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1. Preliminaries

We know by the Banach contraction principle [1], which is
a classical and powerful tool in nonlinear analysis, that a
self-mapping f on a complete metric space (X, d) such that
d(fx, fy) < cd(x, y)forall x, y € X, where c € [0,1), hasa
unique fixed point. Since then, the Banach contraction prin-
ciple has been generalized in several directions (see [2-26]
and references cited therein).

In 2008, Suzuki [21] proved the following result that is an
interesting generalization of the Banach contraction principle
which also characterizes the metric completeness.

Theorem 1. Let (X, d) be a complete metric space and let T
be a self-mapping on X. Define a nonincreasing function 0 :
[0,1) — (1/2,1] by

V5-1)
1, ifOSTS T’
0 = (1-r)r2 if —(\/5_1) <r<271? M
1+r7Y, if2<r<l

Assume that there exists r € [0, 1) such that

0(r)d(x,Tx) <d(x,y) implies d(Tx,Ty) <rd(x,y)

2)

for all x, y € X. Then there exists a unique fixed point z of T.
Moreover, lim,, _, , ., T"x = z forall x € X.

In 2012, Samet et al. [19] introduced the concepts of a-
y-contractive and a-admissible mappings and established
various fixed point theorems for such mappings defined on
complete metric spaces. Afterwards Salimi et al. [16] and
Hussain et al. [7] modified the notions of «-y-contractive and
a-admissible mappings and established fixed point theorems
which are proper generalizations of the recent results in [12,
19].

Definition 2 (see [19]). Let T be a self-mapping on X and let
a: X xX — [0,+00) be a function. One says that T is an
a-admissible mapping if

xyeX, a(xy)21l=a(Tx,Ty)=1. (3)
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Definition 3 (see [16]). Let T be a self-mapping on X and let
a,n: XxX — [0,+00) be two functions. One says that T is
an a-admissible mapping with respect to # if

a(x,y)2n(x,y) = a(Tx,Ty) 2 n(Tx, Ty()4)

Note that if we take #(x, y) = 1, then this definition reduces
to Definition 2. Also, if we take a(x, y) = 1, then we say that
T is an #-subadmissible mapping.

x,y €X,

Here we introduce the notions of a-#-complete metric
space and «a-#-continuous function and establish fixed point
results for modified «a-#-y-rational contractions in «-#-
complete metric spaces which are not necessarily complete.
Asan application, we derive some Suzuki type fixed point the-
orems and new fixed point theorems for y-graphic-rational
contractions. Moreover, some examples and an application to
integral equations are given here to illustrate the usability of
the obtained results.

2. Main Results

First, we introduce the notions of «-#-complete metric space
and «a-#-continuous function.

Definition 4. Let (X, d) be ametric spaceand o, 77 : X x X —
[0, +00). The metric space X is said to be a-x-complete if
and only if every Cauchy sequence {x,} with a(x,,x,,,;) >
n(x,, x,.,) for all n € N converges in X. One says X is an «-
complete metric space when #(x, y) = 1 forall x, y € X and
one says (X, d) is an 57-complete metric space when a(x, y) =
lforallx,y e X.

Example 5. Let X = (0,00) and d(x, y) = |x — y| be a metric
function on X. Let A be a closed subset of X. Define a,# :
XxX — [0,+00) by

a(x,y) = (x+y), ifx,yeA,
V)= 0, otherwise, (5)
n(x y) = 2xy.

Clearly, (X, d) is not a complete metric space, but (X, d) is
an «-y-complete metric space. Indeed, if {x,} is a Cauchy
sequence in X such that a(x,,x,,,) > #(x,,x,,,) for all
n € N, then x, € A forall n € N. Now, since (A,d) is a
complete metric space, then there exists x* € A such that
x, —> x"asn — oo.

Remark 6. LetT : X — X beaself-mapping on metric space
X andlet X be an orbitally T-complete. Define ar, 77 : XxX —
[0, +00) by

3, ifx,yeO(w),
0, otherwise, (6)

x|

n(xy)=1,

where O(w) is an orbit of a point w € X. Then (X, d) isan a--
complete metric space. Indeed, if {x,,} be a Cauchy sequence,
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where a(x,, x,..;) > n(x,,x,,,) foralln € N, then {x,} <
O(w). Now, since X is an orbitally T-complete metric space,
then {x,} converges in X. That is, (X, d) is an a-y#-complete
metric space. Also, suppose that «(x, y) > 1(x, y); then x, y €
O(w). Hence, Tx, Ty € O(w). That is, o(Tx, T'y) = n(Tx, Ty).
Thus, T is an a-admissible mapping with respect to #.

Definition 7. Let (X, d) be a metric space. Leta, 7 : X x X —
[0,00) and T : X — X. One says T is an «-#-continuous
mapping on (X, d), if for given x € X and sequence {x,} with

X, — X, as 1 — 00,

o (%, Xp41) 21 (%, X001), VnEN= Tx, — Tx.

7)

Example 8. Let X = [0,00) and d(x, y) = |x — y| be a metric
on X. Assume thatT: X — Xanda,: XxX — [0,+00)
be defined by

x°, if x € [0, 1],
Tx =4, ;
sinztx +2, if (1,00),
x2+y2+1, if x,y € [0,1], (8)
a(xy) = {0, otherwise,
n(xy) ="

Clearly, T is not continuous, but T is «-7-continuous on
(X,d).Indeed, if x, — xasn — ooand«a(x,, x,.,) = y(x,,
X,41)s then x,, € [0,1] and so lim,, , . Tx, = lim, , x, =
x° =Tx.

Remark 9. Define (X,d) and o, : X x X — [0, +00) as in
Remark 6. Let T': X — X be a an orbitally continuous map
on (X, d). Then T is a-y-continuous on (X, d). Indeed if x,, —
xasn — oo and a(x,,x,.;) = n(x,, x,,,) foralln € N, so
x, € O(w) for all n € N, then there exists sequence (k;);cy
of positive integer such that x, = TFw — xasi — oo.
Now since T is an orbitally continuous map on (X, d), then
Tx, = T(TYw) — Txasi — oo as required.

A function v : [0,00) — [0,00) is called Bianchini-
Grandolfi gauge function [13, 14, 27] if the following condi-
tions hold:

(i) v is nondecreasing;

(ii) there exist k, € N and a € (0,1) and a convergent
series of nonnegative terms ) -, v, such that

v () < ay () + v, 9)
for k > kyand any t € R™.

In some sources, Bianchini-Grandolfi gauge function is
known as (¢)—comparison function (see e.g., [2]). We denote
by ¥ the family of Bianchini-Grandolfi gauge functions. The
following lemma illustrates the properties of these functions.
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Lemma 10 (see [2]). Ify € Y, then the following hold:

(i) (W"(t)),,cp converges to 0 asn — oo forall t € R*;
(ii) w(t) < t, forany t € (0,00);
(iii) y is continuous at 0;
(iv) the series Y o, 1//k(t) converges for anyt € R*.

Definition 11. Let (X, d) be a metric space and let T be a self-
mapping on X. Let

dxTx) d(yTy)
1+d(x,Tx) 1+d(y,Ty)’

M (x, y) = max {d (% y),

d(x,Ty)+d(y,Tx)}.

2
(10)
Then,
(a) we say T is a modified «a-#-y-rational contraction
mapping if
x,y€X,
1)
n(x,Tx) <a(x,y) = d(Tx,Ty) <y (M (x,y)),
where y € ¥;
(b) we say T is a modified «-y-rational contraction
mapping if
xyeX, a(xy)z21=d(Tx,Ty) <y (M(x,y)),

(12)
where y € V.
The following is our first main result of this section.

Theorem 12. Let (X, d) be a metric space and let T be a self-
mapping on X. Also, suppose that o,y : X x X — [0, 00) are
two functions and y € Y. Assume that the following assertions
hold true:

(i) (X,d) is an a-n-complete metric space;
(ii) T is an a-admissible mapping with respect to 1;

(iii) T is modified a-n-y-rational contraction mapping on
X;

(iv) T is an a-n-continuous mapping on X;

(v) there exists x, € X such that a(x,, Txy) > n(xy, Tx,).
Then T has a fixed point.

Proof. Let x, € X be such that a(x, Tx,) > #(xy, Tx,).
Define a sequence {x,} in X by x,, = T"x, = Tx,_, for all
ne NIfx,, = x,forsomen € N, thenx = x,isa
fixed point for T and the result is proved. Hence, we suppose
that x,,,, # x,, for all n € N. Since T is a-admissible mapping
with respect to 1 and a(x,, Tx,) > r(x,, Tx,), we deduce

that a(x,, x,) = oc(TxO,szO) > n(Tx,, szo) = n(x, x5).
Continuing this process, we get

‘x(xn’xnﬂ) = n(xn’xnﬂ) = ’1(waxn) (13)
for all n € N U {0}. Now, by (a) we get
d (xn’ xn+1) = d (Txn—l’ Txn) < ‘/’ (M (xn—l’ xn)) 4 (14)

where
M (xnfl’xn) = max {d (xnfl’ xn) >

d(xn—l’Txn—l) d(xn’Txn)

1+d(x, ,Tx, ) 1+d(x,Tx,)
d (xn—l’ Txn) +d (xn’ Txn—l)
2
d (xn—l’xn)

= max {d A T
n—-1>"*n

d (xn’ xn+1) d ('xn—l’ xn+1)
1 +d(xn’xn+1)) 2

< max {d (%15 %) > d (X0 X101 ) >

d (xn—l’ xn) + d (xn’ xn+1) }
2

= max {d (xn—l’ -xn) ,d (xn’ xn+1)}
(15)

and so, M(x,_;,x,) < max{d(x,_,,x,),d(x,,x,,,)}. Now
since y is nondecreasing, so from (14), we have

d (xw xn+1) < 1// (max {d (xn—l’ xn) > d (xn’ xn+1)}) . (16)

Now, if max{d(x,,_;, x,,), d(x,, x,,,1)} = d(x,, x,,,) for some
n € N, then

d (xn’ xn+1) < 1// (max {d (xn—l’ xn) ’ d (xn’ xn+1)})

(17)
= 1/] (d (xn’ xn+1)) < d (xn’ xn+1)
which is a contradiction. Hence, for all n € N we have
d(xn’ xn+1) < W(d (xn—l’xn)) . (18)
By induction, we have
d (% Xpe1) < Y (d (%0, %1)) - (19)
Fix € > 0; there exists N € N such that
Z v (d (x5, %)) <e. (20)
n=N

Let m,n € Nwithm > n > N. Then by triangular inequality
we get

m—1
d (% %) € Y d (i x01) < YY" (d (x00%1)) < e
k=n n>=N
(21)



Consequently lim,, . d(x,,x,) = 0. Hence {x,} is a
Cauchy sequence. On the other hand from (13) we know that
(X, X,01) 2 1(x,, x,,,) for all n € N. Now since X is an «-
n-complete metric space, there is z € X such that x, — z
asn — 00. Also, since T is an «-#-continuous mapping,
$0 X,y = Ix, — Tzasn — oo.Thatis,z = Tz as
required. O

Example13. Let X = (—00,-2)U[-1,1]U(2, +00). We endow
X with the metric

Sl ifx#y,
dw40={mﬂﬂﬂ|ﬂ} Y @

0, X =y.

DefineT : X — X,a,: XxX — [0,00),and y : [0,
00) — [0,00) by

[(V2x2 -1, if x € (—00,-3],
-1, if x € (-3,-2),
1
-2, if x € [-1,0],

Tx =44
1

~x, if x € (0,1],
1 (0,1]

5+ sin7x, if x € (2,4),

3 . (23)

[3x" +Inx + 1, if x € [4,00),

x2+y2+1, ifx,ye[-1,1],

“()= {5

x5, otherwise,
2. 2
n(xy)=x"+y,

Y=t

Clearly, (X,d) is not a complete metric space. However, it
is an a-n-complete metric space. In fact, if {x,} is a Cauchy
sequence such that a(x,, x,,;) > #(x,,x,,;) foralln € N,
then {x,} < [-1,1] for all n € N. Now, since ([-1,1],d) is
a complete metric space, then the sequence {x,} converges
in [-1,1] € X. Let a(x, y) > n(x, y); then x,y € [-1,1].
On the other hand, Tw € [-1,1] for all w € [-1, 1]. Then,
o(Tx, Ty) = n(Tx, Ty). Thatis, T is an a-admissible mapping
with respect to #. Let {x,} be a sequence, such that x, — x
asn — oo and a(x,,;,x,) = n(x,,x,,,) foralln € N.
Then, {x,} < [-1,1] forall n € N. So, {Tx,} < [-1,1]
(since Tw € [-1,1] for all w € [-1,1]). Now, since T is
continuous on [—-1,1]. Then, Tx,, — Txasn — oo. That s,
T is an a--continuous mapping. Clearly, (0, T0) > #(0, T0).
Let a(x, y) = n(x,Tx). Now, if x ¢ [-1,1] or y ¢ [-1,1],
then x*> > x*> + y* + 1 which implies y* + 1 < 0 which is
a contradiction. Then, x, y € [-1,1]. Now we consider the
following cases:
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(i) let x, y € [-1,0) with x # y; then,
1 2 2
d(Tx,Ty) = Zmax{x Ly }

<

max {[x], [y]} =y (d (x. ) < v (M (x.));
(24)

Y-

(ii) let x, y € (0, 1] with x # y; then

d(Tx,Ty) = 4—11 max {|x], | y|}

<

max {lx], [y|} = v (d (x, ) < v (M (x. y));
(25)

Y-

(iii) let x € (—=1,0) and y € (0, 1); then

d(Tx,Ty) = - max {xz,y}

<

max {lx, [y} = v (d (x, y)) < v (M (x. y))
(26)

N = =

(iv) letx = y € [-1,0),x = y € (0,1]orletx = -1, y = 1;
then, Tx = T'y. That is,

d(Tx,Ty) =0 <y (M(x,y)). (27)

Thus T is a modified «-#-y-rational contraction mapping.
Hence all conditions of Theorem 12 are satisfied and T has
a fixed point. Here, x = 0 is fixed point of T'.

By taking r(x, y) = 1 for all x, y € X in Theorem 12, we
obtain the following corollary.

Corollary 14. Let (X, d) be a metric space and let T be a self-
mapping on X. Also, suppose that o« : X x X — [0,00) is a
function and ¢ € Y. Assume that the following assertions hold
true:
(i) (X, d) is an a-complete metric space;

(ii) T is an a-admissible mapping;

(iil) T is a modified a-y-rational contraction on X;

(iv) T is an a-continuous mapping on X;

(v) there exists x, € X such that a(x,, Tx,) > 1.

Then T has a fixed point.

Theorem 15. Let (X, d) be a metric space and let T be a self-
mapping on X. Also, suppose that a,n : X x X — [0, 00) are
two functions and y € Y. Assume that the following assertions
hold true:

(i) (X, d) is an a-n-complete metric space;

(ii) T is an a-admissible mapping with respect to 1;

(iii) T is a modified a-n-y-rational contraction on X;
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(iv) there exists x, € X such that a(xy, Txg) = 1(xq, Tx);

(v) if {x,} is a sequence in X such that a(x,,x,,;) =
(x5 X,41) With x,, — xasn — 0o, then either

n (Txn, sz,,) <a(Tx,,x)
(28)
orny (szn, T3xn) <« (szn, x)
holds for alln € N.
Then T has a fixed point.

Proof. Let x, € X be such that a(x, Tx,) > #(xy, Tx,).
Define a sequence {x,} in X by x,, = T"x, = Tx,,_, foralln €
N. Now as in the proof of Theorem 12 we have a(x,,,;,x,) >
7(x,,1>x,) for all n € N and there exists z € X such that
x, — zasn — 00.Letd(z,Tz)#0. From (v) either

’7 (Txnfl’ sznfl) Sa (Txnfl’ Z)

(29)
or i (szn_l, T3xn_1) <« (szn_l,z)
holds for all n € N. Then,
7] (xn’ xn+1) s« (xw Z)
(30)

or n (xn+1’ xn+2) s« (xn+1’ Z)

holds for all n € N. Let 5(x,,x,,,) < «(x,,z) hold for all
n € N. Now from (a) we get

d (x,,kH,Tz)

=d(Tx,.Tz)
d (xnk, Txnk)

<y (max <|d (xnk,z) , m,
> g

d(z,Tz) d (xnk,Tz) +d (z, Txnk)
1+d(z,Tz) 2
d (xnk’ xnk+1)

= d ? Vad(x, %0 0)
V’(max‘l (x”k Z) 1+d(xnk’x”k+1)

d(z,Tz) d (xnk, Tz) +d (z, x,,kﬂ)
1+d(z,Tz) 2

d ('xnk’ xnk+1)

1+d (xnk,xnkﬂ)’

d(z,Tz) d (xnk, Tz) +d (z, xnkH)
1+d(z,Tz) 2 ’

< max {d(xnk,z) R

(1)
By taking limit as k' — co in the above inequality we get

d(z,Tz) d(z,Tz)
1+d(z,Tz) 2

d(z,Tz) < max{ } <d(z,Tz)

(32)

5
which is a contradiction. Hence, d(z,Tz) = 0 implies z =
Tz. By the similar method we can show that z = Tz if
(X i1 Xpya) < &(x,,,1,2) holds for all m € N. O

Example 16. Let X = (0, +00). We endow X with usual met-
ric. DefineT: X — X, a,1: X xX — [0,00),and y : [0,
00) — [0,00) by

Vx2 4+ 1

— ifx€(0,1),
sinx +cosx +3

Tx=4—x*+1, if x € [1,2],

, if x € (2,00),
x2+1 (33)

1

-, ifx,ye[1,2],
a(x,y)=1q2

0, otherwise,

n(xy) = i, y(t) = L—llt-

Note that (X, d) is not a complete metric space. But it is an «-
n-complete metric space. Indeed, if {x,,} is a Cauchy sequence
such that a(x,, x,,,1) > 1(x,, x,,,) for alln € N, then {x,} <
[1,2] for all n € N. Now, since ([1,2], d) is a complete metric
space, then the sequence {x,} converges in [1,2] € X. Let
a(x, y) = n(x, y); then x, y € [1,2]. On the other hand, Tw €
[1,2] for all w € [1,2]. Then, «(T'x, Ty) > n(Tx, Ty). That is,
T is an a-admissible mapping with respect to #. If {x,} is a
sequence in X such that a(x,, x,,,,) > #(x,, x,,;) with x,, —
xasn — oo. Then, Tx,, T x,, T’x, € [1,2] foralln € N.
That is,

n (Txn,szn) <a(Tx,,x),
(34)
n (szn, T3xn) <a (szn, x) ,

holds for alln € N. Clearly, (0, T0) > #(0, T0). Let, ae(x, y) >
n(x,Tx). Now, if x ¢ [1,2] or y ¢ [1,2], then 0 > 1/4, which
is a contradiction. So, x, y € [1,2]. Therefore,

1
=g ol 4yl g -yl (35)

= led(x,y) < A—ILM(X;J/) =y (M(x ).

Therefore T is a modified «-#-y-rational contraction map-
ping. Hence all conditions of Theorem 15 hold and T has a

fixed point. Here, x = 8 — 214 is a fixed point of T.

If in Theorem 15 we take 7(x, y) = 1 forall x, y € X, then
we obtain the following result.

Corollary 17. Let (X, d) be a metric space and let T be a self-
mapping on X. Also, suppose that « : X x X — [0,00) isa
function and ¢ € Y. Assume that the following assertions hold
true:



(i) (X, d) is a a-complete metric space;
(ii) T is an a-admissible mapping;

(iii) T is a modified a-y-rational contraction mapping on
X;

(iv) there exists x, € X such that a(x,, Txy) = 1;

(v) if{x,} is a sequence in X such that a(x,, x,,.,) > 1 with
X, — xasn — 0o, then either

a(Tx,,x)>1 ora (szn, x) >1 (36)
holds for alln € N.
Then T has a fixed point.

Corollary 18. Let (X, d) be a complete metric space and let T
be a continuous self-mapping on X. Assume that T is a modified
rational contraction mapping, that is,

Vx,yeX, d(Tx,Ty)<v(M(x,y)), (37)
where y € Y. Then T has a fixed point.

Corollary 19. Let (X, d) be a complete metric space and let T
be a continuous self-mapping on X. Assume that T satisfies the
following rational inequality:

Vx,yeX, d(Tx,Ty)<rM(x,y), (38)

where0 < r < 1 and

d(x,T.
M (x, y) = max {d (%), %,
d(yTy) d(xTy) +d(y,TX)}
1+d(y,Ty) 2 ’

(39)
Then T has a fixed point.

3. Consequences

3.1. Suzuki Type Fixed Point Results. From Theorem 12 we
deduce the following Suzuki type fixed point result.

Theorem 20. Let (X,d) be a complete metric space and let T
be a continuous self-mapping on X. Assume that there exists
r € [0, 1) such that

d(x,Tx) <d(x,y) implies d(Tx,Ty) <rM (x,y)

(40)
forall x, y € X, where
d(x,Tx)
M (X, y) = max {d (X, y) 5 m,
d(y,Ty) d(x,Ty)+d(y,Tx)
1+d (y, Ty) ’ 2 ’
(41)

Then T has a unique fixed point.
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Proof. Define o, : X x X — [0,00) and y : [0,00) —
[0, 00) by

n(xy)=d(xy), (42)

forall x,y € X and y(t) = rt, where 0 < r < 1. Clearly,
n(x, y) < alx, y) for all x, y € X. That is, conditions (i)-(v)
of Theorem 12 hold true. Let 5(x, Tx) < a(x, y). Then, d(x,
Tx) < d(x, y). Now from (40) we have d(Tx,Ty) < rM(x,
y) = w(M(x, y)). That is, T is a modified «a-#-y-rational
contraction mapping on X. Then all conditions of Theorem 12
hold and T has a fixed point. The uniqueness of the fixed point
follows easily from (40). O

a(x,y)=d(x,y),

Corollary 21. Let (X, d) be a complete metric space and let T
be a continuous self-mapping on X. Assume that there exists
r € [0, 1) such that

d(x,Tx) <d(x,y) implies d(Tx,Ty) <rd(x,y)

(43)
forall x, y € X. Then T has a unique fixed point.

Now, we prove the following Suzuki type fixed point
theorem without continuity of T

Theorem 22. Let (X, d) be a complete metric space and let T
be a self-mapping on X. Define a nonincreasing function p :
(0,1) — (1/2,1] by

1
1+71

p(r)= (44)

Assume that there exists v € [0, 1) such that

p(r)d(x,Tx) <d(x,y) implies d(Tx,Ty) < rd(x, y)

(45)
forall x,y € X. Then T has a unique fixed point.

Proof. Define a,77 : X x X — [0,00) and y : [0,00) —
[0, co0) by

n(xy)=prd(xy) (46)

for all x, y € X and y(t) = rt, where 0 < r < 1. Now, since
p(r)d(x,y) < d(x,y) forall x,y € X, n(x, y) < a(x, y) for
all x, y € X. That is, conditions (i)-(iv) of Theorem 15 hold
true. Let {x, } be a sequence with x, — xasn — o00. Since
p(r)d(Txn,szn) < d(Tx,, szn) for all n € N, then from
(45) we get

a(xy)=d(xy),

d (szn,T3xn) <rd (Txn, szn) (47)

foralln e N.
Assume there exists r1;, € N such that

n (Txnn, szno) >« (Txnn, x) ,
(48)
n (szno’ T3xn0) >« (szno’ x) ;
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then,
p(r)d (Txno, szno) >d (Txno, x) ,
(49)
p(r)d (sz”o’ T3xn0) >d (szﬂo’ x) R
and so by (47) we have

d(Tx,,T’x, )
<d(Tx,,x)+d(T’x,,x)
<p(d(Tx, . T’x, ) +pr)d(T*x,.T’x, )  (50)
< p(r)d(Tx,, T, ) +rp (r) d (Tx,,, Tx,, )
=p(r)(1+nd(Tx,,T’x, ) =d(Tx,,T’x, )

which is a contradiction. Hence, either

n (Txn, szn) <a(Tx,,x)
(51)
or (szn, T3xn) <a (szn,x)

holds for all n € N. That is condition (v) of Theorem 15 holds.

Let, n(x,Tx) < a(x,y). So, p(r)d(x,Tx) < d(x,y).
Then from (45) we get d(Tx,Ty) < rd(x,y) < rM(x,y) =
y(M(x, y)). Hence, all conditions of Theorem 15 hold and T
has a fixed point. The uniqueness of the fixed point follows
easily from (45). O

3.2. Fixed Point Results in Orbitally T-Complete Metric Spaces

Theorem 23. Let (X, d) be a metric space andletT : X — X
be a self-mapping on X. Suppose the following assertions hold:

(i) (X, d) is an orbitally T-complete metric space;
(ii) there exists w € Y such that

d(Tx,Ty) <y (M (x,y)) (52)
holds for all x, y € O(w) for some w € X, where

M (x,y)

~ _deTy)
= max {d(x,y), 1 +d(x,TX), (53)
d(y,Ty) d(xTy)+d(y,Tx)]|
1+d(y,Ty)’ 2 )

(iii) if {x,,} is a sequence such that {x,} < O(w) with x,, —
xasn — 00, then x € O(w).

Then T has a fixed point.

Proof. Define o« : X x X — [0, +00) as in Remark 6. From
Remark 6 we know that (X, d) is an «-complete metric space
and T'is an a-admissible mapping. Leta(x, y) > 1;thenx, y €
O(w). Then from (ii) we have

d(Tx, Ty) <y (M (x, y)). (54)

Thatis, T is a modified a-y-rational contraction mapping. Let
{x,} be a sequence such that a(x,, x,,,;) > 1 with x, — xas
n — 00.8So0, {x,} € O(w). From (iii) we have x € O(w). That
is, a(x,,, x) = 1. Hence, all conditions of Corollary 17 hold and
T has a fixed point. O

Corollary 24. Let (X, d) be a metricspaceandletT : X — X
be a self-mapping on X. Suppose the following assertions hold:

(i) (X, d) is an orbitally T-complete metric space;
(ii) there exists v € [0, 1) such that

d(Tx,Ty) <rM(x, y) (55)

holds for all x, y € O(w) for some w € X, where

d(x,T.
M (x, y) = max {d(x, ¥), %,
d(y,Ty) d(x,Ty)+d(y, Tx)}_
1+d(y,Ty) 2 ’

(56)

(iii) if {x,,} is a sequence such that {x,} < O(w) with x,, —
xasn — 00, then x € O(w).

Then T has a fixed point.

3.3. Fixed Point Results for Graphic Contractions. Consistent
with Jachymski [11], let (X, d) be a metric space and let A
denote the diagonal of the Cartesian product X x X. Consider
a directed graph G such that the set V(G) of its vertices
coincides with X, and the set E(G) of its edges contains all
loops; that is, E(G) 2 A. We assume that G has no parallel
edges, so we can identify G with the pair (V(G), E(G)).
Moreover, we may treat G as a weighted graph (see [11]) by
assigning to each edge the distance between its vertices. If x
and y are vertices in a graph G, then a path in G from x to
y of length N(N € N) is a sequence {xi}fio of N + 1 vertices
such that x, = x, x5y = yand (x,_;,x,) € E(G) fori =
1,...,N. A graph G is connected if there is a path between
any two vertices. G is weakly connected if G is connected (see
for details [3, 6, 10, 11]).

Recently, some results have appeared providing sufficient
conditions for a mapping to be a Picard operator if (X, d) is
endowed with a graph. The first result in this direction was
given by Jachymski [11].

Definition 25 (see [11]). We say that amapping T : X — Xis
a Banach G-contraction or simply G-contraction if T pre-
serves edges of G; that is,

Ve, yeX ((xy)€EG) = (T(x),T(y)) € E(G))
(57)

and T decreases weights of edges of G in the following way:
Ja € (0,1),

((x,y) € E(G) = d(T (x),T(y)) < ad (x, 7).

Vx,ye X
58)



Definition 26 (see [11]). A mapping T : X — X is called
G-continuous, if given x € X and sequence {x,,}

X, — X, asn— 00,

(59)

(%, X,.1) € E(G), Vn €N implying Tx,, — Tx.

Theorem 27. Let (X,d) be a metric space endowed with a
graph G and let T be a self-mapping on X. Suppose that the
following assertions hold:

(i) forall x,y € X, (x,y) € E(G) = (T(x),T(y)) €
E(G);

(ii) there exists x, € X such that (x,, Tx,) € E(G);
(iii) there exists v € Y such that
d(Tx,Ty) <y (M (x,y)) (60)
for all (x, y) € E(G), where

d(x,Tx)
"1+d(x, Tx)

d(y,Ty) d(xTy)+d(y, Tx)}
1+d(y,Ty)’ 2

M () = max {a(5.)

>

(61)

(iv) T is G-continuous;

(v) if {x,,} is a Cauchy sequence in X with (x,,x,,;) €
E(G) for alln € N, then {x,,} is convergent in X.

Then T has a fixed point.
Proof. Define o : X* — [0, +00) by

1, if (x,y) € E(G),

62
0, otherwise. (62)

x(m)- |

At first we prove that T is an a-admissible mapping. Let
a(x, y) = 1; then (x, y) € E(G). From (i), we have (Tx, Ty) €
E(G). That is, «(Tx,Ty) > 1. Thus T is an a-admissible
mapping. Let T be G-continuous on (X, d). Then,

X, — X, ashn—> 00,
(63)

(%, X,.1) € E(G), Vn €N implying Tx,, — Tx.

That is,

X, — X, asn— 00,
(64)

o (%X X,1) 21, VneN implying Tx,, — Tx

which implies that T' is «-continuous on (X, d). From (ii)
there exists x, € X such that (x;,Tx,) € E(G). That is,
a(xy, Txg) = 1. Let a(x, y) = 1; then (x, y) € E(G). Now,
from (iii) we have d(Tx, Ty) < w(M(x, y)). That is,

a(x,y)21=d(Tx,Ty) <y (M(x,y)). (65)

Condition (v) implies that (X,d) is an a-complete metric
space. Hence, all conditions of Corollary 14 are satisfied and
T has a fixed point. O
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Theorem 28. Let (X, d) be a complete metric space endowed
with a graph G and let T be a self-mapping on X. Suppose that
the following assertions hold:

() forall x,y € X, (x,y) € E(G) = (T(x),T(y)) €
E(G);

(ii) there exists x, € X such that (x,, Tx,) € E(G);
(iii) there exists y € ¥ such that

d(Tx,Ty) < y (M (x, y)) (66)
for all (x, y) € E(G), where

d(x,T
M (x, y) = max {d(x, ¥), %,
d(y.Ty) d(xTy)+d(y Tx)}_
1+d(y,Ty)’ 2 ’

(67)

(iv) T is G-continuous.
Then T has a fixed point.
As an application of Corollary 17, we obtain.

Theorem 29. Let (X,d) be a metric space endowed with a
graph G and let T be a self-mapping on X. Suppose that the
following assertions hold:

() forall x,y € X, (x,y) € E(G) = (T(x),T(y)) €
E(G);

(ii) there exists x, € X such that (x,, Tx,) € E(G);
(iii) there exists y € Y such that

d(Tx,Ty) <y (M (x, y)) (68)

for all (x, y) € E(G), where

d(x,T.
M (x, y) = max {d(x, ¥), %,
d(y,Ty) d(xTy)+d(y, TX)},
1+d(y,Ty) 2 ’

(69)

(iv) if {x,)} is a sequence such that (x,, x,,,) € E(G) with
x, — xasn — 00, then either

(Tx,,x) € E(G) or (szn,x) € E(G) (70)

holds for alln € N;

(v) if {x,} is a Cauchy sequence in X with (x,,x,,,) €
E(G) for all n € N, then either {x,} is convergent in
X or (X, d) is a complete metric space.

Then T has a fixed point.
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Let (X, d, <X) be a partially ordered metric space. Define
the graph G by

EG)={(x,y) e XxX:x=y}. (71)

For this graph, condition (i) in Theorem 27 means that
T is nondecreasing with respect to this order [5]. From
Theorems 27-29 we derive the following important results in
partially ordered metric spaces.

Theorem 30. Let (X, d, <) be a partially ordered metric space
and let T be a self-mapping on X. Suppose that the following
assertions hold:

(i) T is nondecreasing map;
(ii) there exists x, € X such that x, < Txy;

(iii) there exists y € Y such that

d(Tx,Ty) <y (M (x, y)) (72)

forall x < y, where

d (x,Tx)
M > = > s T 1,
(%) max{d(x M d o)
d(y,Ty) d(x,Ty)+d(y,Tx)|
1+d(y,Ty) 2 ’
(73)
(iv) either for a given x € X and sequence {x,,}
X, — X, asn— 00,
(74)
X, X X, VneN, one has Tx,, — Tx

or T is continuous;

(v) if {x,} is a Cauchy sequence in X with x,, < x,,,, for all
n € N, then either {x,} is convergent in X or (X,d) isa
complete metric space.

Then T has a fixed point.

Corollary 31 (Ran and Reurings [15]). Let (X,d,<) be a
partially ordered complete metric space and let T : X — X be
a continuous nondecreasing self-mapping such that x, < Tx,
for some x, € X. Assume that

d(Tx,Ty) <rd(x,y) (75)

holds for all x, y € X with x X y, where0 < r < 1. Then T has
a fixed point.

Theorem 32. Let (X, d, <) be a partially ordered metric space
and let T be a self-mapping on X. Suppose that the following
assertions hold:

(i) T is nondecreasing map;

(ii) there exists x, € X such that x, < Txy;

9
(iii) there exists y € Y such that
d(Tx,Ty) <y (M (x, y)) (76)
forall x <y, where
: d(x,Tx)
M (x, y) = max {d(x,y), Tt d(e T

d(yTy) dlxTy)+d(y.Tx)]|

1+d(y,Ty) 2 ’
(77)

(iv) if {x,} is a sequence such that x,, < x,.., with x,, — x
asn — 0o, then either

Tx, <x orT’x, <x (78)

holds for alln € N;

(v) if {x,,} is a Cauchy sequence in X with x,, < x,,,, for all
n € N, then either {x,} is convergent in X or (X,d) isa
complete metric space.

Then T has a fixed point.

4. Application to Existence of Solutions of
Integral Equations

Fixed point theorems for monotone operators in ordered
metric spaces are widely investigated and have found various
applications in differential and integral equations (see [28-
30] and references therein). In this section, we apply our
result to the existence of a solution of an integral equation.
Let X = C([0, T],R) be the set of real continuous functions
defined on [0,T] andletd : X x X — R, be defined by

d(xy) = x =yl (79)
for all x, y € X. Then (X, d) is a complete metric space. Also,

assume this metric space endowed with a graph G.
Consider the integral equation as follows:

T
x(0) = p(t) + L S(ts) f(s.x(s)ds  (80)

andlet F: X — X be defined by

T
Fx) ()= p(t)+ JO S(s) f(sx(s)ds. (8D

We assume that
(A) f:10,T] xR — R is continuous;
(B) p:[0,T] — R is continuous;

(C)S: [0, T] xR — [0,+00) is continuous;
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(D) there exists a y € ¥ such that for all s € [0, T]
Vx,yeX (xy)€E(G) = (F(x),F(y)) € E@G),
Vx,ye X (x,y)€E(G) =0

< flsx(9)) = f(sy(s)

< (max <l—|x )~y (s)l
=V L+ |x(s) = y(s)|

|x (s) = F (x(5))]
1+ |x(s) = F(x(s))l

Jy &) =F(y )|

FhO-FOOI b ©-Feol});
(82)

(E) there exists x, € X such that (x,, F(x,)) € E(G);

(F) if {x,;} is a sequence such that (x,, x,,,;) € E(G) with
x, — xasn — 09, then either

(Fx,,x) € E(G) or (szn, x) € E(G) (83)

holds for all n € N;
(G) [, S(t,s)ds <1 forall .

Theorem 33. Under assumptions (A)-(G), the integral equa-
tion (80) has a solution in X = C([0,T], R).

Proof. Consider the mapping F : X — X defined by (81).
Let (x, y) € E(G). Then from (D) we deduce

|F (x) (t) = F (y) (t)|

T
L S(s) [f (5x(5) - £ (s, y(s))] ds

T

< L Sts)|f (s, x() = f (s, y(s))|ds
T

< L S(t,s)y

X <max{ |x (s) = y ()],

Ix(s)-F(x@)l &) -F(©)
1+ |x(s)=F(x(s)I" 1+]y(s) - F(y ()|

% [|x (5)=F (y (s))|+|y (s)=F (x (s))|] })ds

JT S(t,s) ds) v

0

X
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X (max { |x )=y &

Ix(s)=Fx) [y -F(y )
L+ ]x(s) = Fx (I’ 1+ [y () -F(y )|

1
3O -FOOIly©-FaoIl }).
(84)
Then
Iyl

<y (max{ Jx© -y,

Ix(s)-=FxG)Il - |y =F(y )|
L+ ]x(s)=Fx ) 1+]ys)-F(y )|

SO -FOOIy©-Faol }).

(85)
That is, (x, ) € E(G) implies
[F< - Byl
<y (max {5l
Ix = F)ly Y =FOD)]o (86)

L+ flx = F(lloo™ 1+ [y = FO)|oo”

Sl F O+ - Fl )

It easily shows that all the hypotheses of Theorem 29 are
satisfied and hence the mapping F has a fixed point that is a
solutionin X = C([0, T], R) of the integral equation (80). [J
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