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The long time behavior of solutions of the nonautonomous three-components reversible Gray-Scott system defined on the entire
space R" is studied when the external forcing terms are unbounded in a phase space. The existence of a pullback global attractor for

the equation is established in [LZ(IR”)]3 and [H! (R”)]a, respectively. The pullback asymptotic compactness of solutions is proved
by using uniform estimates on the tails of solutions on unbounded domains.

1. Introduction

In this paper, we consider the dynamical behavior of
the nonautonomous three-components reversible Gray-Scott
system

3—1: =dlAu—(F‘+k)u+uzv—Gu3+Nw+f1 (t,x),
ov 2 3
E=d2Av—FV—u v+Gu + f, (L x), @
ow
S =d;Aw— (F+N)w+ku+ f5(t,x),

on [1,00) X O with initial data

u (T, x) = uy (x), v(T,x) = vy (x),

)
w(T,x) =w,(x) on O,
where 0 = R" x R" x R"; all the parameters are arbitrarily
given positive constants; f;(x,t) fort € R and x € R" is
an external forcing term which is locally square integrable in
time. That is, f; € L} (R, L*(R"),i=1,2,3.
Historically, when w = 0,G = 0, and the external
forces f; = f; = 0, f, = F, system (1) reduces to the
two-component Gray-Scott system which signified one of

the Brussell school led by the renowned physical chemist

and Nobel Prize laureate (1977), Ilya Prigogine, which orig-
inated from describing an isothermal, cubic autocatalytic,
continuously fed, and diffusive reactions of two chemicals
(see, e.g., [1, 2]). The three-component reversible Gray-Scott
model was firstly introduced by Mahara et al., which is based
on the scheme of two reversible chemical or biochemical
reactions [3]. Then in [4], You takes some nondimensional
transformations, and the three-component reversible system
is reduced to the system (1) without external forces. In [4],
You considers the existence of global attractor for the system
with Neumann boundary condition on a bounded domain
of space dimension n < 3 by the method of the rescaling and
grouping estimation. For more recent dynamical behaviors of
the nonautonomous three-component reversible Gray-Scott
system, we can refer to [5, 6] for the existence of random
attractors of the stochastic cases on bounded and unbounded
domains and [7] for the existence of uniform attractor of the
deterministic case on a bounded domain.

As pointed in [8], we can discuss the same or similar
coupled reaction-diftusion systems on a higher dimensional
domain with the space dimension n > 3 and on an
unbounded domain, to work with various different phase
spaces. Here, we intend to investigate the dynamical behavior
of the nonautonomous three-component reversible Gray-
Scott system on unbounded domains. It is worth mentioning
that the Sobolev embeddings are not compact on domains of
infinite volume. This introduces a major obstacle for proving



the existence of attractors for PDEs on unbounded domains.
For some deterministic equations, the difficulty caused by
the unboundedness of domains can be overcome by the
energy equation approach which is developed by Ball in [9]
and used by many authors (see, e.g., [10, 11]). In this paper,
we will use the uniform estimates on the tails of solutions
to circumvent the difficulty caused by the unboundedness
of the domain. This idea was developed in [12] to prove
the asymptotic compactness of solutions for autonomous
parabolic equations on R" and later extended to stochastic
equations in, for example, [6, 13-15]. Here, we will use
the method of tail estimates to investigate the asymptotic
behavior of system (1) with initial data (2). We first establish
the pullback asymptotic compactness of solutions of system
(1) and prove the existence of a pullback global attractor in
H. Then we extend this result and show the existence of a
pullback global attractor in E.

The paper is organized as follows. In the next section,
we recall the fundamental concepts and results for pull-
back attractors for nonautonomous dynamical systems. In
Section 3, we define a cocycle for the nonautonomous three-
component reversible Gray-Scott system on R". Section 4 is
devoted to deriving the uniform estimates of solutions for
large space and time variables. In the last section, we prove
the existence of a pullback global attractor for the equation in
H and E.

The following notations will be used throughout the
paper. We denote by |- || and (:, ) the norm and inner product
in L2(R™) or H = [L*(R™]® and use | - s> Il - Il to denote
the norm in L°(R") or V = [LY(R™]?, L*(R") or U =
[L*(R™)]% V', U the dual of V, U; E = [H'(R™)]’. The letters
M is a generic positive constant which may change its value
from line to line or even in the same line.

2. Preliminaries

In this section, we recall some basic concepts related to
pullback attractors for nonautonomous dynamical systems. It
is worth noticing that these concepts are quite similar to those
of random attractors for stochastic systems. We can refer to
[16-19] for more details.

Let Q be a nonempty set and X a metric space with
distance d(-, -).

Definition 1. A family of mappings {0,},.r from Q to itself is
called a family of shift operators on Q if {0,},. satisfies the
group properties:

(i) Oyw = w, forall w € Q,
(ii) 0,(0,w) = 0, ,w, forallw € Qand t,7 € R.

Definition 2. Let {0,},.g be a family of shift operators on Q.
Then a continuous 0-cocycle ¢ on X is a mapping

$:R"xQxX — X, (tw,x) — ¢ (tw,x), (3)
which satisfies, for all w € Q and ¢, 7 € R, the following:

(i) ¢(0, w, ) is the identity on X,
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(ii) ¢(t + 7, w,+) = ¢(t,0,w, ) o $(7, W, ),

(iii) ¢(¢, w,+) : X — X is continuous.

Hereafter, we always assume that ¢ is a continuous 6-
cocycle on X and 9 is a collection of families of subsets of
X:

D ={D = {D (0)}yeq : D (w) € X for everyw € Q}. (4)

Definition 3. Let & be a collection of families of subsets of X.
Then D is called inclusion closed if D = {D(w)},cq € D and
D = {D(w) € X : w € Q} with D(w) € D(w) forallw € Q
imply that D € 9.

Definition 4. Let D be a collection of families of subsets of X,
and {K(w)},¢q is called a pullback absorbing set for ¢ in 9 if,
for every B € & and w € (), there exists t(w, B) > 0 such that

¢(t,0_w,B(0_w)) €K (w), Vt>t(w,B). (5
Definition 5. Let D be a collection of families of subsets of
X. Then ¢ is said to be D-pullback asymptotically compact
in X if, forevery w € Q, {¢(¢,,, G,tn w, x,)}.2, has a convergent

subsequence in X wheneverf,, — ocoandx, € B(0_, w) with
{B(w)}yeq € D.

Definition 6. Let @ be a collection of families of subsets of
X and {H(w)},eq € D. Then {H(w)}yeq € D is called a
2-pullback global attractor for ¢ if the following conditions
are satisfied, for every w € Q:

(i) (w) is compact,

(ii) {9 (w)}peq is invariant, that is,

¢ (tw, o (w) = o (Bw), Vt=0, (6)

(iii) { (W)}, eq attracts every set in 9, that is, for every
B = {B(w)},eq € D,

tlin(}od (¢ (.6 4w, B(6_,0)), o (w)) =0, (7)

where d is the Hausdorft semimetric given by d(Y,Z2) =
sup,cyinf e[y — zly forany Y € Xand Z ¢ X.

Theorem 7. Let D be an inclusion-closed collection of families
of subsets of X and ¢ a continuous 0-cocycle on X. Suppose that
{K(0)}pea € D is a closed absorbing set for ¢ in D and ¢ is
D-pullback asymptotically compact in X. Then ¢ has a unique
D-pullback global attractor {f (w)}eq € D which is given by

o () = [\ Jo (6_0 K (6_,w)). (8)

2027

3. Cocycle Related to Three-Component
Reversible Gray-Scott System

In this section, we constructed a 6-cocycle for the nonau-
tonomous three-component reversible Gray-Scott system
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defined on R". For every 7 € R and ¢ > 7, system (1) with
initial data (2) can be rewritten as

0
Y _AgrH(9)=fxD. xe0, O
with initial condition
g(x1)=9,(x), xeR" (10)

where

g=wrw)',

f(x’t) = (fl (x)t)rfz (x»t)afg, (X,t))T, X € @,
dA 0 0
A:< 0 d,A 0 > (11)
0 0 dsA
—~(F+k)u+u*v-Gu® + Nw
H(g) = ~Fv—u’v+Gu’ ,
ku—-(F+N)w

and here T denotes the transposition.

Asin the case of bounded domains, by conducting a priori
estimate on the Galerkin approximate solutions of system (9)-
(10) similar to the autonomous system studied in [7], we can
prove that if f € Li)c(lR, H)), then problem (9)-(10) is well

defined in H. That is, for any g, € Hand 7 € R, (9) possesses
a unique solution g satistying

g € C([r,00);H) N L}, ([1,00);E), (12)

which continuously depends on the initial data g, € H. To
construct a cocycle ¢ for problem (9)-(10), we denote by Q) =
R and define a shift operator 0, on Q) for every t € R by

0,(r)=t+1, VreR. (13)
Let ¢ be a mapping from R" x Q x H to H given by

o(t.1.9,)=g(t+71.79,), (14)

wheret > 0,7 € R, g, € H, and g is the solution of problem
(9)-(10). By the uniqueness of solutions, we find that, for every
t,s>0,TeRand g, € H,

p(t+s7.9,)=g(ts+1.¢(s7.9:))- (15)

Then it follows that ¢ is a continuous 0-cocycle on H. The
purpose of this paper is to study the existence of pullback
attractors for ¢ in an appropriate phase space.

Let H be a subset of H and denote

H] = suplil (16)

Let D = {D(t)},cr be a family of subsets of H. That is, D(¢) €
H for every t € R and satisfying

lim D @) = 0, 17)
t— —0o

where F is a positive number given in (1). Hereafter, we use
Dr to denote the collection of all families of subsets of H
satistying (17), that is,

D ={D ={D (t)};cg : D satisfies (17)}. (18)

Throughout this paper, we assume the following conditions
for the external term:

JT | ©)dE <o, VreR, (19)

j | ©)|°,dE < oo,
- (20)

feﬂvmmﬁ<m,vﬁm,

lim SUPJ L | KeF'E|f(x, )|’ dxdE=0, vreR. (21)

K— o0

It is useful to note that condition (21) implies that, for
every T € Rand 8 > 0, there is K = K(7, ) > 0 such that

JJ FE S (e D) dxdE < B, i=1,2,3. (22)
—o00 J|x|>K

As we will see later, inequality (22) is crucial for deriving
uniform estimates on the tails of solutions, and these esti-
mates are necessary for proving the asymptotic compactness
of solutions.

4. Uniform Estimates of Solutions

In this section, we derive uniform estimates of solutions of
problem (9)-(10) defined on R” when t — ©o0. We start with
the estimates in H.

Lemma 8. Suppose that (19) holds. Then for every T € R and
D = {D(t)};eg € D, there exists T = T(r,D) > 0 such that
forallt > T,

lo(re =t -0 < Me™* [ | @[,

| g @r-tg-mPas<m [ &r@Pd
(23)
where gy(t —t) € D(t —t) and M depends on G, F, N, and k.

Proof. Define

W (t,x) = %w(t, x), y= %’ (24)
then the system (1) becomes
Z—IZ = dlAu—(F+k)u+uzv—Gu3 + kW + f, (t,x),
(25)
ov 2 3
gzdzAv—Fv—u v+ Gu + f, (t,x), (26)

,uaa—‘/l/ = pd; AW + ku— (uF + k)W + f5 (t,x).  (27)



Taking the inner products (du/dt, Gu(t)), (0v/ot, v(t)), and
(u(0W /ot), GW(t)) and then suming up the resulting equal-
ities, we get

1d
5 5 (Gl + WP + wGIW ) + d, Gl Vul?
+dy |V + uGd; [VW |

=2kG J uW dx

n

— (G(E +k) |ul® - FIvI* - G (uF + k) [W]*)
- J (Gu2 - uv)zdx +G J uf,dx
n Rﬂ

+ j vfydx + G J Wfydx (28)
R” R"

< GJ uf dx + J yfydx + GJ Wf,dx
R" R" R"
— F(Gllul® + VI + uGIW?)

1
< =S F (Glull + VI + uGIWI?)

+ — + — + — .
2F|f1| 2F|f2| 2!"F|f3|
Setting

1,G,G
d=min{d,,dyds},  C, = _max{1, G G/u}

~ Fmin{1,G,G/u}’ (29)

then (28) becomes
d
5||g(f)||2 w2d|Vg I’ +Flg0* < CIf. (0)

Multiplying (30) by e and then integrating the resulting
inequality on (7 — t, 7) with ¢ > 0, we find that

lo (r.r 1.0 (r =) +2de™ | Jvg @[

<y of ¢ e [ @l

T

e £ ()] de.
(31)

Notice that go(t —t) € D(tr —t) and D = {D(t)},cg € Dp. We
find that for every 7 € R, there exists T = T(t, D) such that
forallt > T,

SO0 <c, | FlfFa G
By (31) and (32), we get that, for all t > T,

I (rvr =gy (=) + 207 [ e vg @)

<e e gy (e - )|’ +Cre J

] (33)
S I TG

which completes the proof. O
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The following lemma is useful for deriving uniform
estimates of solutions in E.

Lemma 9. Suppose that (19) holds. Then for every T € R and
D = {D(t)};cg € Dy there exists T = T(t,D) > 2 such that
forallt > T,

J g & —tg (- D)t < VA TG 3

—00

| Vg Er-rge-nfag<m| s @
(34)
where g,(t —t) € D(t — t) and M relies on G, F, N, and k.

Proof. By (30) we find that

g@l +Flso <cils. 69

Lets € [t —2,7] and 7 > 2. Multiplying the above by e"* and
integrating over (7 —t, s), we get

eF5||g (ss7—t, gy (- t))"2

< FT D "go (r - t)||2 +C, J . eFEHf (§)||2d£ (36)

| f O de.

Therefore, there exists T = T(t, D) > 2 such that forallt > T
ands € [t -2,7],

eFS"g(s,T—t,go(T—t))”zSZCIJ FEF @PdE. (37)

-0

T
< eF(T—t) "go (r - t)llz + Cl J

—00

Integrate the above with respect to s on (7 — 2, ) to obtain

J i er”g (s, 71—t gy (7 - t))||2ds
- (38)

<4C, J | (©)|dE.

On the other hand, for s = 7 — 2, (37) implies that

eF(T—Z)”g (T 27— t,gy (7 - t))||2 <20, J_ eFE”f (£)||2df
(39)

Multiplying (30) by e” and then integrating over (t — 2,7),
by (38) we get that, for allt > T,

g (rr-tigo - 0)| + 24 | a6l
< |g(r-2,1-t,g,(z - 1)

T (40)

v, [ s or

<3G, J | (©)|de.

-0

which along with (39) completes the proof. O
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Note thate® > '™ forany & > 7—2. So as an immediate
consequence of Lemma 9 we have the following estimates.
Corollary 10. Suppose that (19) holds. Then for every T € R

and D = {D(t)},cr € Dp there exists T = T(1,D) > 2 such
that for allt > T,

| lor-tgp - oas

< Me T j & f ©)dE,
(41)

|| 9o r=tgo - )Pas

< Me ¥ j_ FE @),

where go(t —t) € D(t —t) and M depends on G, F, N, and k.
Before the derivation of uniform estimates of solutions in

E, we firstly give two propositions which will frequently be

used in the next results.

Proposition 11. Suppose that (20) holds. Then for every T € R

and D = {D(t)},cx € Dp> there exists T = T(t,D) > 0 such
that for allt > T,

lg (rr=t.go =0l < Me™ | Y @S, (42

| g r-tg - nlidg <M [ @l
(43)

where go(t —t) € D(t —t) and M depends on G, F, N, and k.

Proof. Let V(t, x) = (v(t, x))/G, then (25)-(27) become

g_bt‘ =d\Au— (F+k)u+Gu'V - Gu’ +kW +h, (t,x),
aa_‘t/ =d,AV - FV -’V + 1’ + I, (t,x),

uaal:’ — WA, AW + kit — (WF + )W + Iy (1, 5).
(44)

Taking the inner products (0u/ot, u>(t)), (OV/ot,GV>(t))
and (y(aW/at),Ws(t)) and then suming up the resulting
equalities, we get

£ (1l + GIVIS + W)
+5(dy[wva” + G|V IV + pdsGlwvw|)

Vedx

n

S—(F+k)J u6d5+FJ Vsdx—GFj
R” R"

uW’dx

n

—(yF+k)J Wédx+kj uSde+kJ
"

n

-G J- ) (us UV -uV+ u2V6) dx

. J W fdx + GJ VS fodx + J WS f.dx.
R" R" R”

(45)
By Young’s inequality,
-G J (u8 UV -V qus) dx <0,
al vieax< SFG 116 G“fz”s/’
- fdx s ==IVls+ — 5
6 (46)
5 5F, 6 [ fillw
JRn” AT
6
F ’
J Wohydx < 2 e 4 1l 3“W5.
R 6 6(uF)

From (46) then (45) yields

d
7 (g + GIVIG + IWIIG) + F (Jlullg + GIVIG + W)

6 6 6
LAk cllh 1Ak

P F (uF)
(47)
Denote
max{1,G, 1/’
C,= ,X{ s } , (48)
F°min{1,1/G°,1/u}
then from (47) implies that
d
Zlaolg+Flgwl sclroly. @9

Multiplying (49) by e and then integrating the resulting
inequality on (7 — ¢, T) with t > 0, we find that

lg (x.7 -t g (x = D)

T
<e T gy (r-)fe + C46_FTJ teF's"f @l
.



c gy ff ™ [ o Ol

(50)

Notice that go(t —t) € D(tr —t) and D = {D(t)};cp € Dp-
We find that, for every 7 € R, there exists T = T(t, D) such
that forallt > T,

g -nle=C, | f @l G

-0

By (50) and (51), we get that, for all t > T,

lo(ee=tg0(e-0)S 22067 [ 7@
(52)

which completes the proof. O

Similarly, we have the following.
Proposition 12. Suppose that (20) holds. Then for every T € R

and D = {D(t)};cg € D there exists T = T(t,D) > 0 such
that for allt > T,

lo (o= togo -0 < Me ™ [ s @
| o r-ta@-mlidas <y | s @l
(53)

where go(t —t) € D(t —t) and M depends on G, F, N, and k.

Proof. The proof is similar to Proposition 11 except for few
trivial details, and thus we omit it here. O

Lemma 13. Suppose that (19) and (20) hold. Then for every
T € Rand D = {D(t)},cp € Dy, there exists T = T(t,D) > 2
such that for allt > T,

Vg (r.7 -t gy (x = 1)

< Me (Jm e £ (©)|dE + J | f («s)||§'df>)

—00

[ Joctersance-ofae

v ([ e @Page [ s @ffde).
(54)

where go(t —t) € D(t—t) and M depends ond, G, F, N, and
k.

Proof. Taking the inner product of the first equation of
system (1) with u,, the second equation with v,, and the third
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equation with w;, respectively, in L*(R") and then replacing
t by &, we obtain

"u,f ET-tuy(r- t))"2

d
+ diE <?1||Vu Er-tiuy(r- t))”2
F+k
B g - 0)f)
< e @ e -ty o) (55)
+ (131 + ZGZ) [ (€7 = t,u (x - t))||:
2 6
+ 5“1/(&,1 —t, vy (1 -1))|¢
+2N?|w (&7 - twy (x = )| + 2|/ @,
"vf Er-tvy(r— t))“2
d
+ dii <?2||Vv (ET—tiuy(t- t))||2
A Er-tne-olf)
(56)

< %”v‘g Er-tv(r —t))“2
# (1 §G2>||u(f,‘r—t,u0 (- D)
1 6 3 2
+ z“"(aT— vy (T - t))"G + 5||f2 (5)" ,

"wE Er-twy(r- 1‘))“2

d (d
2 (4 ot et
+(F;N)"w(f,‘r—t,wo(T—t))“2> &7

< %”w‘f (f, T—t,w, (r - t))“z

+ K u(E T~ touy - 0) + | O

where (55) and (56) are partly due to the Young inequality
lu*l < @/3)ullé + (1/3)lIv]S. Denote uy(t — t), vo(t -
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t), wy(r—t), and g,(7—1) with u,, v, wy, and g, respectively.
Adding the three inequalities (55)-(57) together, we have

"u,f (-t u0)||2 + ”VE (&7t VO)“Z + “wg &r-t, U)o)"z
+ di’g’ (d1||Vu &r-t Mo)"2 + dzllv" (&1t VO)HZ

+ dy|Vw (& 7~ t,wp) |

+(F+ R Ju(E -t

+F|v(&T-t, vo)"2

+(F+N)|w(&1- t,w0)||2)
<4 (14267 ur -ty + 2w (& -t

+ 4N2||w &r-t, wo)"2 + 2k2||u (&1t u0)||2

4|/ OF +316OF + 25 ©
(58)

Let
C,=4+6G°,  Cy=2max{2N’.K’}.  (59)
Then (58) yields

d
"9& (&r-t, go)”Z + % (d||V9 (-t 90)"2

HaEr-tal) g
<Glg@ -t 90)”2 +GCsllg (&7 -t, go)”2
+4)f O

That is,

d
& (d|vg &7 —t.g0)|" + Flg (&7~ t, 95)[")

<Clg &7 -t90)l5+ Csllg &m0 +4lf @I
(61)

Lets < Tand t > 2. By integrating (61) over (s, 7), we get

d|vg (z.7 = t,g0)[" + Flg (.7~ £, g0)|

<d|Vg(s,t-t, go)"2 +F|g(s,T-t, go)"2

' 62
tG J lg (&7 -1, g0)llcté (62)

+Cs [ Mo r-rglPas+4 ] 17 @fPac

Now integrating the above with respect to s on (7 - 1, 7), we
find

d||Vg (71—t 90)”2 + F"Q (T’ T-t 90)"2
<d L_l [Vg(s,t-t, g0)||2ds
F[ loGsr-tg)lds

+Cy | gE Tt g0)|CdE

O

+ lg (&7 ~t.90)|

3

[
I
waf Ir@ra

(63)

which along with Corollary 10 and Proposition 11 implies that
there exists T = T(t, D) > 2 such that forall t > T,

d|vg (.7 -t g0)|” + Flg (r.7 -t 9|’
<(d+F+Cy+4e")Me ™ J | f @) dE
+ CZeFMe_FT Jj ||f (£)||§:d€
< Me™ (j N f @l dE + j 1 <£)||§,d£) .

- (64)

Similarly, first integrating (61) with respect to & on (s, 7 — 1)
and then integrating with respect to s on (-2, 7—1), by using
Corollary 10 and Proposition 11, we can get that forall t > T,

d“Vg (t-Lr-t 90)"2 + F“g (t-Lr-t go)llz

<(@rErcral)meT [ Y@ a
#Coe M| F @Ol

cme ([ @ras [ @lac).
()



Now integrating (60) over (7 — 1, T), we obtain

| fo e -r o)l a

+d|Vg (T, 7 -, g0)||2 +F|g(r.T-t, go)”2

< d||Vg (t-1L7- t>go)"2 + F”Q (t-Lr-t 90)”2

+GC, "9 (&r-t 90)"2‘16

+C; "9 (&r-t go)||2df

I
I
raf lrora

which along with (65) shows that, for all t > T,

[ loer-tanfas

e ([ @l [ S @la).
(67)

Then Lemma 13 follows from (64) and (67) which completes
the proof. O

Lemma 14. Suppose that (19) and (20) hold, and let

Y [ (r2 @) ©

Then for every T € R and D = {D(t)},cp € Dp» there exists
T =T(z,D) > 2 such that for allt > T,

lge (v 7 .90 (= D)

< Me FreMe ™ [ eI @l dé

00

* (J_Too e I7 (5)”2015 (69)

e G

e[ ol

where go(t —t) € D(t —t) and M depends on d, G, F, N, k,
and ¢ (a positive constant in the Gagliardo-Nirenberg inequal-
ity).
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Proof. Let u, = 4, v, = v,and W, = @ and differentiate
system (1) with respect to t to get that

.
M AT~ (F+ k) i+ 2uvii + 7

ot
- 3Gulii + ki + % (t,x),
a~ (70)
a_: = d,AV — Fv — 2uvii — u’v + 3Gu’@i + a_t2 (t,x),

aa_lf = d, AW + ki - (F + N) @ + %(t,x).

Taking the inner products (0#i/ot,#), (dv/ot,V), and
(0w/ot, @) in L*(R") and then putting the three equalities
together, we have

1d,, _ _ . —
S (Il + 191* + l1@l)*) + d, |V
+d, |V¥)* + dy | VD]

+(F+ k) @l + FI7)* + (N +k) @]

3 ~ —
< (z - 5G> (llully + 1) (s + 1913) o

— — N _ k., __
+ NIl + k@l + - lal + 2 1ol
F, _ - —
+5 (1@ + 17 + @)
1
+ 5 (e OF + 15 OF + 15 ).
That is,
d ~112 ~112 ~112
219l +2d|vg|” + F|g]

21 2 1
< (4+3G) |gl3l; + 5 max (N, Kl + S 15, @I
(72)

Due to the Holder inequality and Gagliardo-Nirenberg
inequality,

d, _ _ _
Ellgllz +2d|vgl’ + Flal’
2 1 2, 1
< (4+36)|gllgl; + 5 max N, k3 + C1f O
< (4+3G) olgl; 131 V3]
1 _ 1
+ ymax(NK g+ 17 0

(4 + 3G)?¢?

452 2 1 2
oqhallal” +elal™ + 15 @l
(73)

<2d|vg|’ +
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where § = (1/2) max{N, k}. Then (73) implies that

d,_n» 4+ 3G)2Q2 4 2 1 2
— _ S . (74

By the Gronwall lemma, letting s € [t —1,7] and ¢t > 1 and
integrating on (s, 7), by g = g, we get

lg. (r.7t. g, (r = )|’
<|lg. (s, 7=t go (r = )|’

« (4+3G)°¢*/8d) [ 1g(&,T—t.go (-0} dE+8(z=s)

1 T
T L |7 @ ae (75)

<|ge (7= t.g0 - D)

« 4360 8) [ g€ =g (Tt g +o(r-5)

v [ leofa

Now integrating (75) with respect to s on (7 — 1, 7), we find
2
lg. (z.7 =t g0 (r = 1))

< e((4+3c;)2@2 8d)e™ [ el g(E,r—t,go (r-1))dE+S

T

<[ o tsr-tgp - o)as

1 T
tE L_l s @ a (76)

< M L IS ©l

<[ o (s - toa (- )lds

"5 J |7 ©) e,

which along with Lemma 13 and Proposition 12 shows that
there exists T = (1, D) > 2 such that forall t > T,

lg. (.7~ 190 =)

< Me FreMe ™ [ eI @l dé

([ evreras [ e @na) 77
’ 2
eu | @
which completes the proof. O

We now establish uniform estimates on the tails of
solutions when t — ©0. We show that the tails of solutions
are uniformly small for large space and time variables.
These uniform estimates are crucial for proving the pullback
asymptotic compactness of the cocycle ¢.

Lemma 15. Suppose that (19) and (20) hold. Then for every
€>0,7 € R and D = {Dt)},eg € Dy, there exist T =
T(t,D,¢) > 2 and K = K(t,¢) > 0 such that for allt > T and
N=>K,

J| Jatenrotg-o)fdrse  ¢8)

where go(1—t) € D(t—t), K depends on T and e, and T depends
ont, D, and e.

Proof. Choose a smooth cut-off function satisfying 0 <
p(s) < 1fors € R, p(s) =0for0 < s < 1,and p(s) = 1
for s > 2. Suppose that there exists a constant ¢ such that
lp'(s)] < cforseR".

Taking the inner product of (25), (26), and (27) with
Gp(|xI*/K*)u, p(Ix|*/K*)v, and Gp(|x|*/K*)W in L*(R"),
respectively, we get

1d ERE x|
EZJRnP(F V] —dsznp i vAvdx
2
(o
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Add up the three equalities. Then we have

“(5]. ("")H jnp(';;—'f)w

|x[* |x|*
+G(F+k)JRnp<%)|u|2+FJ-Rnp(%)|v|2dx
2
G(MF+k)JRnP(|;—|2)|W|2
|x] 2
S—J P<;2>(Gu_ )dx

x| |x[*
+2kGJR <K )qux+GJ.Rnp(F)fludx

(80)

That is,
d |x|? 2 J |x|? 2
dt (G JR”p< K2 |l/l| + R"p K2 |V|
2
X
sl o))
|x|2 2 J |x|2 2
+GFIRnP(K2 ul+F | P )M

|9C|2 2
GuF — ||V
T JR"p< K? i

Abstract and Applied Analysis

< =2 (G (Il + IVull®) + dy (VP + IV

~IR

sy G (IWIE + 19w ) + &

2
7 LxlzK |f1 (x, t)| dx

G 2 1 5
+ F jlxlzK | f5 (e, )| dox + 7 «[mzK |f, (6, 1) 2dx.
(81)

Here, we use the integration by parts. We have

J P(|1<|2 )”A”dx< (Il + 1Vual®) . (82)

Denote d° = max{d,,d,,d,}, then we can deduce from (81)
that

%JRK;)("C' )Igl dx+FJ ('x' )| 2

2cd® 2 2 2
<5 (ol +1val) v, | If ol

(83)

Multiplying (83) by " and then integrating over (—t, 7) with
t >0, we get

|x[*
JR»« P (F) |9 (e 1,9y (r —1))['dx

< e—FTeF(T—t)J P(lxl )|g0 (6,7 — t)| dx
Rn

2cd®

2 Mg -tay )

+ Vg (&1t gy (r - 1))’ dE

+Ce’ J J |f (6, ) dxdE (84)
7-t J|x|>K
< efFTeF(‘rft) J |g0 (x,T - t)|2dx
Rn

+Ce " J—oo JleK |f (x, &) dx d

2cd’

L [ g -ty -
T—t

+ Vg (&7 -t gy (x - 1) dE.

Note that for given € > 0, there is T} = T,(7, D, &) > 0 such

that for all t > T},
e Freft) J lgo (x, 7 - t)|2dx <e. (85)
Rn

By (22), there is K; = K,(7,¢€) > 0 such that forall N > K,

ClefFT J_OO J.|x|>K |f (x, E)|2dx dé <e. (86)
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For the last term on the right-hand side of (84), it follows
from Lemma 8 that there is T, = T,(t, D) such that for all
t>T,,

20d° (7
L S A
Tt

+ Vg (1 -t gy (r 1)) dE (87)

2¢d° e (T
< CTMe F L)O | @[ de.

Therefore, thereis K, = K, (7, ¢) > K| such thatforall K > K,
andt > T,

2cd’ —_Fr
—€
K

+|Vg (&1 -t,gy(r—1)|'dE <e.

Let T = max{T},T,} and then by (85)-(88), we find that, for
alK > K,andt>T,

| el -tgo -0l
Tt (88)

2
JRnp<%>|g(x,T,T—t,go (r-0)[dx <3 (89)

and hence forall K > K, andt > T,

2
x|

K
2 (90)
< J[Rn P (l;é_lz) |g (x’T’T —tgo (7T - t))lzdx

< 3e,

which completes the proof. O

5. Existence of Pullback Attractors

In this section, we prove the existence of a @ -pullback global
attractor for the nonautonomous three-component reversible
Gray-Scott system on R". We first establish the & -pullback
asymptotic compactness of solutions and prove the existence
of a pullback attractor in H. Then we show that this attractor
is actually a D -pullback attractor in E.

Lemma 16. Suppose that (19) and (20) hold. Then ¢ is D -
pullback asymptotically compact in H. That is, for every T € R,
D = {DW)}yer € Dp t,, — 00, and g, € D(t - t,), the
sequence ¢(t,, T — t,, gy ,) has a convergent subsequence in H.

Proof. The proof is a slightly modification of Lemma 5.1 in
[20] and thus is omitted here. O

Theorem 17. Suppose that (19) and (20) hold. Then prob-
lem (9)-(10) has a unique Dg-pullback global attractor
{A(1)};er € Dp in H. That is, for every T € R,

(i) d(7) is compact in H,

1

(ii) { (1)} ;e is invariant. That is,

dtr.d (@) =d(t+1), V>0, (91)

(iii) {A (1)} cr attracts every set in Dy with respect to the
norm of H. That is, for every B = {B(7)},ecg € Dp

tlirgcdH (¢t T—t,B(r—1),9 (1)) =0, (92)

where for any X,Y € H, dy(X,Y) = sup, xinf ey llx = ylly.

Proof. For T € R, denote

B0 ={o: ol < me™ [ lr@rast. o

Note that B = {B(7)},cg € Dy is a Dp-pullback absorbing
for ¢ in H by Lemma 8. In addition, ¢ is D p-pullback
asymptotically compact by Lemma 16. Thus, the existence
of a Dp-pullback global attractor for ¢ in H follows from
Theorem 7. O

In what follows, we strengthen Theorem 17 and show
that the global attractor {/(1)},cg is actually a D -pullback
global attractor in E. As a necessary step towards this goal, we
first prove the asymptotic compactness of solutions in E.

Lemma 18. Suppose that (19) and (20) hold. Let

e (mr @) (94)

Then ¢ is D p-pullback asymptotically compact in E. That is, for
everyt € R, D = {D(t)};cp € Dy, t,, — 00, and g, € D(T—
t,), the sequence ¢(t,,, T—t,, g, ,) has a convergent subsequence
inE.

Proof. By Lemma 16, the sequence ¢(t,, T—t,, g,,) = 9(7, T~

t, go,,) has a convergent subsequence in H, and hence there
exists g € H such that, up to a subsequence,

g(r,1—t,g9p,) — g inH. (95)

This shows that ¢(t,,7 - t,, go,,) is a Cauchy sequence in
H. Next, we prove that the sequence is actually a Cauchy
sequence in E. For any n,m > 1, it follows from (9) that

I (T’ T—t, gO,n) ~ 9 (T’ Tt go,m)
=A (g (T’ T - tn’ gO,n) -9 (T’ T- tm’ gO,m)) (96)
-H (g (T’ T- tn’ gO,n) -9 (T’ Tt gO,m)) :
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That is,
a —_
O ton) _ 4ty = ) = (B + ) sy~ 1)
or
+ (12, 12,) - G (1) - 18)
+N (wn - wm) ’
a(vn B Vm)
S0 = Ay (1= ) = F (=) ©7)
(s =) +G (1 15,),
a —
M = d3A (wn — wm) + k(un - um)
T

- (F+N)(w, - w,,),

where u,, u,, denote u(t, 7—t,, u,,), u(t, 7~t,, u,,,) and so
do asv,,v,,, w,,w,,, and g,, g,,- Taking the inner products
(o, —u,,)/ot,u,-u,,), 0V, -v,,)/0T,v,—v,,) and (O(w,, —
w,,)/0T, w, — w,,), respectively, and summing up the three
equalities, we get

A (19 @y = ) I+ IV v = v )l + 1V (w, = w,)[)
+ (F + k) |ty = th|” + Fl|v = v
+ (N +) w, ~ w, [
< (N +k) (v, —w,,u, —u,,)
U2V, = U2 Vs thy = Uy = Vi + V)

33
—G(un—um,un—um—vn+vm)

0
- g(un_um—"vn_vm-"wn_wm)

X |lu, = thyy + v, = v+ w, —w, |-
(98)

Because of the Holder inequality and Gagliardo-Nirenberg
inequality, we have

2 2
(unvn—u v un—um—vn+vm)

m’m>

33
—G(un—um,un—um—vn+vm)

d (99)
< E"V (gn - gm)"2

CZQ2 2 4 6 2
- S (Jgul + gl + 19,1 g - am
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From (98) and (99), it yields
2
||V (u, — u,, + v, = vy, + w, —w,)||

+ 2F||un U, +V,—V, +tw, - wm”2

S—Zl‘—(un—um+vn—vm+wn—wm)

or

(100)
X |, = thyy + v, =V + W, — w, |

C292 2 4 6
(S5 (gl + 1l + laull) +20

2
X ||ty =ty + v, = vy + w0, — W,

By Lemma 14 we find that, for every 7 € R, there exists T' =
T(t, D) such that forallt > T,

lg. (z.7 =t go (x - 1))|| < M. (101)

Sincet, — 0o, there exists N = N(z, D) such thatt, > T for
all n > T. Thus, we obtain that, for all n > N,

lg- (2.7 = £, o) < M, (102)
which along with (100) shows that, for all 1, m > N,
d||V (u, — thy, + v, = vy, + 0, — wm)||2
+2F||u, — u,, + v, - v,, + w, — wm||2

<2M |u, — vy, + v, =V, + W, —w,,

(103)
CZQZ
(S o 1o+ 1) + 20
2
X |thy =ty + vy =V + w0, — ||
That is,
V(g (r7=t.90,) =9 (.7t Go,)I
<2M||g (1.7~ t,go) = 9 (.7 = £, g, |
(104)

C*o* 2 4 6
(= (gl + gl + aalls) + 20

x|g(t. 7=t go,) = 9 (1.7~ £, Go)|-

By Lemma 8 and Propositions 11 and 12, and combining with
the fact that g(r,7 — ¢, g,,,) is a Cauchy sequence in H, we
complete the proof. O

We are now ready to prove the existence of a global
attractor for problem (9)-(10) in E.

Theorem 19. Suppose that (19) and (20) hold. Let
af 2 2y \ 12
=€ (L% (R, L2 (R™))] . (105)

Then problem (9)-(10) has a unique Dp-pullback global
attractor {9 (1)} e € Dy in E. That is, for every T € R,
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(i) d(7) is compact in E,
(ii) {(7)},er is invariant. That is,

ot ,d(1)=d(t+1), Vt>0, (106)
(iii) { (1)} er attracts every set in Dy, with respect to the
norm of E. That is, for every B = {B(T)},;cp € Dp>

Jim dg (¢ (.7~ t,B(x 1), (1)) = 0, (107)

where, for any X,Y € H, dy(X,Y) = sup,xinf eyllx — yll.

Proof. The proof is a slightly modification of Theorem 5.4 in
[20] and thus is omitted here. O

Remark 20. In this paper, we study the nonautonomous
three-component reversible Gray-Scott system, which is
probably similar to the system considered in [20]. But, in fact,
the asymptotically dissipative condition of the system cannot
be satisfied (see, e.g., [4, 8] for more details), which is different
from the system considered in [20]. Here, we have to use the
method of the rescaling and grouping estimation to deduce
the uniform estimates of solutions.

Remark 21. In the original three-component reversible Gray-
Scott system (see [4]), the first constant F that appears in
the second variable v-section does not depend on the space
variable x. Here we have to affiliate the constant F to f,(x), or
else, it will give an obstacle to establish the uniform estimates
of solutions when t — oo (see also [6, Remark 5.3]).
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