z denotes an arbitrary real number), we
get

lw (t5, x5, 2) = w (£}, %, 2)|
< |lw(ty, x5, 2) — w (£, x5, 2)|
+w(t), x52) —w(ty, x1,2)| (53)
= |lw(ty, x5, 2) — w (£}, %5, 2)]
+w(t,x,2) —w(ty, x52)|.

Now, we can repeat all estimates of the above proof under
requirements concerning the choice of the points (¢,,x;),

(ty, x5).

4. Applications to Functional Integral
Equations of Fractional Order and to Other
Types of Functional Integral Equations

We start with providing some facts concerning assumption
(v) imposed in investigations conducted in the preceding
section (cf. also [9]). At the beginning we formulate a
condition which is handy and convenient in applications and
which guarantees that the functions g,, g, appearing in (16)
satisfy assumption (v).

In order to formulate the announced condition assume
(as we have done previously) that g;(w,z) = g; : A; — Risa
given function (i = 1,2). Further we assume that the function
gi(w, z) (i = 1,2) satisfies the following condition:

(V') for arbitrary w,w, € I, w, < w,, the function
z — g;(w,,z)—g;(w,, z) is monotone on the interval
[0,w,] (i=1,2).

From results proved in [9] the following lemma immediately
follows.

Lemma 12. Suppose the function g; = g;(w,z) satisfies
assumptions (iii), ), and (vi) fori = 1,2. Then g; satisfies
assumption (v) (i = 1,2).
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Indeed, in the case when g; is nonincreasing, this result
was proved as Theorem 3 in [9], while the case when g; is
nondecreasing is covered by Theorem 5 in [9] (i = 1,2).

Further, based on results obtained in [9] we provide two
examples of functions g; = g;(w, z) satisfying assumption (v')
and being essential in our considerations.

Example 13. Let us fix i (i = 1,2) and take the function
gi(w,z) = g; : A; — R defined by the formula

6:(w,2) = = [ - -2, (54)

where « is a fixed number from the interval (0, 1). If we fix
arbitrary numbers w;,w, € I such that w; < w,, then it
is easily seen that the function z — g;(w,,z) — g;(w;,2)
is nonincreasing on the interval [0, w,]. This means that g;
satisfies assumption (v'). Moreover, we can verify that the
function g;(w, z) satisfies also assumptions (iii), (iv), and (vi).

Example 14. Similarly as above fix i € {1,2}. Consider the
function g;(w,z) = g; : A; — R defined by the formula

w+z
for0<z<w<1

w (55)
0 for w = 0.

wln

gi (w, z) =

Using the standard methods of mathematical analysis (cf. [9])
it can be easily shown that the function z — g;,(w,,z) -
gi;(w,, z) is nondecreasing on the interval [0, w, ] for w, < w,
and satisfies assumptions (iii), (iv), and (vi) formulated in the
preceding section.

In what follows we will consider the fractional integral
equation with functions involved depending on two variables,
which has the form

u(t,x) =h(t,x)

f(txu(t,x)) r r v(ts, % y,u(s,y))

T@T(B) Jodo (r-s)'=(x - )"

where t,x € I and «,  are fixed numbers from the interval
(0, 1). Moreover, the symbol I'(y) indicates the gamma func-
tion.

Let us mention that (56) represents the so-called partial
singular integral equation of Volterra type in two variables.
Recently, equations of such a type were intensively investi-
gated in some papers [11-16].

Obviously, (56) creates a generalization of the classical
Volterra integral equation of fractional order in one variable
which is studied in several papers and monographs and
finds numerous applications (cf. [1-10, 23-27] and references
therein).

Now, we show that the functional integral equation of
fractional orders (56) can be treated as a particular case of the
Volterra-Stieltjes functional integral equation (16) studied in
Section 3.

In fact, take the functions g;(w, z) considered in Exam-
ple 13, which have the form

g, (t,s) = —[t" = (t-9)"],

1
a

(57)
PACSIE % [+ - (x- )],

for (t,s) € Ay and (x, y) € A,.

Then, it can be easily seen that (56) can be written in the
form of (16). Thus, we can apply Theorem 10 in order to obtain
an existence result concerning (56).

To formulate such a result let us first calculate the
constants K, K, from Corollary 9. Indeed, we have (cf. [9])

v 1
K, = ,Z) Iy =—,
1 sup{\/g1 (w,z) :w e } "

z=0
(58)

K2=sup{\w/g2(w,z):wel} = %

z=0
Now, we present the above announced result.

Theorem 15. Assume that the function h involved in (56)
satisfies assumption (i) and the function v = v(t,s,x, y,u)
satisfies assumption (vii) of Theorem 10. Moreover, one assummes
that the following condition is satisfied.

(viil') There exists a positive solution r, of the inequality

kr + F,

e T g+

$pr)<r (59)

such that kd(ry) < T'(a + DI(B + 1).

Then there exists at least one solution u = u(t, x) of (56) in the
space C(I*), belonging to the ball B,.

Remark 16. In the above conducted calculations we used the
well-known formula 8T(6) = T'(§ + 1) (cf. [28]).

In what follows we consider the functional integral
equation of the so-called Volterra-Chandrasekhar type in two
variables having the form

u(t,x) = h(t,x)

torx tx
+ f (& xu(t, x)) L ,[o m

xv(t,s,x, y,u(s, y))dsdy
(60)

for t,x € I. We refer to [4, 9, 29, 30] for the case of
the Chandrasekhar and Volterra-Chandrasekhar equations
in one variable.
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Observe that taking the function g = g; = g,(y,2) (i =
1,2) appearing in Example 14 we can represent (60) in the
form (16). Obviously, in this case we take

( t
tlnﬁ for0<s<t<l
g1 (t,5) = 1 t
0 fort =0,
(61)
( x +
xIn for0<y<x<l1
9 (%y) = 1
0 for x = 0.

Further, using the fact that the function g satisfies assumption
'), we get

w
sup {\/g(w,z) Tw e I]» =sup{g(w,w):wel}=In2.
z=0
(62)
Now, we can formulate an existence theorem concerning (60).

Theorem 17. Assume that the function h appearing in (60)
satisfies assumption (i), the function f = f(t, x,u) satisfies
assumption (ii), and the function v = w(t, s, x, y,u) satisfies
assumption (vii) of Theorem 10. Apart from this one assumes
that the following condition is satisfied.

(viii"") There exists a positive solution r, of the inequality

Il + (kr + F) ¢ (r)In°2 < r (63)

such that ké(r,) In*2 < 1.

Then there exists at least one solution u = u(t, x) of (60) in the
space C(I?), belonging to the ball B,.

Finally, we consider the functional integral equation having
the form linking equations (56) and (60), that is, the following
integral equation:

f(t,x,u(t,x))

u(t,x) =h(t,x)+ r@

(64)

X Jt Jx xv(ts X, y,u(s, )

o (x+y)t-s)'

where, as above, « is a fixed number in the interval (0, 1) and
I'(ex) denotes the gamma function.

dsdy,
0

An existence theorem concerning (64) can be formulated
almost in the same way as Theorems 15 and 17. We need only
to replace assumptions (viii') and (viii"’) by the following one.

(viii) There exists a positive solution r, of the following
inequality:

(kr + F;)In2

Ikl + T+ D) pr)<r (65)

such that k¢(r)) In2 < I'(x + 1).

We omit other details.
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5. Final Remarks concerning Possible
Generalizations

In this section we focus briefly on possible generalizations of
results presented in previous sections.

First of all let us notice that instead of the functional
integral equation of Volterra-Stieltjes type in two variables
(16) we can consider the general case of the functional integral
equation of Volterra-Stieltjes type in n variables which has the
form

u()=h@)+ f(tu@) (Vu) (), (66)
where we denoted

t=(tpty..0st,),

t,
J ' V(E 15ty Sy sty S th (81,85, -..5,))
0

X dslgl (tys1) dszgz (t2s,)

e dsngn (tn’sn) :
(67)

We assume here that t = (¢,t,,...,t,) € I" and the
functions involved in (66) satisfy assumptions similar to
those formulated in Theorem 10. For example, g; : A; — R
is a continuous function on the triangle A; = {(¢;,s;) : 0 <
s;<t;<1}fori=1,2,...,n. Apart from this the function g;
satisfies assumptions (iv)-(vi) of Theorem 10 (i = 1,2,...,n).
Regarding the function v = v(ty,$;,t5,5,...,L,,5,, 1) we
assume that v: A} x A, x---x A, x R — R is continuous
and such that

[V (£ 81580 S0 s b S )| < ¢ (1) (68)

for all (t;,s;) € A; (i = 1,2,...,n) and for each u € R,
where (similarly as in assumption (vii)) ¢ : R, — R, isa
nondecreasing function.

Other assumptions concerning (66), that is, assumptions
(i), (ii), and (viii), can be easily adapted to our case.

Let us mention that we can also investigate equations
considered precedingly, that is, (16), (56), (60), and (64),
in the case when we replace the bounded interval I by an
unbounded interval, for example, by R, . Such a situation was
considered in [10] in the case of the functional integral equa-
tion of Volterra-Stieltjes type in one variable. Obviously, even
in the case of one variable considered in [10], investigations
are very extensive and complicated. On the other hand,
those investigations allow us to study some qualitative aspects
concerning solutions of the equation in question, such as
asymptotic behaviour, stability, and asymptotic stability.

One can expect that in the case of (16), (56), and so forth,

we can also investigate qualitative aspects of solutions of those
equations. Investigations of such a type will appear elsewhere.
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