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This work is concerned with a mixed boundary value problem for the semilinear parabolic equation with a memory term and
generalized Lewis functions which depends on both spacial variable and time. Under suitable conditions, we prove the existence
and uniqueness of global solutions and the energy functional decaying exponentially or polynomially to zero as the time goes to
infinity by introducing brief Lyapunov function and precise priori estimates.

1. Introduction

In this paper, we are concerned with the global existence and

uniform energy decay rates for the nonlocal semilinear heat

equation with a memory term and generalized Lewis function
t

A(x,t)ut—Au+J gt —s)divia(x)Vu(s)]ds =0,
0

(x,t) € Qx(0,00),

subjected to mixed boundary and initial conditions

t
_g_:l+JO g(t—S) [a(x)Vu(s)-V]dS:f(u)’

(X, t) € FO X (0, OO) » (2)

u(x,t)=0, (xt)el;x[0,00),

u(x,0)=uy(x), xe€Q,

where QO ¢ R" (n > 1) is a bounded domain with sufficient
smooth boundary d€), such that 0Q = T, UT}, [, NT; = @, and
I, I} have positive measures, ¥ is the unit outward normal on
0Q), A(x, t) is a generalized Lewis function (when A(x, t) = C,
C is a positive constant, and A(x, t) is called Lewis function;
see [1]) which satisfies

(i) positive function A(x,t) € W™ (0, 00; L°(Q)) and
A,(x,t) <0ae. fort > 0.

Equation (1) arises naturally from a variety of mathemati-
cal models in engineering and physical science. For example,
in the study of heat conduction in materials with memory, the
classical Fourier’s law of heat flux is replaced by the following
form:

q=-dVu- Jt V ik (x,t)u(x,1)]dr, 3)

where u, d, and the integral term represent temperature,
diffusion coeflicient, and the effect of memory term in the
material, respectively. The study of this type of equations
has drawn a considerable attention; see [2-6]. From the
mathematical point of view, one would expect the integral
term in the equation to be dominated by the leading term.
So the theory of parabolic equations can be applied to this
type of equations.

Recently, many works were dedicated to studying the
global existence, blow-up solutions, and asymptotic proper-
ties of the initial boundary value problem for the parabolic
equation with memory term. In the absence of the memory



term (g = 0), for the quasilinear parabolic equations with
absorption term

u, = div (|VulP?Vu) - f @), (x,1) € Qx(0,00), (4)

where QO ¢ R” (n > 1) is a bounded domain with smooth
boundary and p > 2, there are many results about the
global existence and finite time blow-up of solutions for the
homogeneous Dirichlet boundary value problems; see [7-
11]. The conclusions in Levine [7], Kalantarov, Ladyzhenskaya
[8], and Levine et al. [9] showed that global and nonglobal
existence depends on the nonlinearity of f, p, the dimension
n, and the initial data. For the research on global existence and
asymptotic properties of the solution, we refer the readers to
[10, 11]. Pucci and Serrin [10] studied the following equation
with the homogeneous Dirichlet boundary conditions:

A(t) |ut|m72ut =Au- f(xu), (x1t)eQx(0,00), (5

where m > 1 and the strong solution tends to 0 when t —
oo under the condition (f(x,u),u) > 0 but did not give
the decay rate. Berrimi and Messaoudi [11] proved that if a
bounded square matrix A(t) € C(R") satisfying

ABDwv) 2, teRY,veR", (6)

then the solution with small initial energy decays exponen-
tially for m = 2 and polynomially for m > 2.

When there is a memory term (g # 0), Messaoudi
[12] studied the semilinear heat equation with a power form
source term

t
u, — Au+ J. gt —s)Au(x,s)ds = [ul?*u,
0 7)

(x,£) € Q x (0,00),

where the relaxation function g : R" — R" is a bounded
C' function and p > 2; he proved the existence of blow-up
solution with positive initial energy and the homogeneous
Dirichlet boundary condition by convexity method. Later,
Fang and Sun [13] improved the results of [12] with when
[u]?2u be replaced by fully nonlinear source term f(u). For
the study of general energy decay for the quasilinear parabolic
system with a memory term, we see [14].

In the works mentioned above, there are few about the
global existence and uniform energy decay rates of solution
for parabolic equation with mixed boundary conditions.
Motivated by it, we intend to study global existence and
uniqueness of solutions for the mixed initial boundary value
problem (1)-(2) with a memory term and generalized Lewis
function by the Galerkin method and also give the estimates
of uniform energy decay rates.

The main innovations of this paper are: (1) that the model
is representative, considering the mixed boundary value
problem with a generalized Lewis function and time integral
boundary conditions, and f, g are weak; (2) we give the
reason and process of the definition of the energy functional;
(3) we prove the energy decays exponentially or polynomially
to zero as the time goes to infinity by introducing brief
Lyapunov function and precise priori estimates.
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The present work is organized as follows. In Section 2, we
present the assumptions, lemmas, and energy functional for
our work. In Section 3, we prove the existence and uniqueness
of the global solution; Section 4 is devoted to proving the
energy decay results.

2. Preliminaries

In the sequel we state the general hypotheses on the relaxation
function g, coefficient a, nonlinearity f, and initial value u,.

(H) g : R" —» R" g(0) > 0and g is a non-
decreasing differentiable function.

(H2)a: Q — R"isanonnegative bounded function
and a(x) > a, > 0 with

(e}
1 - lall e L g(s)ds=1>0. (8)
(H3) The function f : R — R is Lipschitz contin-
uous and satisfies

f(s)s=2F(s)>=0, seR, 9)

where F(u) := I; f(s)ds.

(H4) (Compatibility Condition) The initial value
satisfies

u, € VO H (Q), —%=f(u0). (10)

Remark 1. The condition 1 — ||af ;e JOOO glsds =1 > 0is
necessary to guarantee the parabolicity of the problem (1)-(2).

Throughout this paper, we define that
V={ulueH (Q),u=0on L}, (11)

and the following scalar products

(u,v) = JQ u(x)v(x)dx, (u, V), = L u(x)v(x)drl,

)
and norms
1/p 1/p
oy = ([ 1tPdx) " Wy = (| wrar)
Q L,
13)

To simplify the notations, we denote [/ »(q) and [l )
by [|u]| » and ||u|| pLy respectively.

Next, we give some important lemmas which will be used
in the proof of our main results.
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Lemma 2. Forany g, u € C'[0, +c0), we have

J Jt gt —s)a(x)Vu(s) vu' (t)dsdx

aJo
4 o - -5

e ACRCRINE

X '\/a (x)Vu (t)|2ds] dx,

(14)

where (g o Vu) = J‘Ot g(t = s)|a(x)(Vu(t) - Vu(s))|*ds.

Proof. Differentiating Iﬂ(g o Vu)dx with respect to t and
noting '[(: gt —s)ds = Iot g(s)ds yield

d d
aJ’Q(goVu)dx— %

Lo

X |\/a (x)

X (Vu (t) - Vu(s)) " ds dx

[ e

x [\a () (Vu (£) - Vus (s))[ ds dx

+2J th(t—s)a(x)

QJo

X [(Vu(t) = Vu(s))]

x Vu' (t)dsdx

:J [g’(t—s)oVu]dx
Q

+2J0th(t—s)a(x)Vu(t)

0
x Vu' (t)dsdx
—ZJQ JZg(t—s)a(x)Vu(s)

x Vu' (t)dsdx

=J [g'(t—s)oVu]dx
Q

" % L Lt () |[VaG)vu ()| dsdx
- JQ 9(®)|Va(x)Vu (t)|2dx

—2L£g(t—s)a(x)Vu(s)

x Vu' (t)dsdx,

(15)
which implies
J Jt gt —s)a(x)Vu(s) vu' (t)dsdx
alo
= —% L} [g(t) |\/a(x)Vu (t)'2 - (g' ° Vu)] dx
Ld , (16)
SN CRCRINE
><|\/a (x)Vu (t)'zds] dx.
This completes the proof. O

In order to define the energy functional E(t) of the prob-
lem (1)-(2), we give the following computation. Multiplying
(1) by u,, integrating over ), and using Green’s formula, we
get from Lemma 2 that

0= L A (x,t) uu,dx — L Auu,dx
+ J Jt g (t —s)div[a (x) Vu (s)] u,ds dx
alo
= J A (x,1) |ut|2dx +J VuVu,dx
Q Q
_I J-ta(x)g(t—s)Vu(s)Vu' (t) ds dx
alo
+ J f (u) u,dl
I,
- J At |u|dx
Q
14 g [ [ Jatavu ol
+ YT (L |Vu|"dx L L g(s) ds| a(x)Vu (t)' dx

d
+ L (goVu) dx> o LOF(u)dI“



+lj [g(t)'WVu(t)| - oVu}dx

2

_d (1 2
= dt<2k(x,t) L |[Vu|"dx

1
+ EL(goVu)dx+ L F(u)df)

0

A (1) || dx

J g(t) |\/a(x Wu (t)| dx

| = Nl»— -—

!
L (g ° Vu) dx,

17)

where k(x,t) = 1-a(x) |, Ot 9(s)ds > 1-[la(x)l = [, g(s)ds >
0.

The above computation inspires us to define the energy
functional E(t) of the problem (1)-(2) as

E(t) = %k(x, t) L |Vul*dx
(18)
1
t3 J;) (goVu)dx + Lﬂ F (u) dr.

We have the following properties about E(t).

Lemma 3. The energy E(t) is nonnegative and

JQ (4 o Vue) dx - g (0) |[Na Govu o) ] dx

- A(x,t) |ut|2dx <0.

EE (1) =

(19)

To show the uniform decay of the solution, we introduce
a functional

P(t) = 1 J A(x, 1) [u(x, )P dx. (20)
2 Ja

Here, we need to point out that C denotes a positive constant
not necessarily the same at different occurrences.

Lemma 4. There exists a positive constant C such that
lp®| <CE@®), t=0. (21

Proof. By Poincaré inequality, we have

1 2
el =] | Ao nPax
(22)
AC
- j |Vul*dx < CE(t),

where A is a positive constant. O
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Lemma 5. There exist two positive constants k, and k,, such
that for some T > 0, we have

%(p (t) < -k, E(t) + k, J (goVu)dx, Vt>T. (23)
Q

Proof. Multiplying (1) by u(t), integrating over €, and using
Green’s formula, we get
0= J A(x,t)uu (t)dx — J Au (t)dx
Q Q
t
+ J J g(t—s)div[a (x) Vu(s)]u(t)dsdx
alo
= J A(x, t)uu(t)dx + J |Vul*dx (24)
Q Q
t
- J J a(x)g(t—s)Vu(s)Vu(t)dsdx
alJo

+ J f(u)u(t)dr.
N

Differentiating ¢(t), we get

d 1
E¢w=5kAA&HMde

+ J A (x,t) uu (t)dx
= % L A, (x,1) |u(t))Pdx — L |Vul*dx

.

L fw)udl

0

-

J a(x)g(t—s)Vu(s) Vu(t)dsdx

o

- % L A, (6, 8) Ju (t)2dx - 2E (8)
2
+k(x,t)J |Vu| dx+J (geoVu)dx
Q Q

+2j F(u)dF—J |Vul*dx
I, Q

+J- Jta(x)g(t—s)Vu(s)Vu(t)dsdx
alo
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—J fw)udl

NI'—‘

J A, (6, t) |u (t)Pdx - 2E (t)
Q

Ltg(s) ds) |WV14| dx

g
+J goVu) dx+2j F(u)dr

Q I

-

+J a(x)g(t—s)Vu(s)Vu(t)dsdx
alo

J f(u)udr.

i
(25)

Next, estimating some items of (25), combined with the
definition of E(t), we get 2E(t) > IQ k(x, t)|Vu|*dx; that is,

[ wutax <28+ ([ g as) [ VaGovafax.

(26)

By (H3), Cauchy inequality, and Hélder inequality, we have
that

Ij Jta(x)g(t —8)Vu(s) Vu(t)dsdx
alo

<

J Jt a(x)gt—s)[Vu(s)—Vu(t)] dsdx
alJo

J Jt gt—s) |\/a (x)Vu (t)|2ds dx
alJo

+

< ij (J;gl/z(t—s)gl/z(t—s)m

2n Ja

2
x [Vu (s) = Vu (t)] ds) dx

+7 J-Q 'WVL{ (t)|2dx + <Lt g(s) ds>
X J;; |WVu|2dx

SIN(R

X l\/a (x) (Vu(s) = Vu (t)).zds> dx
+1 JQ '\/a (x)Vu (t)|2dx

+ (Jt g(s) ds> J- |\/a(x)Vu'2dx
0 Q
< rlalle L IV (6)2dx

t
+ "g"L1 J J g(t—S)dS
QJo

2n
X |\/a (x) (Vu(s) = Vu (t))'zds dx

 lale gl | 1vuorax
<l (7 + | g]) L \Va (£)dx

ol [ (o
Q

2n
< 2lally (17 + |lgll 1) E ()

gl
+ ET L (goVu)dx

+ llalle (7 + | gll,) (Lt 9 ds>

X J |\/a (x)Vu (t)|2dx.
Q

(27)

Combining this with (H2), (H3), (25), (27), and Lemma 4, we

d
7 ® == [2=2lall (7 + gl E®)

+(l+m>JQ(goVu)dx—L f (W) udr

2n
t
(1 Halle G+ Dol ) || 9))
x J |Va () Vu ()] dx + 2J F (u)dr
Q T,

< - [2-2lall (7 +[g])] E@®)

+(1+%>L(9°W)d9€

~[1 = Nalles (7 + g],)] (j 909 ds)
X I '\/a (x)Vu (t)|2dx.
Q

(28)



For convenience, we take
0, (17) =2 -2lall (n + "9”1}) >

_ . gl
62 (77) =1+ ?’ (29)

6, (1) = [1 - llallo (1 + |gll.)] (jo 9(9)ds).

Clearly, 0,(1) > 0, for 1 > 0. We have to take appropriate # to
ensure that 0, (r7) > 0 and 05(y) > 0. First, if 6, (1) > 0, that is,

2 =2llall e (57 + llgll ;1) > 0, we can get 7 < 1/llall e = llgll:-
t
Next, if 6 (17) > 0, that is, [1— lall . (7l gll )]( [, g(s)ds) > 0,

noting that _[Ot g(s)ds < |gll;: and I()t g(s)ds > JOT g(s)ds =
go > 0fort > T > 0, we get

0 < [1-lalie G+ o)1 [ 901as)

- j 9()ds = lallg (1 + |9l,.) (J 9 dS) (30)

< “g"Ll = gollall e (n + ”g"Ll)
= gl = gollall | gl .+ = gollall -,

so we can take

< lgl = golallze|| gl

(31)
gollal

For some T' > 0, we take positive constant 7, such that

1 . 1 ||g||L1 = gollall e ”g"U }
=—-—miny —— 15 5
To=3™ { fal- 19l dollal (32)

Vt > T;

then we have k; = 0,(r,) > 0, k, = 0,(11,) > 0 fort > T, and

di<p (t) < -k, E(t) + k, J (g Vu)dx. (33)
t Q
This completes the proof. O

3. Global Existence and Uniqueness

In this section, we show the existence and uniqueness of the
global solution to problem (1)-(2) by the Galerkin method,

contraction mapping principle, and contradiction argument.

Theorem 6. Assume that (HI)-(H4) holds; there exists a
unique global solution of the problem (1)-(2).

Abstract and Applied Analysis

Proof

Step 1. We consider the following auxiliary problem for a
given v:

A(x,t)u, — Au + th(t— s)div[a (x) Vu(s)]ds = 0,
0

(x,t) € Q x(0,00),

—g—:+£g(t—s) [a(x)Vu(s)-vlds = f(v),

(x,t) € Ty x [0,00),

u(x,t)=0, (xt) eI} x(0,00),

u(x,0)=u,(x), xeQ,

(34)

where u is the solution that we required. Giving some T' > 0,
we will consider the solution of the problem (34) in the space
S = C([0,T]; V) n CL([0, T]; LY(Q)) and define the norm as
ey = max,cjo.r [Vull3-

Step 2. We will show that with the hypotheses (H1)-(H4), for
T > 0,7 € S, there exists a unique u € S which satisfies (34).
Choose the basis {wj}j21 in V .n H*Q), which are

orthonormal in L*(Q2) and let V,, = span{wy, ..., w,,} be the
subspace of V N H*(Q) generated by the first m vectors. For
any m € N, define

Uy, (1) = ) {05 (35)
j=1

where u,,(t) satisfies the following equation:

(A (e t)u, w) + (Vu,,, Vw)
- Jt a(x)gt-s)(Vu, (s),Vw)ds (36)
0

+(f(v),w)r0 =0,

with the initial condition

m

Uy (0) = gy = . (1, (0), ;) w), (37)
j:1

for any w € V. By standard nonlinear ODE theory, we know
that the problem (36) has a unique solution on some interval
[0, T,,]. The extension of the solution to the whole interval
[0,T) is a consequence of the first estimate, which we are
going to prove below. Taking w = u/, (t), we get

(A (x,1) u:n, u:n) + (Vum, Vu:n)

t
_J a(x) g (t—3) (Vidy (9),Vadl, () ds  (38)
0

+H(f0)ou, ), =0
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that is,
J Aot |ul, 0 dx+—[ V34, 0

1 li
+ JQ [a(x) g (t)|Vu,, o[ - (g' o Vu,, (1)] dx

| =

+

d
1 [

¢ 2
- [ 9 [VaGovu, ) ds] dx

+ (f (v) ,u:n (t))rg =
(39)

then, we have

J At |, 0] dx
Q

jt[l (l—a(x)J- (s)ds) [Vu,, (t)Hi]

1d

+ 35 ], (9o Vi, ) 0

+ 290 [NaGIvu, ),

_ % L (9" o Vu,, () (®)dx + (f (v),up, (t))ro =0.
(40)
Integrating (40) over (0,¢), t € [0,T,,], we get
rj At |ul, ) dxdt
0 Ja
+ % (1 —a(x) L g(s) ds) ||Vum(t)||§
|, (g0 Vi) @) dx = 3 |9u, O

(41)

1

T3

J g(s) “ Va(x)Vu (s)" ds
- J J (g'oVum)(t)dxdt

:
Jj F @)l (1) dTdt =o.

Next, estimating some items of (41), by (H1), we obtain

L (goVu,) ) dx - Jo JQ (g’ Vum) (t)dxdt
(42)

+ Lt g(s) ” \/a(x)Vum(s)”ids > 0.

7
By the Holder inequality, p/(p + 1) + 1/(p + 1) = 1 and
H,(Q) — LF*N(Q), Hy(T,) — L*?(I}), we have
t
JoJ, s @ardes [ rORu0],., 0
t
j LF@IE, e+ L [vu, 0|t
t , 2
<n [ v+ o).
0
(43)

By assumption of the boundedness of A(x,t) and Sobolev
embedding inequality, we get

Jt J A t) |u, 0] dxdt < C(T) +Cy jt Jus, ]t
0 JO 0 (44)

Substituting the estimates (42)-(44) into (41), we obtain

t
1
Cs L ||u;n (t)||jdt + Ek (1) Vi, )]3
(45)

+n Lt i, )|t < C ().

Hence, there exists a subsequence of {u,,}, which will be still
denoted by {u,,}, such that
u:n — u weak-star in L ([0, T]; V),
uin — u' weak-star in L®([0, T]; L'(Q))),
ul —u' weak-star in L*([0, T)x Hy (Q))NL™**([0, T]x
I)-

Noting thatu € H([0,T]; V), we can getu € C([0, T]; V).
The existence of solution u is proved.

Next, we will prove the uniqueness of the solution u of
(34) by contradiction argument. Let u;, u, be two solutions
of problem (34) with the same initial values. Letting that U =
u —u~ and taking U into (41), we have

Jt J A 0)|U, 0 dx dt
0 JO
WL (1 —a(x) Jt (s) ds> VU (@)
> o g 2

I (g°VU) (t)dx (46)

NI'—'

1
+2 [ 90 Natavue|as
1 t,
’ {_5 JQ JO (9 ° VU) (s) dex} =

By (HI)-(H3), each term of the left-hand side is nonnegative;
then u = u~ follows immediately.

Step 3 (local existence and uniqueness). In this step, we will
derive existence and uniqueness of local solution to problem



(1)-(2) for appropriate small time T by using contraction
mapping theorem. That is,

(A (x,1) 4y, ) + (Vit, Vo)
- j: a(x)g(t-9) (Vu(s),Voyds  (47)
+(f W), @), =0,
such that
ueC(0,T1;V)nC ([0, T];L' (). (48)
For R > 0,T > 0, we define
Br={u€S:u(0)

=0, |lul; < R}. (49)

By is nonempty for taking R sufficiently large. We define a
mapping F : u = F(v) from By to S.

Firstly, we will prove that F is a contraction mapping from
Bp to itself. From Lemma 2, we know that for any fixed v €
By, the solution satisfies the following equation:

Jt J A(x,1) u, P dx dt + 1 <1 —a(x) th(s) ds) [Vl
0 Ja 2 0

S RCRDICTAR O
% g(s) ” Va (x)Vu (s)" ds

I
% L Lt (g' ° Vu) (s)dsdx
g

fWu, (t)dr dt = 0.

0

(50)
Similar to the estimates of (42) and (43), we obtain
t 2 1 )
Co | et + Sty 17
t , 2
v | vl @ (51
0
< —T||VV||2P < Lrger,
4n
selecting T sufficiently small, then we have
lu ()3 < R, (52)

for taking T sufficiently small, so F is a mapping from By to
itself.
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Secondly, we will prove that F is a contraction mapping.
LetU=u-u,V =v—v ,where F(v) = u, F(v") = u; then
for any w € V, we have

(A (x,t) U, w) + (VU, Vw)

_ L AW gt -9 (VU Vu)ds oy

+ L (fm) = f(v7))wdr = 0.

Taking w = U, and integrating over (0, ¢], we get

t 2 1 t )
J J A(x,t) |Ut| dxdt+—<1—a(x)J g(s)ds) VU,
0 Ja 2 0

+ % L (goVU)(t)dx
% g(s) ” Va (x)VU (s)" ds

1
2
g

By (H3), we obtain

(f() = f(V)U, (t)dr dt = 0.

l

J Jt ( ° Vu) (s)dsdx
J, )
(54)

L (f») = f(V) U, (nHdI <C, L |v=v||U, ()| dT

<GlU, OV @)y, &
< G|u; (f)||2||VV_ (t)llz,ro’

where £ is located between v and v~. Combining of (42), (55),
and (54) yields

t 2 1 t
L JQA(x,t) U, @ dxde + <1 Ca) JO () ds)

t
<IVUE < Gy | U @LITY @l
(56)

that is
[Ulls < C,TR?|V™ 5. (57)

Taking T sufficiently small such that C,TR’ < 1, F is a
contraction mapping.

Step 4. We show thatif T\, = sup{T > 0 : u = u(t) exists on
[0, T]} < o0, then lim, _, - ||u||§ = 00.

We will use a standard continuation argument to prove it.
Indeed, by contradiction argument, suppose that T, < co
and hmt_ﬁmax Il s < 0o; then there exists a sequence {t,,n =



Abstract and Applied Analysis

1,2,...} and a constant K > 0, such thatt, — T, asn —
+00 and IIu(tn)Ilé <K,n=1,2,.... As we have already shown
previously, for each n € N there exists a unique solution of
the problem (1)-(2) with initial data u(t,) on [¢,.t, + T"],
where T* > 0 depends on K and is independent of n € N.
Thus, for n € N large enough, we can get T, < t,,+T". This

contradicts the maximality of T, ..

Step 5. In the final step, we only need to prove the existence of
the global solution. By (H3) and Poincaré inequality, we have

EQ)>E(t) = %k (x 1) L \VuuPdx

1
*3 L (goVu)@®)dx+ Lﬂ F(u)dr

> % (1 —a(x) Jt 9(s) ds) Wk (58)

0

1
*3 JQ (goVu) (t)dx

> Clull, Vt=>0.

It is easy to see that T}, = 0o. This completes the proof. [

ax

4. Uniform Energy Decay Rates

In this section, we establish the estimate of uniform energy
decay rates and make use of the above assumptions and
preliminaries to prove the results.

Theorem 7. Assume that (H1)-(H4) hold and there exists a
positive constant ¢ > 0 such that g'(t) < —cg(t). Ifu, € H'(Q),
then for some T > 0, there exists a positive constant C, such
that the solution of (1)-(2) satisfies

E(t) <4E(0)e™, Vt>T. (59)
Proof. Lety > 0 be a positive constant. We introduce
Y () = yE®) + (1) (60)

since |@(t)| < CE(t), we get

gﬂ () <y () <2yE(t), V>0, (61)

by taking y large enough. From (18) and the assumption of
g'(t) < —cg(t), applying Lemma 3 and taking y large enough
and t > T, we obtain that

d d
=y—E(t —q (t
Vg EO+ g2

< Y(% L (9' o Vu—g(t) |WVu|2)dx

d
P ()

- j Aot jufdx -k E () + K, j (g o Vi) dx
Q Q
< —(CY —k2>j (goVu)dx
Q
_ % JQ g9 (t) |Va()vu| dx
y L A |ufdx - kE (1)

k
<-kE(t) < —iw(t),

(62)
by the Gronwall’s inequality which implies that
y(t) <y 0)e @M vr>T. (63)
Using (61), we obtain
E(t) <4E(0)e ®/" wr>T. (64)
This completes the proof. O

Theorem 8. Assume that (H1)-(H4) hold, and there exists a
positive constant ¢ > 0 such that g'(t) < —cg"™(t), g > 2.
Ifuy, € H'(Q), then for some T > 0 there exists a positive
constant C,, such that the solution of (1)-(2) satisfies

E(t) < i

T VT (65)

In order to prove Theorem 8, we first quote the following
lemma.

Lemma 9. Assume that v € L®(0,T; H(Q)) and gisa
continuous function. Then there exists a positive constant C,
such that

t 1/(g+1)
L (goVv)dx < c<t||v(t)||§p + L ||v(t)||§pds>

(66)
q/(q+1)
X <J g Vvdx)
Q

Moreover,

J g % (s)ds<oo, 0<B<1. (67)
0
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Then we have

o ) 1/(6g+1)
(g oVv)dx <C g () d5||V||Lw(o,T;Hl(Q))
Q 0

141/ 0q/(0g+1)
X <J g o Vvdx)
)

(68)

Proof. Applying the Holder inequality, we obtain

L(gon)dxz J-QJ‘Otg(t—s)

x [\a () (Vv (1) - Vv ()| ds dx
1/(6g+1)
< (j jt g ()™ |w(s)|dsdx>
Q Jo

t 141/ 0q/(0q+1)
X (JQ L |g(s)| Tw (s)| dsdx>

0 1/(69+1)
S(J g ondx)
Q

>

141/ 6q/(0q+1)
X (J g o Vvdx)
Q

(69)

where w(s) = [va(x)(Vv(t) — Vu(s))’. Noting that
ng; gl_e(s)ds < 00, 0 < 0 < 1, we obtain

t
J glfe o Vvdx = J- glfe (t-5s)
Q

0

x j |Va () (Vo () - Vo ()| dx ds
Q

t
-0
=C Jo 9" () dslVlioo ri oy
(70)

which implies that

t 0 5 1/(69+1)
JQ ge Vvdx < C(JO gl— (s) ds) ||V||L°°(0,T;H1(Q))>

141/ 0q/(0q+1)
x <J g Mo Vvdx)
Q

(71)

Abstract and Applied Analysis

If0 = 1, we have

J gl—GOVvdX=J 1oVvdx
Q Q
- JQ Lt |W(VV (t)-Vv (s))|2dsdx

<C <tJ Vv ()P dx
Q

+ JQ Lt Vv (s)*dx ds) .

Applying the above inequality and (69), we obtain

(72)

J goVvdx < C(tJ Vv (£)*dx
Q Q

¢ 1/(g+1)
+J J |Vv(s)|2dxds>
alo

>q/(q+1)

X <J gD o vy dx (73)
o

5 t , 1/(q+1)
< C<t||v(t)||H1 + L ||v(t)||H1ds)

q/(q+1)
X <J g1+(1/q) ° Vvdx)
Q

This completes the proof. O

Proof of Theorem 8. From the assumption g'(t) <—cg'*/(t)
we have [g_l/q(t)]’ > c/q. Integrating it over [0, t], we get

g <C(1+t)1 C,>o0. (74)

Taking 0 = 1/2 in Lemma 9, (1 — 8)q = g/2 > 1, then we

obtain

JOO gl_e (s)ds < < 00. (75)
0

0 1
Jo (1+5)1?

Substituting this estimate into (68), using (18) and Lemma 4,
we have

a/(q+2)
J geVudx < CZE(O)Z/q”(J g”l/q o Vu dx)
Q Q

(76)
Applying (76), (23), and Lemma 3 and taking ¢t > T, we get
d
—o(t) < -kE(t) + k, J (goVu)dx
dt Q

< —k,E (t) + k,C,E(0)*/1*? (77)

141/ a/(a+2)
X <J g o Vudx)
Q
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Since |@(t)| < CE(t), applying the Young’s inequality, from
(19) and (77), we deduce that

%W%M)¢mﬂ“m<wnﬁw>wﬂ

<—aCE2/q(t) E(t)+E2/q(t) (p(t)

d

< —C%E“Z/q (t) - kyEX4 (1)

+ k,CoE(0)/ T B4 (1)

141/ a/(q+2)
X <J g MeVu dx)
Q

d
<Gy

E1+2/q (t) _ k1E1+2/q (t)
+ k,C,E(0)7"2¢E2/ (1)

+k,C,E(0)77"*C, <J- g1 evu dx) :
o

(78)
Since g'(t) < —cg""/(t), that is, g""/?(t) < ~(1/c)g'(®),
then we obtain
J gD vy dy < 1 I g oVudx. (79
o ¢ Ja

It follows from Lemma 3 that

L g o Vudx = Z%E o + % L 9 ®|Vatvu o) dx

+ J A ) |u,[dx > 2L,
Q dt
(80)

hence, we get
1+(1/9) d
g oVudx < -C;—E(t). (81)
Q dt

Taking e sufficiently small, using (78) and (81), we have

d oo d 1w
= [E9g] (1) < ~Co B (®)
k d (82
_ ™M pl+2/q _ “ .
LE' () - Cy LB (1)
then we obtain
k,
E*9 + CyE| (t) < - E“ @l 4y - C E( ),
[ ] 4 dt (83)
vt >T.
Let y > 0 be a positive constant and define that
v (t) = yE@®) + EX1(t) [p (1) + CoE(1)].  (84)

1

Since |@(t)| < CE(t), (d/dt)E(t) < 0, we get
gE () <y () <2yE(t), Vt>0, (85)

by taking y sufficiently large. Using (83) and Lemma 3 and
taking y sufficiently large, we obtain

d d d |
—y(t)=y—E@)+—{E7(t)[p (t) + C,E (¢
VO =yZEO+ {E10[p0)+ GEW]]
d d ki 142
ZEW)-C,—E(t) - -LE'*a
SYy () C4dt () 5 ()
p (86)
=(r-Cy) S E(®) - IE“W (t)
< —%E”W‘” ), Vvt>T.
From (85) and (86), we have
d 1+2/q
Ew(t) < -Csy t), Vvt>T. (87)
Applying the Gronwall’s inequality, we get
y(t) < W vt > T; (88)
hence
C
Ett)s —L—, Vt=>T. 89
(1+1)7? (89)
Since g > 2, we have
J E(s)ds < J Lds< 00,
0 o (1+1)7?
c (90)
tE(t) < 7t -
(1+8)7
and then we obtain
[, W @ds+ du ol
. e
<Gy (J E(s)ds+tE(t)) < 00
0
Using Lemma 9, we get
141 q/(q+1)
J- goVudx£C9<J g+/quudx> (92)
Q Q

By (92) and replacing the left-hand side term of (78) by
(d/dt)[E"¢](t), we deduce that

E@) < vt >T. (93)

(1+t)q’

This completes the proof. O
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