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We introduced a relatively new operator called the triple Laplace transform. We presented some properties and theorems about the
relatively new operator. We examine the triple Laplace transform of some function of three variables. We make use of the operator
to solve some kind of third-order differential equation called “Mboctara equations.”

1. Introduction

The topic of partial differential equations is one of the most
important subjects in mathematics and other sciences. The
behaviour of the solution very much depends essentially
on the classification of PDEs therefore the problem of
classification for partial differential equations is very natural
and well known since the classification governs the sufficient
number and the type of the conditions in order to determine
whether the problem is well posed and has a unique solution.
The Laplace transform has been intensively used to solve
nonlinear and linear equations [1-7]. The Laplace transform
is used frequently in engineering and physics; the output of a
linear time invariant system can be calculated by convolving
its unit impulse response with the input signal. Performing
this calculation in Laplace space turns the convolution into
a multiplication; the latter is easier to solve because of its
algebraic form. The Laplace transform can also be used
to solve differential equations and is used extensively in
electrical engineering [1-7]. The Laplace transform reduces
a linear differential equation to an algebraic equation, which
can then be solved by the formal rules of algebra. The original
differential equation can then be solved by applying the
inverse Laplace transform. The English electrical engineer
Oliver Heaviside first proposed a similar scheme, although
without using the Laplace transform, and the resulting oper-
ational calculus is credited as the Heaviside calculus. Recently
Kiligman et al. [8-11] extended the Laplace transform to

the concept of double Laplace transform. This new operator
has been intensively used to solve some kind of differential
equation [11] and fractional differential equations. The aim
of this work is to extend the Laplace transform to the triple
Laplace transform. We will start with the definition of the
triple Laplace transform.

2. Definitions and Theorems

Definition 1. Let f be a continuous function of three vari-
ables; then, the triple Laplace transform of f(x, y,t) is defined
by

Lx,y,t [f (.X, y’ t)]

= F(ps) [[[ e [-pxlexp -5 <1>

0
x exp [-kt] f (x, y,t) dxdydt,
where, x, y,t > 0 and p, s, k are Laplace variables, and

f(xp.t)

1 o+ico
= — J‘ epx
27

o—ico



" [L Iﬂ‘HOO ekt
271 p—ico
xF(p,s,k)dk] ds] dp
(2)

is the inverse triple Laplace transform.

Property 2. Assuming that the continuous function f(x, y,t)
is triple Laplace transformable, then,
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+ pF (p,0,0) — skF (0, s, k) + sF (0,s,0)
+kF (0,0,k) — F(0,0,0),
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3. Uniqueness and Existence of the Triple
Laplace Transform

In this section, we will study the uniqueness and existence
of triple Laplace transform. First of all, let f(x, y,t) be
a continuous function on the interval [0,00) which is of
exponential order, that is, for some a, b, c € R. Consider

f(xp.)

exp [ax + by + ct]

su
x,),t>0

(4)

Under the previous condition, the triple Laplace transform,

F(pos) = [[[ "exp [-pxlexp[-sy]

x exp [-kt] f (x, y,t) dxdydt,

©)

exists for all p > a,s > b, and k > c and is in actuality
infinitely differentiable with respectto p > a,s > band k > c.
All functions in this study are assumed to be of exponential
order. The following theorem shows that f(x, y,t) can be
uniquely obtained from F(p, s, t).
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Theorem 3. Let f(x, y,t) and g(x, y,t) be continuous func-
tions defined for x, y,t > 0 and having Laplace transforms,
F(p,s, k) and G(p, s, k), respectively. If F(p, s, k) = G(p, s, k),
then f(x, y,t) = g(x, y,t).

Proof. From the definition of the inverse Laplace transform, if
a, 3, and y are sufficiently large, then the integral expression,

by

f (% 3.1)
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for the triple inverse Laplace transform, can be used to obtain

f(xp.t)
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7)
By hypothesis, we have that F(p,s,k) = G(p,s,k). then

replacing this in the previous expression, we have the follow-
ing:
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which boil down to

f (% p.t)
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)
and this proves the uniqueness of the triple Laplace trans-
form. N
Theorem 4. If, at the point (p, s, k), the integrals

F(posk) = ||| expl-prlexp -]
x exp [—kt] f, (x, y,t) dxdydt
. (10)
Fy(posk) = ||| expl-prl expl-sy]
x exp [-kt] f, (x, y,t) dxdy dt
are convergent and in addition if
B (psik) = [ " ewl-pxlew -]
0 (11

x exp [-kt] f; (x, y,t) dx dy dt
is absolutely convergent, then, the following expression:

F(ps.k) = F (p.s k) B (ps.k) By (pisik) (12

is the Laplace transform of the function

f(xp1)
[ A= (i),

0
t—(t,+7)) fo(x, —pyy — 0.t = 7)

x f, (p,o,7)dpdodr,
(13)

and the integral

F(pos) = [[] "exp [-pxlexp -]

x exp [—kt] f (x, y,t) dx dy dt

(14)

is convergent at the point (p,s,k); for the readers who are
interested, they can see the proof in [11, 12].

Theorem 5. A function f(x,y,t) which is continuous on
[0, 00) and satisfies the growth condition (4) can be recovered
from only F(p, s, k) as

_1\mtnptns n+1 ny+1

n; — 00 111,!

w2 mimlngl A x y

N3 — 0 (15)
1y \"H! n on, n
3 Ny +1,+n. 1 2 3

() e [, 72 1]
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Evidently, the main difficulty in using Theorem 5 for com-
puting the inverse Laplace transform is the repeated symbolic
differentiation of F(p, s, k).

Let us see how Theorem 5 can be applicable. Let us
consider the following functions:

f(x, p,t) = exp [-ax — by — ct]. (16)

Naturally the triple Laplace transform of the previous func-
tion is given later as

1
(p-a)(s-b)(k-c)

Now applying the high-order mixed derivative to the previous
expression, we obtain the following:

E(p,sk) = 17)

ot [F (p’ s, k)]
dp"0s™ 0k’

= n,Iny I, (1)

x (a+P) M (s+b) R (c+k) T,
(18)

Applying Theorem 5 in the previous expression, we obtain the
following result:

f(x y,t)= lim —*

n; — 0o xn1+1yn2+1tn3+1 X
1, — 00

n3 — 0 (19)
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x(b+ E> <c+ E) ' .
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Making a change of variable in the previous expression, we
obtain the following simplified result:

—ny—1 —n,—1
f(xy.t)= lim <1+%> <1+%>

n; — o0 X y
1, — 00

13 — 00 (20)
—nz—1
><<1 + %) ' .
t

Using together, the application of logarithm and the
L'Hopital’s rule on the previous expression, we arrive at the
following result:

1+n,  1+n,  1+n; —n,—1
n n, ?ng ( n1> 1

In(f(x,y,t)) = —ax-by —ct = f(x,y,t)

= exp [-ax — by — ct].

(1)



4. Some Properties of Triple
Laplace Transform

In this section, we present some properties of the triple
Laplace transform. Note that these properties follow from
those of the double Laplace transform introduced by
Kiligman and Eltayeb [8]. The properties of the triple Laplace
transform will enable us to find further transform pairs

{f(x, y,t), F(p, s, k)}:

(i) F(p+as+bk+d)

—ax—yb—ct (22)
= Ly [ F (6 3.0)] (pr5:K).

We will present the proof

Loy [ f (o 3at)] (posiK)
= ”J:O exp [—px] exp [—-sy] exp [-kt] exp [-ax]
x exp [-by] exp [—ct] f (x, y,t) dx dydt,

Jo exp [—px] exp [-ax]
X (”ZO exp [—sy] exp [—kt] exp [-by]

x exp [—ct] f (x, y, t)dt dy> dt.
(23)

Note that the integral inside the bracket satisfies the proper-
ties of the double Laplace transform and is given as [11]

(J]OO exp [—sy] exp [—kt] exp [-by] exp [—ct]
’ (24)

x f(x,y,t)dtdy) —F(xs+bk+d).
Thus

J-OO exp [-px] exp [-ax] F (x,s + b,k + d) dt
0 (25)

=F(p+as+bk+d),

and this completes the proof.
(ii) The following can also be observed:

1F<£i’f

(B30 ) = Lo [ @] (5B (9
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We will present the proof

Loy [f (ax, By,yt)] (p.s.k)
~ [[]"exp [-pxl exp [-syl exp ke
x f (ax, By, yt) dx dy dt, (27)
| e l-p ( [ exp -5yl exp -kt
x f (ax, By, yt) dy dt) dx.

Note that the double integral inside the bracket satisfies the
property of the double Laplace transform as [11]

(” :" exp [—sy] exp [-kt] f (awx, By, yt) dy dt)
)

Ly [f (oo By, y1)] (s, K)

(28)

Thus

[ertrar(ecs e

1 ( p s k )
= _F T T T >
afy \a By
and this completes the proof.
(iii) The following property can also be observed:

orrmy [F (p’ s, k)]
0p"0s"ok" (30)
= Ly [CD™" " f (6, 3.1)] (o5 k)

We will present the proof

F(p,s.k) = J”:O exp [—px] exp [—sy] exp [-kt]

x f (x,y,t)dxdydt.

(31)

Then,

an+m+v [F (P, s’ k)]
op'ds" ok

_ﬂqﬂmex [ px] exp [-s]
= yprasak \ )], SRLTPHIeR LY

x exp [-kt] f (x, y,t)dxdy dt) :
(32)

Now making use of the convergence properties of the
improper integral involved, we can interchange the opera-
tion of differentiation and integration and differentiate with
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respect to p, s, and k under the integral sign. Thus, we arrive
at the following expression:

ormy [F (P) s, k)]
op'ds" ok

p— an

= ap"

|, expl=px]
(33)

m+v o)
X <W”o exp [—sy] exp [—kt]

x f(x, y,t)dy dt> dx.

Note that the expression in the bracket satisfies the property
of the double Laplace transform as [11]

am+v

T [ e st 1k £ () dy

= Ly [CD™Y" f (3, 6)] (5,K).

(34)

Thus
orrmy [F (p’ s, k)]
op"os"ok”
an

J, e l-p

X (Ly (O™ f ()] (5K dx
(35)

= apn

And finally, we obtain

an+m+v [F (p’ s, k)]
ap”as”akV (36)

= Loy [CD™ XY f (6, 3,6)] (P 5, K) 5

and this completes the proof.
Now using the previous three properties, we will show the
proof of Theorem 5.

Proof of Theorem 5. Let us define the set of functions depend-
ing on parameters m, n, and v as
m+1nn+1 Vv+1

m xmyntve—mx—ny—vt. (37)
m!nlv!

hm,n,v (x’ y’ t) =
It worth noting that the previous function is a kind of three-
dimensional density of probability, and it therefore follows
that

m By (3, 0 8) dxdydi = 1. (38)
0

In addition of this, we will have that

lim ”J Py (5 t) W (3, y,t) dxdy dt =y (1,1,1),
0

m — 00
n—00
v—00

(39)

where y(x, y,t) is any continuous function. Let W(p, s, k)
denote the triple Laplace transform of the continuous
function y(x, y,t). However, if one defines the function
M(x,y,t) = f(xa, yp,ty), making use of the second pro-
perty established in (29), we arrive at the following:

1 bs E = ox s
(XﬁyF(oc /3’y>—Lx,y,r[f( By yt)] (pos k). (40)

Here if one applies the third property, in particular by rep-
lacing p = m/x, s = n/y, k = v/t as follows:

1 p s k)
g 22, 41
Py (oc By “w
an+m+V [nyt (x, 2 t))]
op"ds"ok’
) oy [(1/04;),) F (p/(x, s/B, k/)’)]
= op"0s"ok”

xyt (M (x Y t)) =

| (42)
= am+1ﬁn+1yv+l

L O (F (pless/B k)
op"0s"ok” ‘

Now let us put y(x, y,t) = e P “ M(x, ¥,1). Now if we
make use of (38), we obtain the following

y(1L,1,1) = e P M1, 1,1) = e P f (0, B,y)

mm+1nn+lvv+l 00 " ony -
= lim —— x"y'te
m—oo  mlplyl 0

n— 00
vV— 00

px—sy—kt

x e TN (x, y,t) dx dy dt

m+1_n+l_ v+1

1 m n v m_n,v_—mx—ny—vt

= lim o Ly [x y't'e ¥ (x, y, t)] .
5 00 mn.v.:
v— 00

(43)

Now taking into account properties (i) and (ii), (42) together
with the function M(x, y,t), we arrive at the following:

nyt [X y 1y gmmx—ny= vt (X, y, t)]
e [Laye (7799 (x,3,1)) (.5, )
B 0p"0s"ok”
1
— (_1)m+n+v
(Xm‘B”))V
) ormEy [nyt (\I/ (X, Vs t)) (p +m,s+nk+ 1/)]
3p"0s k"
1
_ (_1)m+n+v
(xmﬁn}/v

(@ [Eas 7 (ax B0

ez )




— (_ 1 )m+n+v

) 1 o [F ((p+m) /&, (s+n) /B, (k+v) /)/)]
o Bry” 9p"ds" k" '

(44)

Now observe that from (44) with the fact that f(a, 3,1) =
v(1,1,1)eP****, we arrive at the following:

flaBt)
m+1_n+l_ v+1
_ ptstk . MV
m— 00
m= o mlnlvl
v— 00

m A\ N\
{ORORG
. "M F((p+m)/a, (s+n) /B, (k+v)/[y)]
op"os"ok”

(45)

The previously mentioned is true for any p, s, k in the
complete space, in particular, for p = 0, s = 0, k = 0, and
in this case Theorem 5 is covered. O

5. Application to Third-Order Partial
Differential Equation

In this section, we present the application of this operator
for solving some kind of third-order partial differential
equations.

Example 1. consider the following third-order partial differ-
ential equation:

Opyeth (%, yot) +u(x, y,t) = 0. (46)

The previous equation is called the Mboctara equation and is
subjected to the following boundaries and initial conditions:

u(x,y,0)=e", u(x,0,t) =",

t 47)

u(0,y,t) =€,

x+y—1

u(x,y,1)=e

Now applying the triple Laplace transform on both sides of
(46), we obtain the following:

pskU (p,s,k) + U (p,s. k) = G(p, s, k). (48)
Here
G(p,s,k) = psU(p,s,0) + psU (p,0,k) — pU (p,0,0)
+ skU (0, s,k) — sU (0,s,0) — kU (0,0, k)
+U(0,0,0).
(49)

Factorising the right side of equation (49), we obtain the
following:

G(p,s.k)

Ulpsk) = 1+ psk

(50)
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Now applying the inverse triple Laplace transform on the
previous equation we obtain the following solution:

-1 [G(p’ S k):| — ex+y—t.

u(x, y,t)=1L (51)

xyt

1 + psk
This is the exact solution for Mboctara equation.

Example 2. Let us consider the following nonhomogeneous
Mboctara equation

Oyt (x, ) +u(x, p,t) = —e (52)
subjected to the following initial and boundaries conditions:

u(x,0,0) =e*, Ju(x,0,t)=e", 0,u(x,0,t) =",

x+t—1

u(0,0,0) =1, u(x,0.5,t)=e

(53)

Now applying the triple Laplace transform on both sides
of (52), we obtain the following:

pskU (p,s,k) + U (p, s, k)
1 (54)
(1+p)2+s)(1+k)

=G(ps.k) -

Factorising the right side of (54), we obtain the following:

G(p,s,k)=1/(1+p)2+s)(1+k)

U(p.s.k) = 1 + psk

(55)

Now applying the inverse triple Laplace transform on the
previous equation, we obtain the following solution

o [G(psk)=1/(1+p)(2+5s)(1+k)
ot 1+ psk

u(x,y,t)=1L
— ex72y+t'
(56)

This is the exact solution for nonhomogeneous Mboctara
equation.

Example 3. Let us consider the following nonhomogeneous
Mboctara equation

Oyt (%, y, 1) + 1 (x, 1) = cos (x) cos (y) cos (~t)

—sin (x) sin (y) sin (-),
(57)

subjected to the following initial and boundaries conditions:

u(x,y,0) = cos (x)cos (y),
0u(x, y,0) = 0,u (0, y,t) = 0,u(x,0,t) = 0,

u(xzt)—u<x E)— <E t>—0
)2$ - ’y)z =u zay) — V.

(58)
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TaBLE 1: Table of triple Laplace transform for some function of three variables.

Functions f (x, y,t)

Triple laplace transform F(p, s, k)

abe
abc ok

1
xyt Pk

x"y™t",n, m, v are natural numbers

K's T p ™ T A +m) T (A +m)T(1+v)

x"yMtYe X byt k+o) " (s+b) " (p+ a) " TU+mTA+m)T(1+v)
1
e (a+p)B+s)(c+k)
ksp
cos(x) cos(y) cos(t) (1+p2)(1+2) (1+K2)
1

sin(x) sin(y) sin(t)

(1+p)(1+s2)(1+k)

sin (x + y +1t)

“1+ps+k(p+s)
(1+p)(1+s2)(1+k)

cos(x + y +1)

k+p+s—kps
(T+p*)(1+s%)(1+k)

\/xyt

n\n
83 \ksp

™ sinh(ax)sinh(by) sinh(ct)

(b)(©) (@)
(=2ap + p*) (-2bs + s2) (=2ck + k?)

e cosh(ax) cosh(by) cosh(ct)

(b-5)(c-k)(a-Dp)
(—2ap + p?) (—2bs + ) (-2ck + k?)

Erf[%}Erf[?bﬂ} Erf[zi\/f]

fﬁ;”x4+a@g@_a@qg4w4%>

sin(ax) sin(by) sin(ct)
X y t

arctan 7 arctan T arctan T

2\ 1/2(=1+m) 2
k‘“v<1 + b—) s cos [ct] cos ((—1 + m) arctan {ﬂ] ) ra-mr(-v)
s

cos(ax) cos(by) cos(ct) s?
X" m tv 2\ 1/2(~1+n)
7 ><<1+a—2> p'“”cos((n—1)arctan<@>)l"(l—n)
P P
bz 1/2(~1+m) az 1/2(-1+n)
—1+v s —1+m 1 -
sin(ax) sin(by) sin(ct) k <1 t 2 ) ST (1=-m)T(1-v) ( + P >
XN m v |al
y % p71+n1—‘(1_n) sign (a) sin <(n— 1)arctan<?>>r(l—n)
1en l+n 2+n 1
8" (ksp) " H t'2F1( , )_7)
(ksp) ypergeometric 5 R
. 1+n 2+n 1
T, (x)], (y) @) Hypergeometric2F1 ( TR ,—5—2)
[Hypergeometric2F1 < ltn 2+n —i>
yperg 2 > 2 > p2
1en 1 2 1
87"(ksp)”' " Hypergeometric2F1 ( ; i ; " l+n, ﬁ)
I (x)1, (y) L® Hypergeometric2F1 ( ! ; n, 2t n, 1+n, iz)

1+n 2+ 1
Hypergeometric2F1 < n, n, 1+mn, —)
2 2 p?




Exact solution of the nonhomogeneous Mboctara equation (4.1)

500 -

4004

Exact solution of the nonhomogeneous Mboctara equation (4.6)

60 5y

204

(c)
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Exact solution of the nonhomogeneous Mboctara equation (4.6)

500 4

s004 o
304 S / :
200 L P B

100 < -~

(®)

Exact solution of the nonhomogeneous Mboctara equation (4.11)

(d)

FIGURE 1: Numerical simulation of the exact solutions of the Homogeneous and non-homogeneous Mboctara equations.

Now applying the triple Laplace transform on both sides of
(57), we obtain the following:

pskU (p, s, k) + U (p, s, k)

ksp
(1+p?)(1+s?)(-1+k?)

=G(p,sk)+ (59)

1
1+ p) (14 2) (-1 +k2)

Factorising the right side of (59), we obtain the following:

_G(p.s,k) ksp/(l +p2)(1 +sz)(—1 + K2 )
Ulp.sik) = 1 + psk " 1+ psk

1/(1+p )(1+5 ) (-1+&)
- 1+ psk '

(60)
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Now applying the inverse triple Laplace transform on the
previous equation, we obtain the following solution:

u(x, y,t)
_ 1 | G(ps,k) kSP/(1+P2) (1+52) (—1+k2)
— Myt 1+psk + 1+psk
1/(1+p*)(1+5°) (-1+K)

1+ psk
= cos (x) cos () cos (-t).
(61)

This is the exact solution for nonhomogeneous Mboctara
equation.

Example 4. consider the following nonlinear nonhomoge-
neous with variable coeflicient Mboctara equation:

MO (x, y,t) - 3u° (x, pot) + € u(x, y,t)
— 62x+2y+2t’
(62)
u, (x,9,0)=¢e", 1(0,0,0) =1,

u(1,0,0) =e, axytu (0,0,0) = 1.

Now applying the triple Laplace transform on both sides
of (62) and then using the properties of the triple Laplace
transform and after factorising as in the previous examples
and taking the inverse triple Laplace transform, we obtain
the following as an exact solution of this type of Mboctara
equation:

u(x, y,t) = e, (63)

The numerical simulations of the exact solutions of the Mboc-
tara equation are depicted in Figure1(a) (4.1), Figure 1(b)
(4.6), Figure 1(c) (4.6) and Figure 1(d) (4.11), respectively.

6. Triple Laplace Transform of Some
Functions of Three Variables

In this section, we examine the triple Laplace transform of
some functions in Table 1:

nyt (Yn (X) Yn (y) Yn (t))

= 87"(ksp)” "Csc® [nn]

X ( - (4k2)n Hypergeometric2F1

,_,1_7’1,

><<1+n 2+n _1)
2 2 k2

+ cos (n) Hypergeometric2F1

><<1+n 2+n1+n_1))
27 27 T k2

9
2\" .
X ( - (45 ) Hypergeometric2F1
( l+n 2+n 1 )
X > y1L=—n,——
2 2 s?
+ cos (n) Hypergeometric2F1
( l+n 2+n 1 ))
X , s 1+n,——
2 2 s?
2\ .
X ( - (4 P ) Hypergeometric2F1
< l+n 2+n 1 )
X , y1=—n,——
2 2 p?
+ cos (nm) Hypergeometric2F1
< 1+n 2+n 1 ))
X ) l+n-—— ).
2 2 P?
(64)

7. Conclusion

This work presents the definition of the triple Laplace trans-
form. Some triple Laplace transform is presented in Table 1.
Some theorems and properties of this new relatively new
operator are presented. Applications of the new operator, for
solving some kind of third-order partial differential equations
called Mboctara equation, are presented. Numerical solutions
of the Mboctara equation are given.

References

(1] G. L. Lamb Jr., Introductory Applications of Partial Differential
Equations with Emphasis on Wave Propagation and Diffusion,
John Wiley & Sons, New York, NY, USA, 1995.

[2] U. T. Myint, Differential Equations of Mathematical Physics,
American Elsevier, New York, NY, USA, 1980.

[3] C. Constanda, Solution Techniques for Elementary Partial Differ-
ential Equations, Chapman & Hall/CRC, New York, NY, USA,
2002.

[4] D. G. Duffy, Transform Methods for Solving Partial Differential
Equations, CRC Press, New York, NY, USA, 2004.

[5] A.Babakhani and R. S. Dahiya, “Systems of multi-dimensional
Laplace transforms and a heat equation,” in Proceedings of the
16th Conference on Applied Mathematics, vol. 7 of ElectronicJour-
nal of Differential Equations, pp. 25-36, University of Central
Oklahoma, Edmond, Okla, USA, 2001.

[6] Y. A. Brychkov, H. -J. Glaeske, A. P. Prudnikov, and V. K. Tuan,
Multidimensional Integral Transformations, Gordon and Breach
Science Publishers, Philadelphia, Pa, USA, 1992.

[7] A. Atangana and A. Kilicman, “A possible generalization of
acoustic wave equation using the concept of perturbed deriva-
tive order,; Mathematical Problems in Engineering, vol. 2013,
Article ID 696597, 6 pages, 2013.

[8] A. Kiligman and H. Eltayeb, “A note on the classifications of
hyperbolic and elliptic equations with polynomial coefficients,”
Applied Mathematics Letters, vol. 21, no. 11, pp. 1124-1128, 2008.



10

[9] H. Eltayeb, A. Kiligman, and P. Ravi Agarwal, “An analysis on
classifications of hyperbolic and elliptic PDEs,” Mathematical
Sciences, vol. 6, article 47, 2012.

[10] H.Eltayeband A. Kiligman, “A note on double laplace transform
and telegraphic equations,” Abstract and Applied Analysis, vol.
2013, Article ID 932578, 6 pages, 2013.

[11] A.Kiligman and H. E. Gadain, “On the applications of Laplace
and Sumudu transforms,” Journal of the Franklin Institute, vol.
347, no. 5, pp. 848-862, 2010.

[12] R. P. Kanwal, Generalized Functions Theory and Applications,
Birkhaauser, Boston, Mass, USA, 2004.

Abstract and Applied Analysis



